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A kinetic theory is developed of the fluctuations in a partially ionized plasma and in chemically reacting 
gas systems. It is a generalization of the previously developed kinetic theory of fluctuations in simple gases 
and in a fully ionized plasma. The obtained general relations are used to calculate the intensities of the 
Langevin sources in the equations for the concentrations of the electrons, ions, and atoms in a partially 
ionized plasma with a uniform distribution of the particles. 

PACS numbers: 52.25.Dg, 52.25.Gj, 51.10.+y, 82.20.-w 

A large ser ies  of recent p a p e r ~ [ l - ~ ]  is devoted to fluc- a 
(P, t) = ---; 4n V ): J d o  dk d I " d ~ , d ~ , '  

tuations in chemically reacting systems. So great an (23" a,q 
interest is brought about by a large number of prob- X 

I&a(k) 12111Tn(k) l a  
.6 (Rk- (P-P')) 6 (hk- (P,-PI') ) 

lems: light ~ c a t t e r i n g , ~ ~ ~ ~ ]  analogy with phase trans- k ' l ~ ( o ,  k) la  
study of the kinetic properties of chemically xG(Rw-(E,+Ep-El-Ev)) .6(ho- (E,+Ep,-En-&,,,)) 

reacting systems,[111 and noise in semiconductors.~121 x(fr(p', t)f,(P,, t)-f=(P, t)f,(Pl',  t ) ) = r = ( P ) f = ( P ,  t).  (1) 

The irreversible-thermodynamics method, the meth- 
od of the master equation for  the distribution function 
of the particle-number density, and the Langevin des- 
cription of hydrodynamic fluctuations, which a re  used 
inn -101 , a re  phenomenological to one degree o r  another. 

In this paper we develop a kinetic theory of fluctua- 
tions in a partially ionized plasma and in chemically re- 
acting gas systems. The results a re  a generalization of 
the previously developed kinetic theory of fluctuations 
in a simple gas in a fully ionized 

Just as  in the construction of a kinetic theory of gases 
in a fully ionized plasma ([I3], Chaps, 4 and l l ) ,  we 
introduce for the partially ionized plasma an operator 
particle-pair density matrix baS(P, P', 1)  smoothed out 
over a physically infinitesimally small volume. We 
confine ourselves here to fluctuations with characteris- 
tic order times and a relaxation time defined by col- 
lision integrals. In this approximation the matrix 
PaB(P, P ', t )  can be regarded a s  diagonal: 

j5=0(P, PI, t )  =6an6 (P-PI)? fa (P, t ) .  

We have used here the following notation for the matrix 
element 

($J,(Y) is an eigenfunction of the Hamiltonian operator 
of the particle pair) and the following definition of the 
dielectric constant 

e(o,k)=l+---  InV j dP1dP"b( (tk-  (PT-P^) ) 
(Znt) %lz' 

1B 

( ~ = N / v ,  where N is the total number of atoms at zero 
degree of ionization). The summation with respect to 
the indices 8 ,  y ,  q in (1) and (2) is carried out both over 
the discrete parts of the spectrum (for the bound states) 
and over the continuous ones (for free charged parti- 
cles), with 

v C-C a - +Jmdpf- 
" ... 

For  a partially ionized plasma, the discrete values of 
The collision integrals in (1) takes into account the dy- the parameter a! correspond to bound states of the par- 
namic polarization. This leads to an additional depen- ticle pairs, namely atoms, while the continuous values 

correspond to f ree  states, namely pairs of electrons dence on the distribution function. Just  a s  before ([I3', 
§ 47), we confine ourselves to the contribution of the and ions; for example, for a diatomic gas discrete val- 
averaged dynamic polarization, replacing l/l c(w,  k) l 2  ues of a! correspond to bound states of the atoms (di- 
with the value averaged over w . atomic molecules), while continuous values correspond 

to f ree  states of the atom pair (dissociated molecules). Equation (1) describes the large-scale fluctuations, 
since the contribution of the small-scale correlations In the polarization approximation, in a partially ion- 
has already been taken into account in the derivation of ized plasma ([I3], § 80), the Born approximation for at- 

om interactions, supplemented by allowance for the Eq. (1) itself. 
. - -  

plasma polarization-the equation for f a ( ~ ,  t )  takes the On the basis of basis of (I), just a s  before (see [I3], 

form § § 22 and 62), we can obtain equations for the moments 
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of the random functions 6Ta(p, t): 

(L + 6fa ( P )  ) (6f* ( P ,  t )  6F@ ( P f ,  t t ) ) =  0, 
d t  

(3) 

In (3) and (4) (- - )  stands for the operation of averaging 
over the ensemble, 6 f , (~ )  is the linearized collision 
operator 

61. ( P )  6J, ( P ,  1 )  = - 7 do dl< dP'dP,dP,' """ C I (7nt t )  
lil" 

and Ia,(P, P ' , t) is defined a s  

An analogous expression fo r  a simple gas was dubbedc181 
"unintegrated collision integral." 

Equations (3) and (4) must be supplemented with the 
equation for the particle-pair distribution function 
(7, (P, t)) =fa (P, 8: 

Instead of the system of equations (3) and (4) we can 
use for the single-time and two-time correlations the 
corresponding Langevin equation for the fluctuations 
6f,(P, t ) :  

in which y ,(P, t) is  a Langevin 8-correlated source 
whose intensity is determined by the right-hand side of 
Eq. (3): 

Substituting (I), (5), and (6) in (4) and (9), we write 
down the intensity of the Langevin source in general 
form 
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4 d o  d k  dP,dP,' 
(YS ( P ,  t ) y , ( P 1 ,  t') )= 7 6 ( t  - t ' )  

1" 

x z d ~ " l I I . , ( k )  I2IIl,,(k) 126(fik - ( P  - P 1 ' ) ) 6 ( h k  -(Pi - P , ' ) )  
I 

X ~ ( ~ W - ( E ~ + E P - E , - E P * ~ ) ) ~ ( ~ ~ - ( E ~ + E ~ , - E ~ - E ~ ~ * ) )  
~ ( f l ( P " ,  t ) f n ( P , ,  t ) + f a ( P , t ) f c ( P t f ,  t ) ) - [ I n a n ( k )  121nrv(k)12 

X G ( h k - ( P - P 1 ) ) G ( h k - ( P ,  - P t 1 ) ) 6 ( R o - ( E . +  E p - E , - E p - ) )  

x h ( f i ~  - ( E l  + EP,  - Ec - E P , * ) )  (is(P', t ) f ~ ( P t ,  t ) +  f a ( P ,  t ) f Q ( P t r ,  t ) )  

+l~,l(~)~'l~~,(k)126(~k-(~-~,))6(ho-(~,+~~-~,-~p,)) 
X(B(Rk - (P' - P t f ) ) 6 ( h o  - ( E 6  + Epo - E,, - Ep, . ) )  

Xi fs  (PI, t ) f r ( P , ,  t )  + f= ( P ,  t)frr(P,', t ) )  - 6  (fik + (P' - P I ' ) )  

This expression takes into account contributions from 
both the discrete and the continuous spectra. I t  is pos- 
sible to separate from it, in particular, the correla- 
tions, obtained inc1", of the electron-electron fluctua- 
tions with allowance for the scattering of the electrons 
by impurities in semiconductors. We multiply expres- 
sion (10) by v,(P)qB(P1), integrate with respect to P 
and P', and sum over a and 8 .  After symmetrization 
we obtain 

a6 

2 I"n@l(k) I'. 6 ( h k - ( p  -p,))  
= v 6 ( t - t t )  zj 

autl 
k'le (a, k) 1' 

x 6 ( P  + P' - P i  - P, ' )G(ho - ( E ,  + E P  - EQ- E P , . ) )  
X  6  ( E ,  + Ep + E p  + Ep* - E l  - E n  - EP, - EP, , )  f = ( P ,  t ) f s ( P 1 ,  t )  

X [ q . ( P )  + cp@(P') - cpT(P,) - rp,(PIt) I [ $ , ( P ) +  V*(P' )  - rgl(P1) 

This leads to a property analogous to the laws of con- 
servation of the total number of particle pairs, of the 
momentum, and of the energy, at q~ ,(P), $,(P ) = 1, P, E a  
+ EP 

We use the obtained general formulas to calculate the 
fluctuations of the concentrations in a spatially homo- 
geneous partially ionized plasma. In the derivation of 
the equations for the particle concentrations and cal- 
culations of the Langevin sources in them, we assume 
that Maxw ell-Boltzmann distributions have already 
been established for  the electrons, ions, and atoms, 
but no chemical equilibrium has set in as  yet, and con- 
sequently the concentrations n,, n, and n,, do not satisfy 
the ionization-equilibrium condition 

where Z is the partition function and p is the reduced 
mass. To  obtain, for  example, an equation for the con- 
centration n, (a = e ,  i) of the charged particles, we 
multiply (1) by (nV/(2nfi)' and, putting a =p, integrate 
with respect to p and P. It is more convenient here to 
change over in the distribution functions of the free- 
particle pairs from the variables p and P to the vari- 
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ables p, and pi: 

P = P. + pi, 

where 

With this change of variables, the distribution function 
fp(P, t )  -f(Pe, Pi,  t )  determines the number of particle 
pairs in which the particles a re  separated by distances 
large enough to regard them as free. In these cases, 
where necessary, we use the additional correlation- 
weakening condition 

N f  (p.. p,, t )  = N f  (PC,  t ) N f  ( p f *  t ,  3 

i.e., the number of pairs in which the particles with 
momenta p, and pi a re  so  far  apart that they can be re- 
garded a s  free is replaced by the product of the average 
numbers of the free particles having the same momen- 
tum values. Thus, 

V' - 11 ( P I ' ,  t)f  (p.9 Pi, t ) ) +  5 dP~dPt'dp,dpl' lIIp,p,~ ( k )  I' 
( 2 n R )  

X ( f " ( P T ,  t ) f ( ~ , ~ , * t d .  t ) -  f(PI.', P1df, t ) f ( ~ < ,  Pi, t ) ) ] .  (13) 

We assume that the distribution functions in (13) are  
at equilibrium and take into account the equality of the 
electron and ion densities: ne=ni. In this case we can 
represent (13) in the form 

where a is the impact-ionization coefficient, fi is the 
triple recombination coefficient, a, is the ionization 
coefficient for collision of two atoms, j3, is the recom- 
bination coefficient for the triple collision of an elec- 
tron, ion, and atom, j3, is the recombination coefficient 

of four charged particles, a, is the corresponding ion- 
ization coefficient, and a, and fi, are  the coefficients 
of the exchange processes. 

We present by way of example the expressions for 
the coefficients a and fiC14': 

P" - p.') 

~8 h o -  - + - - E m - -  ( ( :' 2 M  

Since nu+  n,, = n = const, we have 8nei/at = -8nu/at. 

Let us obtain, in the same approximation, an expres- 
sion for the spectral density of a Langevin source in the 
equation fo r  the fluctuations of the density of the num- 
ber of charged particles: 

I I p " P I f 3  
xa(Rk- ( I J , - P , ' )  ) 6  tto- E,+Ep, - - - 

p 2 M ) )  

x l ~ . i P , ~  O l . ( P ' ,  ~ ) + I ( P . ~ ' , P : ' ,  t ) l ( p l ,  P . , O ) + ~ A J  d p , d P , ' d ~ , d p , '  
(2x11) 

I PI.' x e i n ( p , ,  - p , . , ) n ( ~ l i - ( p l . - p t e , ) ) " ~ o  - (T---$J) 
-m. 

Since n, + n,, = const, a similar expression is obtained 
also for the source in the equation for the fluctuation 
of the density of the number of neutral particles: 

and when taken with a minus sign this is also the result 
for the cross  correlation. Thus, 

which corresponds to property (12) at cp = 1 and $ = 1. 
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Let us calculate the variance of the fluctuation of the 
particle number in the state of chemical equilibrium. 
The equation for the fluctuation of the electron (ion) 
concentration is then 

where 

It follows from (17)-(19) that the single-time moment 
(6n;(t)), which is equal to 

and the variance of the particle-number fluctuation, 

N - N .  
(6N.2)=(6N,,Z)= N ,  - 

2 N - N .  ' 

do not depend on the generation and recombination co- 
efficients. It follows from this formula that in two lim- 
iting cases (fully ionized plasma, when Na=N, and zero 
degree of ionization, i.e., Na = 0) there a re  no concen- 
tration fluctuations. This result is the consequence of 
the fact that we a re  considering a spatially homogen- 
eous case under the additional condition Na+ N,, = N is 
given. As a result, formula (20) describes only fluc- 
tuations due to chemical reactions-the change of the 
number of particles in the components. 

In the spatially inhomogeneous case it is necessary 
to take into account the diffusion of the particles in the 
equation for the concentration. This produces, natural- 
ly, additional terms in the Langevin sources. Since the 
intensity of this source is 

then, a s  previously shown,c53 the single-time correla- 
tion of the particle-number density is 6-correlated in 
the coordinates. The importance of taking diffusion 
processes into account when fluctuations of the concen- 
trations a re  considered in chemically reacting systems 
has been pointed out, in particular, in a recent paper.C61 

We note, finally, that the reported results describe 

fluctuations due to the atomic structure of the consid- 
ered systems. For states far from equilibrium, how- 
ever, an additional term l , (~  ) appears in the kinetic 
equation and is determined by the contribution of the 
large-scale fluctuations ([lS1, 00 22 and 62). A corres- 
ponding additional term A,(P, P', t) appears also in 
the right-hand side of (4). The analysis of examples of 
this kind is of independent interest. 
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