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The propagation of electromagnetic waves in a medium with random inhomogeneities of the refractive
index is considered in the parabolic-equation approximation. The statistical wave intensity moments {I")
of arbitrary order are expressed as Feynman continual integrals (in operator form). Expressions are
obtained for the higher intensity moments with account taken of the finite longitudinal correlation radius
of the refractive-index fluctuations, for both weak and intense intensity fluctuations. The limits of
applicability of the Markov approximation, in which this correlation radius is assumed equal to zero, are
obtained in the course of the calculation of the intensity moments (I").

PACS numbers: 42.20. —y

I. INTRODUCTION

The passage of electromagnetic waves in a randomly
refracting medium with inhomogeneities of a scale that
is large compared with the wavelength is accompanied
in a number of cases by concentration of the scattered
radiation in a narrow angle interval around the initial
propagation direction; this leads to a fast growth of the
field intensity fluctuations, followed by their saturation
at a certain level. This effect can arise when radio
waves propagate through the ionosphere or through in-
terplanetary or interstellar plasma, or when light pas-
ses through a turbulent atomosphere.t*?

A theoretical description of strong intensity fluctua-
tions is based on methods that go beyond the scope of
perturbation theory, and have been first reported in
Refs. 3-6. These methods yield equations, in closed
form, for the statistical moments of the field, suitable
also in the region of strong fluctuations. The approach
developed in one of the papersm is based on a model in
which the longitudinal correlation radius of the permit-
tivity € can be neglected in comparison with all the re-
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maining longitudinal scales; it is also based on the as-
sumption that the fluctuations of € have a Gaussian pro-
bability distribution. Such a model makes it possible
to describe the wave-propagation process as a Markov
random process, and has therefore been dubbed the
Markov approximation.

The question of the applicability limits of the Markov
approximation in the derivation of the mean field u and
of the coherent-field function I, was considered in Refs.
7 and 8, while its use for the description of amplitude-
phase fluctuations in the geometric approximation was
dealt with in Ref. 9, where a successive-approximation
method was developed in which the Markov approxima-
tion serves as the first step. This method has made it
possible to estimate the limits of applicability of the
Markov approximation for the first two moments of the
field, but not for the higher moments, owing to the
complexity of the resultant equations.

The method used in the present paper was proposed
by Fradkin'® in quantum field theory and yields an
expression for an arbitrary moment of the field, in the
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form of a Feynman continual integral or in the corres-
ponding operator form, 1! without resorting to the
Markov-random-process approximation. This approach
is used to derive corrections to the Markov solution for
the intensity moments (I") for both weak and strong
fluctuations. These corrections are the results of al-
lowance for the fact that the longitudinal correlation
radius of the refractive index of the medium is finite.

2. DERIVATION OF THE IMPROVED EXPRESSIONS
FOR THE MOMENTS

The existing theory of both weak fluctuations (the
method of smooth perturbations) and strong fluctuations
in the propagation of waves in a randomly inhomoge -
neous medium, despite the difference between the meth-
ods, makes use in fact, in all cases, the following mod-
el for the permittivity €. The mean value of the permit-
tivity € is assumed constant, and the relative fluctua-
tions € = (¢ —€)/E are assumed to be a delta-correlated
Gaussian random field along the wave-propagation di-
rection (in our case, along the x axis) in such a way that
its correlation function is assumed to be

<& (21, 1) €T, P2) Y=B, (2,—:, py—ps) =0 (7,—21) A (p,—p3)»

- : (2.1)
A(0)—A(p)=D(p)=2n j _[ @, (0, %) (1 — cos xp) d*x.

The angle brackets denote here averaging over all pos-
sible realizations of €, while & (x,,x) is the three-di-
mensional spectral density of the fluctuations €.

We consider the corrections to the Markov solution

for intensity moments of arbitrary order, necessitated .

by the allowance for the finite longitudinal correlation
radius of the fluctuations €. We assume, as before,
that € (v, p) is a Gaussian random field, but take ac-
count of the fact that its correlation function (B, (x, - x,,
py— Pe), While a sharp function of the argument x, — x,,
is not a delta function.

We consider the statistical moment of the field of the
wave u:

< I:Iu(z, Oop-1) 1" (2, ) >- 20 (2,010 -y P2n),

k=t

2.2)

which is called the coherence function of 2n-th order.
If we describe the wave propagation with the aid of a
stochastic parabolic equation then, using the methods
of Ref. 10, we can write its solution in operator
form“”:

u(x,p)= exp{szf 61"6(:’§) }u,, (p+jr(£)d$)

X exp {-’%)S‘ da' g (I,v e +§ "(E)dg)}lmo'

g

(2.3)

Substituting now (2.3) in (2.2) and averaging over the
Gaussian fluctuations €, we get

Dynte, o) =25, ({r+ fdzr(a})
Xexp {——lsﬁo_[
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2

(—1)”‘<:,-’l»'.”>},

J =1

dz’ dz” (2.4)

© ey

where
t=exp {5 j aggsr_ﬁ‘(_g)_(—n'“ }
<e/&">=B, (z'—-z", pi—pu+ jr,.(g)dg -_" 1,(§)d§)
=_£[ @ (e, ) expinpy),

pi=pi—pi+ [ (8t — [ (B)dk.
Here F¢(x’ — x” ,%) is the two-dimensional spectral
density of the € fluctuations.*2!

The expression for I',, in the Markov approxima-
tion™%) can be obtained from (2.4) by substituting there
F (x" —x” ,%) in the form
F. (z'—z", %) =2n6(z'—z"") D.(0, »), 2.5)

which corresponds to the approximation (2.1):

P, (o0) =202 ([p +{ <))
0

=0 *

(2.6)
We shall be interested in the statistical moments of
the intensity of a plane wave of unit amplitude, propa-
gating in a randomly inhomogeneous medium. The ex-
pression for (I") is obtained from (2.4) by putting in it
=1 and {p;}=0:

xoxp (£ (i 2D (oo i &1 @ — = @)}
[ x

il=1

o

=~

x;
o o)

7

(I"y=Tm(z 0) =L exp{.. dr' dz”

|

oK

xi (—1y* B, (z’ —, S dE — § x,dg)}f

Jyl=1

- @.7)
In the region of weak intensity fluctuations, the argu-
ment of the exponentials in (2.4) and (2.7) is small, and
the exponential can be expanded in a series. Confining
ourselves to the first two terms of the expansion and
applying the operator in them, we obtain

n(n—1)
2

Iy=1+ (KH—11+... , (2.8)

where
UDr—1=p?

= —_]'—L-: .!- _!dz’ dz” ‘U:d:z F.(z'—z", %) [cos 5";(2'—2”) —cos -2%(1’-!-.:”) ] .

(2.9)
It should be noted that expression (2.8) for the n-th in-
tensity moment of a wave in an extended randomly in-
homogeneous medium takes a form similar to that of
the expressions obtained in Refs. 14 and 15 for the in-
tensity moments (I") behind a phase screen. If we sub-
stitute (2.5) in (2.9) and (2.8), we find immediately the
expression that follows from the smooth-perturbation
method for (I"). Formula (2.8) shows that all the mo-
ments of the weak intensity fluctuations are determined
by the second moment.

We consider now the region of strong intensity fluc-
tuations, which is characterized by the fact that in this
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region the parameter 82 calculated in first-order per-
turbation theory tends to infinity. It is then convenient
to represent I, in the form

Ti=T2*+ATsm, (2.10)
where 'Y is the coherence function of order 2n, cal-
culated in the Markov approximation, and AT,, is the
correction added to I'’} when account is taken of the fi-
nite longitudinal correlation radius of €. On the other
hand, we can write the identities

m = er exp {— ¥y}exp{— P + Pu} feg=01
I3 = LT} exp( Yy} lrg=00

where 3 is the argument of the exponential in (2.4) and
Py is the same for (2.6). If the correction to the Mark-
ov approximation is assumed small, then the second
exponential in (2.11) can be expanded in a series in
which only the first two terms are retained

(5'.11)

Tyn == I3 +L T exp {— P} (¥ — $] legmo + - (2.12)

The correction AT, thus satisfies the expression

Alyn = LT exp {— s} [ — ¥] |egmo- (2.13)

Using the asymptotic method developed in Ref. 13, we
can obtain from (2.13) the correction to the n-th inten-
sity moment of a plane wave in the strong-fluctuation
region:

AUy =AT,,(0) =L exp {—$4(0)} [$«(0) =$(0) } |-, =0, (2.14)
where

I exp{—$u (N V) ,=0=Jxn

(2.15)

X
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—t—
|
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o
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o
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|
o
=
$
~———
-
1

The second term of (2.14)

L exp {—4u(0) } 4 (0) |¢, =7 (2.16)

can be obtained from (2.15) by going in the limit to the
6-correlation function B,(x, - x,).

If we use in the pre-exponential factor of (2.15) the
spectral expansion of the functions B,, and introduce
the new variables

=T — Tz, 2R=T-F1ay

then simple transformations convert this expression to

j S or, 6R } f fdz' dz" .”’i:'/- Fo(z'—r" %)

J,,=n!-4£zexp{
Xiexp [ix (fR,df;—fR,dg )]{cos—zi[jr,vdi - jr:di]

—cos%[jl'idi'*‘if'dg]}CXP{—éiZj:dyD (j.dir;)} .n =rg=v

(2.17)

Applying the operators, we ultimately get
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Ex N o
Jo=—n!— (dz' (dz” d*x , T s —(z"—2"
nt— ! _! j'j % F, (z z,x);‘[co«%(x z’)
»®? A ‘
—cos——(?..z—z’—x”—Z (z—max(z’.z"”))8.) ]

xexp{ -~ Z,jdyv( :fdz[o.-.e(‘;—x')~6,-,e(§—z")1)}. (2.18)

where 6, is the Kronecker symbol and 6(£ - x’) is the
step function. Summation over s and/ yields

J,,=nln(n—-1)—/-lk: j-d.t' fdz” f]d"'z F.(z'—z",%)
X {cos —2:;;(2:—:'—:”) —cos ZL;:(I'—I”) }
Xexp{——’f— jdy [D (—:—(z—max(.z”, y)) )+D (-—:—(x—max(.z', y)) )]} .

(2.19)

Substituting here F_(x’ — x’’ ;%) from (2.5) and integra-
ting with respect to x’’ we obtain for J¥ the expression

I*=nln(n— 1)—’%2— fdz' ”' d*x 0. (0, %) {cos %z(z—z') —1}

xexp{——];jdyb(%(z—maxu’, ¥)) )} (2.20)

If we now denote by J, and J¥ the expressions (2.19) and
(2.20) with »=2, then it is seen that

n(n—1) nin(n—1)

A"y =nl A A (2.21)

Thus, recognizing that in the region of strong fluctua-
tions the Markov approximation yields**

AM=nl[1+n(n—1) (ID>=2)/4+. . ], (2.22)

we obtain for the corrected moment {I") an analogous
expression

A =nl[1+n(n—1) KPY=2)/4+. . ], (2.23)

where (I?), with allowance for (2.21), takes the form

Py =CL+AID. (2.29)

Consequently, just as in the case of weak fluctua-
tions, the n-th moment of the intensity is expressed in
terms of the second moment. It is then easy to con-
clude that the limits of applicability of the Markov ap-
proximation, for both weak and strong fluctuations, are
the same for all intensity moments. These limits will
be determined in the following sections for both fluctu-
ation regions.

3. LIMITS OF APPLICABILITY OF THE MARKOV
APPROXIMATION FOR WEAK INTENSITY
FLUCTUATIONS

In the region of weak fluctuations, the expression for
the dispersion of the intensity fluctuations, with ac-
count taken of the finite correlation radius of €, is
given by formula (2.9). If we change in this formula
from the variables x’ and x’’ to their sum and differ-
ence
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,"/‘=== (Il+zll)/2' EISII_IIIy

we obtain

x z=t'/2

5’=2nk‘jd J. dny dexF (&', %) [cos—-——cos Al .

Je& ) 5| 6.1

The two-dimensional spectral density F,(¢/,%) corres-
ponding to the structure function

D.(r)=Cir (0<p<2),
is of the form!'??
o
R(t'. n)—Tmn 2~'-~-r( ) #2 () K (E). (3.2)

If we substitute (3.2) in (3.1), then g% can be calculated,
but after rather cumbersome computations. The same
result, apart from numerical coefficients, can be ob-
tained much faster by approximating the function F,
(& ,%) by
o E T'(1+p/2)
F.(&,x)=1 =n TI(-w2)
0, x>l

x= Ex<|,

3.3)

We now substitute (3.3) in (3.1) and introduce new di-
mensionless variables

k\'%
E'=2t, n'=2n, u=_(7)_ q. (3.4)
We then get the expression
=N _\-dq ¢*'R(2,9), (3.5)

where N~C# k878 2 3u)/2~ g2 jg the variance of the
intensity fluctuations, calculated in first-order pertur-
bation theory; a = (kx)" 2 is a large parameter, and

( 1
Rg=afao(o--t) 7@, (3.6)
where
1= ‘/2
T(q,§)= dn [COS———cosqq]
/2
=-(1— E)COSTE—%sin q‘(;_g) cos—g—g-. 3.7

The condition ¢’ <1 takes in terms of the dimension-
less variables (3.4) the form g%t <1/a, so that g2¢£/2
satisfies the inequality

q't/2<q/20.

Since the maximum value of ¢ that can be of interest to
us is of the order of q,~I;}(x/k)*/?, where [, is the in-
ternal turbulence scale, we have

gm/a~Ml,<1,

and consequently ¢g?£/2<« 1 in our case and we can ex-
pand in (3.7) the sine and the cosine, which contain
q%/2:

T(Q.E)z1—71;Sinq‘—§sinzzix+..‘ . (3.8)
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Substituting (3.8) in (3.6) and integrating, we get

i 1 1 sinet]l—= %[ mi 1 =_q_
Ao )= mamin (4, ) [ 4= gromer] = 5 [min(1. ) TS
Substituting in turn R(a,q) in (3.5), we have
/e
p*~Na I dggq™ [1—-—-smq ———sm —]+
+Nj dqq-""[ 1 ——smq ]——-—- I dg g~*~*sin’q*/2. (3.9)
t/a t/a
Calculating the integrals in (3.9), we get
B ~N(1—1/a—1/a**+.. ). (3.10)
The first term in (3.10) coincides with g2, i.e., it is the

Markov approximation for g% Comparing the remaining
terms of the expansions, we reach the conclusion that
at g2« 1 the Markov approximation can be used to cal-
culate all the intensity moment, provided that

(3.11)

a>1, or (kz)*>1.

4. LIMITS OF APPLICABILITY OF THE MARKOV
APPROXIMATION IN THE REGION OF STRONG
FLUCTUATIONS

It follows from (2.21) that the correction to the Mark-
ov expression for (I?) is of the form A{P)=J¥_J,. We
consider first the value of obtained from (2.19) at »=2.
We make in J, the same change of variables as in the
preceding section:

P U 72 Y

/==NI'1§ I dn jdq 9F.(q, ) [cos g*&/2—cos g*n]exp{—pNo (&, n) ¢'**}.
[] 1 %2} °

(4.1)

Here 17‘c (q,¢) is a function that can be obtained from
(3.3) by going to the dimensionless variables £ and ¢
while p is a numerical coefficient of order of unity and

T[]

o(E

| _8 _ 1+p _i
i l [1 2+u( 2 )] (4.2)
We represent J, in the form
I,=N j' dgg—+*R(N, a, q), (4.3)
where
1 1 . .
R(M.o,q)=a fato(—~3) 7,09, (4.4)
1=-t/2
T(V ¢,8)= I dn[cos(a*t/2) —cos g*nlexp{—pNg (&, n)g'*}. (4.5)

In the strong-fluctuation region, N is a large para-
meter. On the other hand, a=(kx)'/2 is also a large
parameter. At the same time, we shall regard N/a
as a small quantity, as is usually the case under real
experimental conditions. We shall make use of this
circumstance in the calculation of J,.

At 0 s ¢ <1 we can carry out the following expansion:
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T(N, g, E)=T(N, q, O+T(N, ¢, 0)5+... (4.6)
which leads subsequently to expansion in powers of the
parameter Na~%*’, We calculate the expansion co-
efficients T(N, g, £) and substitute them in (4.6):

T(N,q, )= j'dn[l—cos q’q]exp{-pN [n“"‘ (1—-—2-_}171)] 9”"}

\4

PA q‘*“) +...
2+4u

—&(1—cos ¢*) exp (— (4.7)
Substituting (4.7) first in (4.4) and then in (4.3), cal-
culating the integrals, and using then their asymptotic
form in terms of the small parameter Na~%**  we get

N N 2I
—T‘_:'{‘C;(F) T.]

) — Ng*—* [c.+c,
a

N|/.(|+|u

Jz,~N(zn—z)/uw) ( 1 +

(4'8),

To obtain J¥ from J, we must let a go to infinity in J,.
We then get J;d...N(zu'z)/(lou ). Thus,

Nzs-0/U+w)

' s N L N 2
APy ~— —- p” + No! [c,+c:;.—; T C’(a‘*’") -"] (4.9)
Comparing A{I?) with (I2)=2+cN@#2/0+u) " ye
obtain the condition

NVt g, (4.10)
The condition (4.10) can be written in the form
. z (140)/2 o 1/(14y) . %
[c, Pz (7) ] < (kz)*. (4.11)

If it is recognized that the combination (C2#2x)™/@*»)
is proportional to the coherence radius p_,,, then (4.11)
goes over into

iy (4.12)

This condition can be recast in still another form:
ro<x, where 7,=x/kp,, is the larger of the correla-
tion scales of the intensity fluctuations at N> 1.

5. CONCLUSION

The results show that the statistical intensity mo-.
ments (I") calculated with account taken of the finite
longitudinal correlation radius of the fluctuations €,
are expressed in terms of (F) just as in the Markov
approximation, but (/%) should now taken to mean the
quantity corrected for the finite radius of the correla-
tion of €. In other words, the Markov approximation
does not change the form of the probability distribution
of the intensity fluctuation, and changes only its para-
meter (I?).

In the weak- intensity-fluctuation region we find that
the Markov approximation is valid when (x)Y2>> 1,
which is equivalent to the inequality

A (Az) "<z, (5.1)
In the strong-fluctuation region we have the condition
N/ @) (x)1/2  which can be recast in the form

b

A.<pooh<rn<1'. (5-2)
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The inequalities (5.1) and (5.2) have a simple physical
meaning.

First, it is easily understood why the limits of appli-
cability of the Markov approximation are different for
weak and strong intensity fluctuations. So long as the
smallest of all the longitudinal scales in the problem
of wave propagation in a medium with random inhomo-
geneities is the correlation radius of € (its role is
played by the dimension of the Fresnel zone), the Mark-
ov approximation remains valid. On going into the re-
gion of strong fluctuations, a new scale Ax~ p,,(kx)!/ 2
appears and decreases gradually, so that if the para-
meter N is large enough the scale Ax can become smal-
ler than the correlation radius of €. When this situa-
tion arises, the Markov approximation can no longer
be used.

Second, the inequalities (5.1) and (5.2) can be regar-
ded as lower and upper bounds of the scale of the cor-
relation function of the intensities B,(x, p, - p,) = {I(x, p,)
I(x, p,)) = I(x,p)){I(x,p,)). Actually, (Ax)!/2 is the only
characteristic scale of the function B; at N« 1. The
quantities p.,, and 7, are respectively the smaller and
larger scales of the function B; at N> 1. Thus, the
Markov approximation is valid only when arbitrary
characteristic scales that appear when the wave propa-
gates remain small compared with the length of the
route. It is interesting to note that conditions similar
to (5.2) arise also in the analysis of the limits of the
Markov approximation for the coherence function of
the wave T, in Ref. 8.

The author thanks V., I Tatarskil and V. I Klyatskin
for useful discussions.
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