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A Kinetic theory is developed of the fluctuations in a partially ionized plasma and in chemically reacting
gas systems. It is a generalization of the previously developed kinetic theory of fluctuations in simple gases
and in a fully ionized plasma. The obtained general relations are used to calculate the intensities of the
Langevin sources in the equations for the concentrations of the electrons, ions, and atoms in a partially

ionized plasma with a uniform distribution of the particles.

PACS numbers: 52.25.Dg, 52.25.Gj, 51.10.+y, 82.20.—w

A large series of recent papers!'-¢! is devoted to fluc-
tuations in chemically reacting systems. So great an
interest is brought about by a large number of prob-
lems: light scattering,!”® analogy with phase trans-
itions,[®19? study of the kinetic properties of chemically
reacting systems,!'? and noise in semiconductors f'2?

The irreversible-thermodynamics method, the meth-
od of the master equation for the distribution function
of the particle-number density, and the Langevin des-
cription of hydrodynamic fluctuations, which are used
inf*"10), are phenomenological to one degree or another.

In this paper we develop a kinetic theory of fluctua-
tions in a partially ionized plasma and in chemically re-
acting gas systems. The results are a generalization of
the previously developed kinetic theory of fluctuations
in a simple gas in a fully ionized plasma.t!315-181

Just as in the construction of a kinetic theory of gases
in a fully ionized plasma (13!, Chaps, 4 and 11), we
introduce for the partially ionized plasma an operator
particle-pair density matrix §.4(P, P’, t) smoothed out
over a physically infinitesimally small volume. We
confine ourselves here to fluctuations with characteris-
tic order times and a relaxation time defined by col-
lision integrals. In this approximation the matrix
Pos(P, P’,t) can be regarded as diagonal:

(2nh)?®

Bas (P, P’, 1) =646 (P—P’) i

fa(P,1).

For a partially ionized plasma, the discrete values of
the parameter a correspond to bound states of the par-
ticle pairs, namely atoms, while the continuous values
correspond to free states, namely pairs of electrons
and ions; for example, for a diatomic gas discrete val-
ues of a correspond to bound states of the atoms (di-
atomic molecules), while continuous values correspond
to free states of the atom pair (dissociated molecules).

In the polarization approximation, in a partially ion-
ized plasma (%1, § 80), the Born approximation for at-
om interactions, supplemented by allowance for the
plasma polarization—the equation for fa(P, t) takes the
form
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d 4nVv
—fa(P, )= o dw dk dP’dP dP,’
atf( ) (2'1;1)3 ;j © 11y
| Tap (k) 121 My (K) |?
kle(o,k)I?
X6 (ho—(EatEe—Es—Es)) -8 (ho—(E;+Es~E—Es.))

X(Fo (P, ) F1 (P, ) —Fa(P, 8) [u (P, ) ) =1a(P) fu (P, ). (1)

-8 (hk— (P—P")) & (hk—(P,—P,"))

We have used here the following notation for the matrix
element

Han(k)=J[e,exp(i m-;_ kr)

m.+m

m
m.+

+eiexp(—i - kr)]wa(r)\pg‘(r)dr

(#,(7) is an eigenfunction of the Hamiltonian operator
of the particle pair) and the following definition of the
dielectric constant

4nV

k) =1 4 ——
e(o,k)=1 )R

2 | aprap7s (hk— @ —P7))
18
Fo®, ) =F1(P", ) @)

X (k) 12
w(k) R(@+HiA)— (By+Ep—Eq—Ep)

(n=N/V, where N is the total number of atoms at zero
degree of ionization). The summation with respect to
the indices B, v, n in (1) and (2) is carried out both over
the discrete parts of the spectrum (for the bound states)
and over the continuous ones (for free charged parti-
cles), with

V ’r
2;—»; +j(2Th)’dp'

The collision integrals in (1) takes into account the dy-
namic polarization. This leads to an additional depen-
dence on the distribution function. Just as before (133,
§ 47), we confine ourselves to the contribution of the
averaged dynamic polarization, replacing 1/|e(w, )|?
with the value averaged over w.

Equation (1) describes the large-scale fluctuations,
since the contribution of the small-scale correlations
has already been taken into account in the derivation of
Eq. (1) itself.

On the basis of basis of (1), just as before (see [*3),
§§ 22 and 62), we can obtain equations for the moments
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of the random functions &f (P, ?):

(%an(P)) 8F o (P, 1)8f (P’,t')>=0, (3)

(7?7+ o, (P)+ 61, (P") ) (674 (P, )87 (P, 1)>= Auy (P, P’, 1)

2nh)? o
= (;;) (6230 (P — P*) T (P) fo (P, £) + Ly (P, P’, 1)
+ (81 (P)+ 81,(P")) 8 (P — P fa (P, ) . @)

In (3) and (4) (+++) stands for the operation of averaging
over the ensemble, 6I,(P) is the linearized collision
operator

4nvV

674 (P)8/. (P, 1) = ~ Gy

E jdm dk dP’dP ,dP,’

B

Mg (k) I*1 Ty (K) | , ,
——mlz—-—é(hk——(P—P ))8(hk — (P, —P,))
Xls(h(n) —(Ea +Ep— Eo— Er'))ﬁ(hm - (E'I +Eh _E'l - EP.'))

X(fo (P, ) 811 (P, ) + 8/n (P’, 1) f1(Put)

— (P, 1) 8/u(P, £) — 6/a (P, 1) 1, (P, 1)), (5)
and I ,(P,P’,1) is defined as

4nV | TLay (k) 121 e (k) |2
Tag(P, P/, t) = —__ do dk dP,dP,; — 1 ot T
o ) (znhyzj © Ele (o, k) I®

X3 (hk—(P—P,))8(hk —(P," —P"))8(ho —(Es+ Ep — E; — E3,))

X8(ho — (Ey+ Epy — Ey— Ep)) (1: (P, 1) [o (P, ) = fu (P, ) fs (P, 1)) (6)

An analogous expression for a simple gas was dubbed!!8]
“unintegrated collision integral.”

Equations (3) and (4) must be supplemented with the
equation for the particle-pair distribution function

(Fo(P, 0))=fo(P, 1):
é -~
=l (B, ) =L (P) (P, ). )

Instead of the system of equations (3) and (4) we can
use for the single-time and two-time correlations the
corresponding Langevin equation for the fluctuations

of (P, 1):
. .
(WJ” 87.(P) ) 872 (P, )= ya(P,1), ®

in which y (P, ¢) is a Langevin §-correlated source
whose intensity is determined by the right-hand side of

Eq. (3):
Ya (P, O)ys (P, 1)>=8(t—t") Aus (P, P, 1). (9)
Substituting (1), (5), and (6) in (4) and (9), we write

down the intensity of the Langevin source in general
form

867 Sov. Phys. JETP 47(5), May 1978

dw dk dP.dP,”
kle(w, k)2

4
e (B, s (P, )= 3-8 =) Y | {su0®—P)

X ZdP”II’Iu(k) 12T (k) 126 (Bk — (P — P”)) 6 (hk — (P, — P,’))
t

X68(ho —(Es + Ep — E;— Ep+)) 8 (ho — (Eq+ Ep,— Ey — Ep,'))
X (f1(P”, ) fa (P, )+ fa (P, 2) fe (P, ) ) — [ T (K) I* 1T ()42
X8 (hk — (P —P"))§(hk — (P, —P,')) 6 (ho — (E. + E» — Ey — E»'))
X8 (ho — (E;+ Ep,— Ey— En.)) (s (P', 1) 1(Pi, 8) + [ (P, 1) fo(PY', £))
+TTa; (K) [Ty (K) 126 (hk — (P — P,)) 8 (he — (Ex + Eo — E; — Ey,))
X(6(hk— (P’ —P,"))8(has —(Ep+ Ep — E,— Ey,’))
X(fs(P, ) 1 (Py, 1)+ fa (P, £) 4 (P, £) ) — 8 (hk +(P" —P"))

X8(ho +(Ey+ B — Ey— Ep)) (F (P.0) fo(P', ) + 1, (P, ) [o (P, 8))) ]}
(10)

This expression takes into account contributions from
both the discrete and the continuous spectra. It is pos-
sible to separate from it, in particular, the correla-
tions, obtained inf!?}, of the electron-electron fluctua-
tions with allowance for the scattering of the electrons
by impurities in semiconductors. We multiply expres-
sion (10) by ¢ ,(P)¥,(P’), integrate with respect to P
and P’, and sum over « and 8. After symmetrization
we obtain

(%)'ZI <Ya (P, 1) yp(P’,1') >ga (P) s (P") dP dP’

ap
2 , | Tan (k) 1*[TT (k) [ o ,
—76(t—t);j—mz——6()‘tk (P-P))
x5(P+P —P,—P,")6(ho —(E.+Es—E,— Es,))
X§(Ey+ Ey+ Ep+ Epr — Ey— Ey— Eo, — Ep') [ (P, £) fs (P', £)
X[@a (P)+ @5 (P') — 1 (P)) — 9o (P.) 1 4a (P) + 3 (P") — 1 (Py)

—pu(P) ] (znlh)'dp dP,dP’dP,’ dk do. (11)

This leads to a property analogous to the laws of con-
servation of the total number of particle pairs, of the
momentum, and of the energy, at ¢ (P),¥,(P)=1,P,E,
+Ep

'V L]
(5) 2 f 0e®r0a®) a(® 0P, t)3aPaP =0 (12)

ap

We use the obtained general formulas to calculate the
fluctuations of the concentrations in a spatially homo-
geneous partially ionized plasma. In the derivation of
the equations for the particle concentrations and cal-
culations of the Langevin sources in them, we assume
that Maxwell-Boltzmann distributions have already
been established for the electrons, ions, and atoms,
but no chemical equilibrium has set in as yet, and con-
sequently the concentrations #n,, n; and n,; do not satisfy
the ionization-equilibrium condition

Z

n.n; ( uxT ) Vi q

R 2nh?

where Z is the partition function and u is the reduced
mass. To obtain, for example, an equation for the con-
centration n, (a=e, i) of the charged particles, we
multiply (1) by (»V/(27%)® and, putting e =p, integrate
with respect to p and P. It is more convenient here to
change over in the distribution functions of the free-
particle pairs from the variables p and P to the vari-

V. V. Belyi and Yu. L. Klimontovich 867



ables p, and p;:

P=p.+p. p= m-PeJ—ImeP,

p.=miil’+p, P -=%P P,
where

M=m.+m, p=mm/(m+m;).

With this change of variables, the distribution function
fo(P, ) =f(P,, P,, t) determines the number of particle
pairs in which the particles are separated by distances
large enough to regard them as free. In these cases,
where necessary, we use the additional correlation-
weakening condition

Nf(pe, P t) =N{(p., t) Nf(pss 1),

i.e., the number of pairs in which the particles with
momenta p, and p; are so far apart that they can be re-
garded as free is replaced by the product of the average
numbers of the free particles having the same momen-
tum values. Thus,

_0- (2rV)*
5t T (2uhy’

|IL,. (k) I?

=y Zjdmdl\dpdpdp'm

X6 (hk — (P — P’))G(hm—(—p—-*—:; —E, - E.))

x{ Zj‘ dP,dP,’ | L., (k) I°6 (hk — (P, — P,"))

mi

X8(hw —(Ep+ Ep, — El Ep)) (fa(P,t) fm(Py, 2)

— 1P ) (P iy ) ) F o h), Ej dP,dP,’dp, | Ly, (K) |*

P P|’3
2p 2M ))
XU (P 01 (Bo )= (0 o )i i ) +
2 J dpdP.dp, 11,0 (0) 16 (hk — B, P))

xo(hk—(P,—-P,’))G(hw— (E,.+E-.—

+
(Znh)‘

Pz
.s(h —( LB
O\t~ o o

=B ) f(Pey Py 1))+ oy

—E —E...')) Un (B, 1) (Puey Puss )

@n h). fdP dP,/dpdp,’ |11, (k) |?

Pl 2
Xﬁ(hk—(P,—P.’))G(hm—(p‘ o -L-ﬁ._))
20 2M  2p  2M

X (B, 1) (Bre P 1) = f (B’ ', /(P 1) - (13)

We assume that the distribution functions in (13) are
at equilibrium and take into account the equality of the
electron and ion densities: #,=n;. Inthis case we can
represent (13) in the form

5= (anan.; — Bra’) + (aun.:* — Bina’n.)

+(oenei® — ﬂz"-‘) + (asneing — p:’lu"’nz)- (14)

where a is the impact-ionization coefficient, g is the
triple recombination coefficient, a, is the ionization
coefficient for collision of two atoms, B, is the recom-
bination coefficient for the triple collision of an elec-
tron, ion, and atom, B, is the recombination coefficient
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of four charged particles, a, is the corresponding ion-
ization coefficient, and a, and g, are the coefficients
of the exchange processes.

We present by way of example the expressions for
the coefficients a and gf'*%:

(2n E 2 Z | dpap’ap”dp.dp."do dk

Tpem (k) 2 ,
_6 ’-k_ PI__PII 6P’+ cII_P/I_ R
Fle(@ )T (hk —( ))O(P +p pe’)
plz PI'.’ PI/Z))
ho— -+ —En———
xé(”" (2p.+2M "o

o S 2P 2MAp. [2m —En—P"/2M ~p*/2m.)
[2n(m.M)"xT1°Z

)(exp[ (E +_I_;”F+.2—mt>/ /T] (15)
B=(2nh*/pxT)*Za. (16)

Since n,+ n,, =n=const, we have dn,,/8t= -9n/8t.

Let us obtain, in the same approximation, an expres-
sion for the spectral density of a Langevin source in the
equation for the fluctuations of the density of the num-
ber of charged particles:

ZVC
(88)0 = gy | U (P us (B)) odp dP dp'dP’

(2nV)* [T (K) |2

do dk dp dP dP’ ———————
(m)'ZJ. wakap Fle(w, k) I?

xa(hk—(P—P'))G(hm (;’u+~‘u E.— Ep))
X{Ej dP'dP,/ | Tl (k) 16 (hk — (P, — P,"))

X!S(Tl(l)’:l(Em"‘Ep,—El EP ))(f (P &\f (Pl t)

+H® O f(pe, 0 ) F (2 h)‘ E de dP,"dp | Iy, (k) I*
st / p* P”
hk—(P,~ — EntEp—5——
X5 (hk—(P,=P,"))8 ho— E,+E,, T ))

: v
X (1 (P 0B 0+ i BiTs 0F (e i )+ f AP, dpidp!

[e B(pii—pu) 8k — (p..—p..))'s(hm (p“ ﬂi))

2m, 2m,

+ €26 (pre— P 8k — (pus = p1)) 8 (o - (%m——;’T))]
X(fa(P’, ) f(Prey Puss t) + f (P, P, ) f(pse’, Pii’s t)

1
=7 (anane; + B + auned + Binine + 2an. 2 + 28one).  (17)

Since n,+n,;=const, a similar expression is obtained
also for the source in the equation for the fluctuation
of the density of the number of neutral particles:

(Eebeo= Y‘ Y[ Gy (P)eap ap,

(2 7“)'

and when taken with a minus sign this is also the result
for the cross correlation. Thus,

(Bakei) at (Baka) o (Beiba) ot (Enik) 0=0,

which corresponds to property (12) at ¢ =1 and y=1.
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Let us calculate the variance of the fluctuation of the
particle number in the state of chemical equilibrium.
The equation for the fluctuation of the electron (ion)
concentration is then

alté"" +Able =Ea, 0N = — Oneq, (18)
where
A= (1 + z’:—) (ane+ anes + 2aan,). (19)

It follows from (17)-(19) that the singlé-time moment
(6nZ2(t)), which is equal to
(Eaka)o 1 n.n.

2

Aa v 2n.; +n,

Ona2(t)>=

and the variance of the particle-number fluctuation,

N—N.

BN =(N, = Ny |
! 2N — N,

(20)
do not depend on the generation and recombination co-
efficients. It follows from this formula that in two lim-
iting cases (fully ionized plasma, when N,=N, and zero
degree of ionization, i.e., N,=0) there are no concen-
tration fluctuations. This result is the consequence of
the fact that we are considering a spatially homogen-
eous case under the additional condition N,+ N, =N is
given. As a result, formula (20) describes only fluc-
tuations due to chemical reactions—the change of the
number of particles in the components.

In the spatially inhomogeneous case it is necessary
to take into account the diffusion of the particles in the
equation for the concentration. This produces, natural-
ly, additional terms in the Langevin sources. Since the
intensity of this source is

9* ,

ZDWH(I‘, t)ﬁ(l‘-—l‘ ),
then, as previously shown,!s? the single-time correla-
tion of the particle-number density is 6-correlated in
the coordinates. The importance of taking diffusion
processes into account when fluctuations of the concen-
trations are considered in chemically reacting systems
has been pointed out, in particular, in a recent paper.t®

We note, finally, that the reported results describe
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fluctuations due to the atomic structure of the consid-
ered systems. For states far from equilibrium, how-
ever, an additional term T «(P) appears in the kinetic
equation and is determined by the contribution of the
large-scale fluctuations (137 §§ 22 and 62). A corres-
ponding additional term A _4(P, P’, ¢) appears also in
the right-hand side of (4). The analysis of examples of
this kind is of independent interest.
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