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High-temperature phase transitions are considered in alloys of rare-earth metals, of the type Er-Tb and
Er-Dy, whose magnetic structure is a tilted spiral wave traveling along a preferred axis z of the crystal.
For these compounds a phase diagram is constructed in the variables T and |a,| (a, is the anisotropy
constant along the z axis); it describes phase transitions from the paramagnetic region to all possible
states of the tilted spiral. The discontinuities of the order parameter and the critical exponents are
calculated. There is a “tetracritical” point on the phase diagram. The behavior of the system in the
vicinity of the “tetracritical” point is considered; and it is shown that in this system, along with first-
order phase transitions to a planar spiral or to a state with a longitudinal sinusoidal wave, there can occur
a second-order phase transition of the second kind directly to a tilted spiral.

PACS numbers: 75.30.Kz, 75.40.Bw, 64.60.Kw

1. INTRODUCTION

The investigation of phase transitions in magnetic
structures such as the helicoidal or sinusoidal (Dy,
Er, Ho Tb, Cr, Eu, DyC,, MnO,, and REAu,, where
RE represents ions of rare-earth metals) has been the
object of a large amount of research.!'*51 It has been
shown that, depending on the symmetry of the system,
phase transitions in materials with a complex magnetic
structure may be either of first or of second order;
the instabilities that lead to phase transitions of the
first order are due to fluctuations of the short-range
order.

In the present work, we have considered phase
transitions in alloys of the type Er-Dy or Er-Tb, in
which the magnetic structure is a spiral wave whose
plane of polarization is oriented at an arbitrary angle
¥ to the direction of its wave vector q (see Fig. 1), a
so-called tilted spiral. A phase diagram for these
compounds has been constructed; it describes phase
transitions from the paramagnetic region (P) to all
possible states of the tilted -spiral structure. On the
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phase diagram there is a “tetracritical” point. The
renormalization-group (RG) equations describing the
behavior of the system near a tetracritical point are
derived; and on the basis of these equations, transit-

FIG. 1.
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ions are considered from the paramagnetic phase to a
plane spiral (NS) or to a longitudinal sinusoidal wave
i(c-sin), and then to a tilted spiral (TS). It is shown
that in the first case a first-order phase transition
occurs, and then, after a lowering of the dimension-
ality of the projective phase space, a second-order
phase transition occurs. The corresponding values of
the discontinuity of the order parameter, and the crit-
ical exponents are calculated.

2. STATEMENT OF THE PROBLEM

We consider a magnetic structure described by two
complex spin vectors. To them correspond two spin-
density waves, traveling along a distinguished (tetra-
gonal, orthorhombic, or hexagonal) axis z(c) of the
crystal (see Fig.1):

Sy=sy*+is;", (1)

S|,‘+=S\|a+ Re el(!‘l+‘.)' s"« =s”°— Im ei(ql+0.\;

S, =s,*+is,",

2)

s, *=s,,*Ree'", s ,~=s,,” Im e'"

The following invariants of exchange and relativistic
nature can be formed from them:

1. 88, S,S8,,, 8787, 8.8,
2' (SIISII-) 27 (SJ.S-L‘) z! Sllzsliz.v SLsz_z.v
(SIISK.) (S.LS.L‘)v (SIIS.L) (SII'S.L.)
+(8,8,") (8,8,),
SIIHSH!“! SLIXSLZI‘v SI!ISIIpSLxS.Lz"
We shall hereafter neglect the relativistic invariants
of the fourth order.

On the basis of these invariants, one can construct
the Landau free energy in the paramagnetic range:

F="fory(sy**+s,7) +oty (s, 45,7%) +oay (51,42 45).7%)
+laay (st 45,72 /6Ty (s s, Y) H/a0 L (s s, ) 1/ a8y 28,2
Y/ Lays, %5, 72+ o Tay(5,78,7) *+1/2Ts s (5, %8, 7) *
/Lyt V24872 7 s, s T s, s, HY)
FT[ (sy*8. %) +(5y78,7) (5,75, 7) (5,78, 4) ) @)

In the expression (3), a,<0 and a,>0 are anisotropy
constants, and the seed values of temperatures T, and
amplitudes T’ , are

i||0=‘5J.n=‘fy I‘lnn=ru_a=r_‘m. I‘2|w=r2ln=r|a—2l‘my I‘a.,o=I‘m=I‘n.

In accordance with experimental data, %81 we shall
consider the case of large anisotropy, either longitudi-
nal or transverse (a,| s1, |a,|<1)." In this case the
invariant associated with the amplitude I', disappears.
Then the RG equations in this case take the following
form:

-TI,/=(n,+8) I‘u|2+n,,I‘z[,2+4I‘2“I‘,“+4I‘,”’+2n;1‘3,

—T\/=(n +8)T, > +n, Iy, *+4T,, Ty +4Ts, *+2n, T2,
—Iy/=2(n+2) Ty Loy +4T Ty +4T 24T *+2n, T2,
=Iy,/=2(n,+2) I‘,lI‘u+41",LI‘u+/AI‘:_,_’+41",L2+2n,i1"f,
‘I‘xn,=4I‘1ur8u+81‘znran+2 (ry12) T,

—Ts,'=4T T, +8T., Ty, +2(n,+2) | VYRS
—T/=[(+2) Ty (n +2) T, ITH (my Doy tn, Ty ) T2 (Tyy+ T ) T +4T

(4)
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—1/=1,[ (n,+2) Ty +n, s +20y1+2n, 1, T\,
—t/=1,[(n,+2)T, +n, T2, +2T5, 1 4+2n,1, T,

the variable of the €-expansion method is

= .‘:(Af)"z {(max[A’(rn,I:i),s_La’. sp’] )m —1}' &0

and 3*(r,, 7,) is a scale parameter expressed as a

. . 2 = 2 -2 2 -
function of T, and 7,;s,*=5,**+s,"% 5, 2=5 *2+s,2,
After the RG equations have been obtained, one can
turn to the consideration of a specific magnetic struct-
ure.

3. TILTED SPIRAL

This magnetic structure is characteristic of the
alloy Er-Tb and can be formed by longitudinal sinu-
soidal and helicoidal spin-density waves, traveling
along a distinguished axis z(c) of the crystal. Here,
in the case of large anisotropy, the free energy of the
system has the form

F="/y(sy*"+87) +'/ 1 (0¥ +5,72) +/sTy (54 +s72) 2

F/ Ty (s s, 7%) 1T gs, ¥2s, 4 Lo (5, 25,7 (s, 72+ 5.7Y). (5)
Here
To=tta, TL=tta, <0, a,<0,
rguo=ruo=rwy I‘ZL°=I‘|0—2F30' F|o>0, r4o>0,

s, =(0, 0, s;.*), s, *=(s..%,0,0), s,=(0,0, si:7), 8,.7=(0,5.,7,0).

We shall consider the behavior of the system for
various relations between the values of ]au [ and of

|a, |-
1. |a,|<]|a,|. The RG equations for I',(x) and
T',(x) can be easily obtained from equations (4):

_Flu,=101‘|u2, ——I‘._,_’=21‘", _I‘IJ_,=2PA=, —I‘"=4I"“I“,

(6)

—1/=47 Ty, —71/=21,T.

The RG variable x in this case is found to be

= e(Az’)"’ {(max[l'{'\;),s“’] )‘12—1}’ e0.

Equations (6) can be easily integrated, and their solu-
tions have the form

]‘lﬂ

I“ﬂz
j(2)=——o—, T =T — ——[ (1+10T,oz) "*—1],
ru. (a:) 1100wz 1L (z) 10 T [ (1+10 w-’f) ]
T
T,y () =Ty, (z) —2T%,, Fx(3)=ml‘+m, (7)
10
Tuo Tnarm |

=, = ——-[(1+10T /s—1].
7y (z) (1+10T0z) " T (2) =14 . [( 10Z) |

It follows from these expressions that the system can
undergo a first-order transition to the helicoidal state.
For this, it is necessary that I'; < T ,.[®? The stabil-
ity limit x} of the paramagnetic phase is determined
by the condition I';, - I';,=0 and is found to be

e 101r,n{[1+ P‘D(I;:;F”) ]5_1}' (6)

Then the value of the discontinuity of the order para-

meter s,,’ and the temperature 7,, of transition to the
helicoidal state (plane spiral) are, respectively,
10" =T,,/2b (21, (9)
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1—e/2 | ¥*
ww=2b(@) (ppeas) o 0 (10)

here
b(z") ="/I'*(z").

After a transition to the normal spiral has occurred,
the free energy of the longitudinal subsystem will have
the form

Fy="fomy (s, +s7%) +/aly (5,72 45,7%) (11)

Thus it follows from this expression that the system
will transform smoothly to a state corresponding to a
tilted spiral.

The problem of the second-order phase transition
to a tilted spiral must be solved with the initial con-
dition x =x,,, where x,, is determined by the equation
T,(%op) = Ty, and is

o= or{ [ 1+ e | 1), (12)

Thus by solving the equations for 7, and 7,,, one can
determine the critical index for the second-order phase
transition, which is equal to ¥ =3 +€/10.19]

2. |a,|<|a,|. The RG equations have the following
form:

—Iy/=2r3 —I/=9T *+T.* =T,/ =6 I +4T,%

—I/=(@3r, +I.,)T, (13)
_T.i/=27.1.l‘h —T¢I=T.L(3I‘u_+ru) )

and correspondingly

= s(A‘z)‘“ {( max[k’(l'\r:),s‘,a:] )!/2—1}'

By introducing the new variables

Yo =Ty/T\y, Yo, =T2 /Ty, y=TJ/T\y, z=—InTy,
one can put the system of equations (13) into the follow-
ing form:

Ay yw(9t+y. ) =2y’ dyay _ (l_ilu) (':5'yu)

dz 9+y,,* ' dz 9+y,,*
:1& - 6—y., (1—y.,) (14)
dz ¢ 9+y,, 2
We shall consider in detail the equation
dy., _—_— (1=y21) (3Ty:¢) . (148.)
dz 9+y.,*

This equation has three fixed points: y {,)=0, y &’=1,
y $=3. The point y¥=1 is stable, the points y§;*

= 0,3 unstable (see Fig. 2). If the seed values of

I, and I, , are such that 0<y, <3, that is
-T',,<T,,<3T,, theny, tends toward the stable point
y &)=1, or I'; -~ L, ~1/10x; and this means that the
system can undergo a first-order phase transition to a
state with a longitudinal sinusoidal wave. In fact, on
integrating equations (14) by quadratures, we get

FIG. 2.
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F.||(z)= _ 2y, Y21 Y210
Ty Y210(3=Y210) 1—yar’
F:¢(1)= (3‘-!Iun )’ ( 1—yas \* [ Y210 \*
3-—yu 1“!/:;_4:) (IL—) !
Ti(z)  (3=Yaso\ [ 1=¥21 \* [ Yoo
o () (52) (3): (15)
Tu(l)z _ 2YuTyo Y21 Y210
Tro TioY210(3=Y210) 1=Y2u

T, (z) — 3—Y210 1=y \* [ Y2r0
Tio (S—yu )( 1—ym) ( Yau )
The stability limit in this case is determined by the
condition

Ty (z)/T0=0,
whence
(1_ 2, 0)5 .
Tz,'= T(Ty:"mq)(!lu.. Yz210)s (16)
210 L0
"';u 2 2
L Yate) = d Yor B —921)" 17
¢ (Y2Ls: Y2.L0) ,,}Ln Y21 “A=w (1
yzl.=ym 2y +3=Y210) /[ 2400+ Y210 (B—Y210) . (1 8)

On the basis of the expressions (16)-(18) one can eas-
ily obtain the value of the discontinuity of the order
parameter and the critical temperature for the trans-
ition to the state with a longitudinal sinusoidal wave.

In fact,

1— 2/e
T=2b(z,") (ﬁ%) , e=+0; (19)
st =Tu/2b(z),  b(z7)="uld(z.). (20)

After the transition to the c-sin state, the free energy
of the helicoidal subsystem has the form

Fyo="ot, (s, s, )+ sl (st s, )+ /T s, s 72 (21)

The equations for the amplitudes I'), and I',, remain

unchanged; and since 0<y,,,<3, the system will, as
before, tend toward the stable point y £ =1. All that
changes is the initial condition, which is determined
by the equation

0
Ty 2Y40T 10 Y216 Y210

PRl .
Tio TpY2r0(3 —Yaro) 11—y, ’ (22)
and accordingly
(1—y210)° 0
F, 0= T 218 J2, ’
oZ. P G—pa)’ @ (Y210 Y2u0) (23)
yz‘:.: . 2Y:0T10 + Tyo (3 — Yar0) (1 — T4/ Ty0) (24)

20710 T Tyo¥210(3 — Yar0) (1 — Tye/ Ty0) )

Thus, the system undergoes a second-order phase
transition to a tilted spiral, TS. The critical expon-
ent ¥ remains the same as in the case considered
above, |a,|<|a,|: namely, ¥ = $+€/10.

We shall consider the case =1<y,,,<0. This means
that the function y,, (x) falls into the region of unstable
solutions of equation (14a) (Fig. 2). The helicoidal sub-
system becomes unstable and will undergo a first-
order transition. The limit of its stability is deter-
mined by the condition y,, ==1. The value of y, at the
transition point, y3,,, is accordingly
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2(1+a)

1- Y210)®
Tio Yauo(3—yaro) ’
where 79, is the temperature of transition of the heli-
coidal subsystem to the ordered state.

(25)

From the expression (25) it follows that the values
of y9,, and 79,/T,, vary over the following ranges:

_3<y:u-<—1,

_ 8Y210(8 — Y2 10) Ly <— Y210(3 = ¥a10)
9(1_!/:;a)2 Tio (1"'!{:;0): :

(26)

The discontinuity of the order parameter is determined
by the expression

. Sh=T0/26(z %), - (27)
oy _ _1_ N 8- .Iun)'./ ‘J.U =y )" 0.
bz = 16 L U=y ¥.*@—y..)? vOETERG
%1% is a renormalized value of x* Tx» given by
. (4 —y210)*
r‘ = — _1v 210/
oTip y,un G=ya0)’ o( Yau0) (28)
and accordingly x¥7>x%,. The value of x 1/ is deter-
mined by the equatlon
o oy f1="0el1+f (@) ]\
T = 2b(ay) {5 e booeo
(29)
= Y210 ® 2 : + 2 - Y2 2
fzp)=— (4 = Y210) Ya. (1 +y21) B—ys,) P

(1—y20)* ’

We shall now consider the behavior of the longitud-
inal sinusoidal subsystem. In order that the inequalit-
ies y%,,<0 and y3, <0 may be satisfied, the following
conditions must be satisfied:

Ty, B —y210)’

= (*i+2y40*) "<y.1,<0,
1y (30)

2Yu0T,
[ % Yoo — | < Yz2,0<0.

"-'uo(1 = Tye/ Tyo)

From these conditions it follows that the value of
1-7,,/T, must vary within the range

I_Ln/yto‘lfno< 1—‘tl|./'l,'u°< 1.

When y,,,~ —€, the values of 7,, and s2) are determined

ns no
by the expressions

1—e/2 ¥
. =2b(z." (—-—_)
Ty (I ) 1+ Ve,
2 Tis

(1)

where € -0,

b(z) =L (=.),

b(z) =Tt b
(=) Ao(z z+3)‘:

Yo <1, Y0~ —e.

The parameters x*, y%,,, and y3,, are determined by
the expressions

oA 23N
re = (F5) -4

2yt +3 ° 3150
s=——.
2Y:0° » Y 274,

(32)

y,l.==—a
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After the analysis presented above, the following
conclusions can be drawn for the case -1<y, <0 (see
Fig. 3b,c,d,e):

b) y3,,> = 1. In this case the system undergoes first
a first-order phase transition to the c-sin state, and
then a first-order phase transition to the tilted spiral.

c) -3<y3,,<-1. Under these conditions there is a
change of the phase diagram of the system, and a sit-
uation may arise in which y2,, ~3,,. This means that
a first-order phase transition from the paramagnetic
phase to the tilted spiral is possible and that a tricrit-
ical point occurs on the phase diagram.

d) y3,,<-3. The system undergoes a first-order
phase transition from the paramagnetic region to a
plane spiral, and then a first-order transition to the
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tilted spiral is possible.

e) -1<y,,,<3% - (§ +4y%)%. The system undergoes a
first-order phase transition to a plane spiral, and then
a second-order phase transition to the tilted spiral.

3. |a,|= |a,|. From the phase diagrams presented
in Fig. 3, it follows that they have a tetracritical point.
The case to be considered corresponds to the behavior
of the system in the vicinity of this point. The fields
S, and S, are subject to large fluctuations, and the RG
equations take the following form:

—Iy/=10I, 42, =, =9I *+T._ 425,
—I/= (4T + 3T+ 10 ) T+4T 2, (33)

-1, =1, (3T, +1: ) 2

=TI, /=0T, Iy +4T2 4215,
-1/ =4, [+ 21.0,
The variable x is defined by formula (4). In the varia-

bles y,,, ¥,,, ¥4, and z, the equations for the amplitudes
take the form

dyyy _ Y (9t y2,” — 10yy) — 2y (1 — yyy)

dz 9‘*‘![:,Lz"}'2.1/&2
dy,. Yau (3= yar) — 2y
S (=, ) e el 2T 34
P A ECE (34)
iy_‘=y 6— 4y, — (4 — Yoy ) U, — 4y: + 292
dz ) 9+ y., 2+ 2y ’

These equations have seven fixed points:
A(1,1,1)

B:(0,3,0),
C:(0, 1, 0),

B,(0,0,0),
(on (h/’m, 0, 0) 3

Bs(’ls, 3, 0),
Cs(1, 1,0).

The phase trajectories of the system are shown in Fig.
4. The points B, - B; and C, - C,; are unstable, the
point A weakly stable. This means that if the seed
values of y,uy, Y210, and Yy, are such thaty,,>0,
0<y,,<3, and y,,>0 (diagram a of Fig. 3), then the
system can approach this point infinitely slowly in
time x. Figure 4 shows the phase trajectories of the
system in the planes y,=0 and y,=1. We shall con-
sider the behavior of the system in the plane y,=1.
When y,,,>0, 0<y,,,<3, and y,,>0, the system will
tend to fall into this plane. Being in the plane y,=1,
the system will arrive at the point A if it has fallen in-
to an e-neighborhood of it. In this case there occurs a
second-order phase transition to the tilted spiral, with
critical exponent y=4+€/8. If the system is outside an
€-neighborhood of the point A in the plane y,=1, it will
wander for a long time and may reach the stability lim-
it of the paramagnetic phase (a first straight line
9,u=0, =1<y,,<3 and a second, y,,>0, y,.=-1). There
then occurs a first-order phase transition to the c-sin
state or to the plane spiral, respectively. If y, ,,>0,
—1<y,4,, and y,,>0, the system cannot fall into an €-
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neighborhood of the point A but will move to the stabil-
ity boundary of the paramagnetic region (the planes: 1)
yu=0, y,>0, =1<y,,<0 and 2) y,,>0, y,>0, y,.=1).
In this case there will occur a first-order phase trans-
ition to states plotted in diagrams b, ¢, and d of Fig.
3, and then the system will behave the same as in §2.

4. CONCLUSION

The analysis presented above shows that the presence
of a large anisotropy makes it possible to isolate all
the states of a complex magnetic structure and provid-
es a possibility of constructing a phase diagram of a
new type in the variables (T, |a,|). This diagram per-
mits prediction of phase transitions at high temperat-
ures for a whole class of materials (for example, be-
sides the phase transitions in the alloys of rare-earth
elements mentioned above, this diagram describes
phase transitions in Ho and Er.t'°} A correct calcul-
ation of fluctuations of the short-range order, within
the framework of the €-expansion method, provides a
possibility of correctly describing all possible trans-
itions in the magnetic structure considered. It is
interesting to note that all transitions from the para-
magnetic region, with the exception of transitions in
the vicinity of the “tetracritical” point, are fluctuat-
ional first-order transitions. This is explained by the
fact that despite the strong anisotropy, the number of
fluctuating fields is large enough so that instabilities,
leading to a first-order phase transition, arise in the
system. After a first-order transition has occurred
and one of the subsystems—helicoidal or sinusoidal—has
transformed to a condensate, the number of fluctuating
fields decreases. Therefore transitions to the tilted
spiral are, as a rule, second order. The critical
exponents of these transitions are nearly equal.

On the phase diagrams presented, there is a tetrac-
ritical point. In order to describe correctly the behav-
ior of the system in its vicinity, one must write the RG
equations to order €2, As a result we find that lines of
first-order transitions change, near the tetracritical
point, to lines of second-order transitions (Fig. 5).
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