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An analysis is made of a three-level system in a strong monochromatic field. The field is in two-photon 
resonance with one of the transitions in the three-level system. Spontaneous radiation is emitted as a 
result of the other two transitions. The probabilities of finding a particle at the levels under steady-state 
conditions are calculated. Moreover, the spectral distribution of the emitted spontaneous photons is 
determined for both transitions. 

PACS numbers: 41.10.Hv, 42.65.B~ 

Much attention i s  currently given to the behavior of 
atomic systems in strong resonant fields. The case of 
one field modeled by a two-level system with radiation 
damping has been investigated quite 
In the case of two fields depending monochromatically 
on time and resonating with two energy differences in 
atomic spectrum i s  usually modeled by a three-level 
system. Emission of spontaneous radiation from such 
a system has been studied recently. In the general 
case with arbitrary field intensities the solution of this 
problem is very tedious and possible only by numerical 
methods.c31 

We shall consider a three-level system shown in 
Fig. 1, which is perturbed by just one external mono- 
chromatic field. In the case of one-photon resonance of 
the field frequency with the atomic level difference w,, 
we a re  dealing with the spontaneous Raman scattering, 
which can be investigated quite easily in a strong 
field.c41 The simplicity of the solution i s  due to the 
fact that the law of conservation of parity forbids the 
2 - 1 spontaneous transition and there is no problem of 
a steady-state distribution of the level populations. 

A system comprising external field photons and 
spontaneous photons is closed only if we assume that 
the states 1 and 3 a r e  of the same parity and the dif- 
ference between their energies w,, i s  close to 2w, 
where w is the frequency of the external field & cos wt. 
Thus, the external field is  in two-photon resonance with 
the 1 = 3 transition. The state 3 is deexcited spontan- 
eously to the state 2 of radiative width equal to y, in the 
absence of a strong external field. The state 2 is then 
deexcited to the state 1 of width y, (Fig. 1). It is 
assumed that detuning from the two-photon resonance 

FIG. 1. Three-level system. The 1 Z  3 transitions are ex- 
cited by two photons of an external strong field; the transitions 
3- 2 and 2- 1 produce spontaneous radiation. 

is sufficiently small that there is no stimulated one- 
photon emission. 

We shall give the results of the solution of this 
problem in the steady-state case t>> l/y,, l/y,, which 
i s  the one of greatest interest from the practical point 
of view. The aim is to find the steady-state population 
of the states 1, 2, and 3 of the three-level system 
mentioned above and the spectral distributions of the 
photons emitted spontaneously a s  a result of the 3 - 2 
and 2 - 1 transitions. We shall assume the field & to be 
sufficiently strong to cause resonant mixing of the 
states 1 and 3 and we shall postulate that the two-photon 
absorption line becomes split. We shall also assume 
that the energy E, of the level 2 i s  not close to the 
energy E, + w. Otherwise, we a re  dealing with two 
resonant fields of the same frequency w and the same 
intensity 6 ,  which produce two one-photon resonances: 
1 = 2 and 2 = 3. This case i s  discussed in detail by 
Whitley and S t r ~ u d . [ ~ ]  

We shall now describe briefly the solution method. 
The system shown in Fig. 1 i s  described by Markov 
equations for the density matrix 

where .j. is the spontaneous relaxation matrix and the 
Hamiltonian 8=fi0 + V, in which I?,, is the Hamiltonian 
of the unperturbed system and the potential V describes 
i ts  dipole perturbations by a monochromatic external 
field. In the resonance a p p r o x i m a t i ~ n ~ ~ ~  the matrix 
elements V a re  the well-known two-photon matrix ele- 
ments. For  example, 

Here, d,, are  the matrix elements of the dipole mo- 
ment operator. In the resonance approximation there 
a re  two exponential functions of time but only one of 
them is important and it is the one which gives rise to 
small oscillations of the density matrix elements. 

We can see that, in contrast to the one-photon case, 
allowance for the nonresonant shift of the levels in an 
alternating field i s  important in the two-photon reso- 
nance because this shift is of the same order of magni- 
tude in respect of & (it is a quadratic function of the 
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field intensity) a s  the resonant splitting of the levels 
into quasilevels. Nonresonant shifts a re  well knownc6] 
and we shall assume them to be included in the energies 
of the levels E,.  Moreover, we shall assume that two 
o r  more photons a re  required to go over from the state 
3 to  the continuous spectrum because ionization pre- 
dominates over spontaneous decay in the one-photon 
case. 

A system of nine equations for the density matrix 
elements can now be written in the form 

The condition p,, + p,, + p,, = 1 is satisfied here. We 
shall make the substitution of variables 

but for the other elements of the density matrix we 
shall retain pi,= o,,. Here, 6 = a,, - 2w i s  the detuning 
from the two-photon resonance. The system (1) con- 
sidered in the resonance approximation now reduces to 
a system of nine differential equations with constant 
coefficients in front of the elements a,,. 

Under steady-state conditions, we have u=O and the 
system of equations for oik reduces to the algebraic 
form. It can be solved quite simply. We shall only 
give the steady-state population of the level 3: 

In a very strong field we have p,, - ya/(2ya + y,). As ex- 
pected, for y,<< yo, we approach p,, - 1/2, whereas for 
ya<< y,, we obtain p,, - 0. 

The total probability of the 3 - 2 spontaneous transi- 
tion per unit time has the self-evident form: w;it 
= 2y,p3,. Since the conditions a re  steady, the total 
probability wi?' = 2 yap,, of the spontaneous transition 
2 - 1 per unit time is equal to w:it. The spectral com- 
position of the spontaneous radiation can be determined 
if we know the time dependence of the elements o,,. If 
we assume uikm e i X t ,  we obtain a ninth-order equation 
for the characteristic roots A. The problem i s  simp- 
lified by the circumstance that the equations for o,, 
and u,, are  independent of the equations for the other 
elements o,,. Since these a re  the matrix elements of 
interest to us in the determination of the spectral com- 
position of the spontaneous radiation due to the 3 - 2 and 
2 - 1 transitions (and this also applies to the conjugate 
matrix elements o,, and o,,), the quantity X for these 
matrix elements assumes only four values which aye 
equal in pairs. These values a re  readily found: 

The above roots give for each transition (3 - 2 and 2 - 1) 

two Lorentzian spectral distributions for  the spontan- 
eous radiation, corresponding to the emission of light 
from the quasilevels of the state 3 and the absorption 
of light by the quasilevels of the state 1. 

We shall f irst  consider the transition 3 - 2. It follows 
from Eq. (3) that the emission spectrum consists of two 
peaks separated by 

which can be regarded a s  the two-photon Rabi fre- 
quency.C61 It also follows from Eq. (3) that the widths 
of the peaks are ,  respectively, 

The peak amplitudes can be found by the technique of 
two-time correlation functions.c71 In view of the fact 
that the general results a re  cumbersome, we shall give 
only the probabilitites of emission of a spontaneous 
photon of frequency v, a s  a result of the 3 - 2 transi- 
tion per unit time dw,,(v,) and we shall do this only for 
very strong fields V>> ya, y,, 6. Then, on the one hand, 
we find that the expressions (4) and (5) simplify con- 
siderably and, on the other, the amplitudes of both 
peaks become identical and can easily be determined 
using the area  under the peaks found above and equal 
to et. The identity of the peak amplitude is a conse- 
quence of the equal populations of both quasilevels of 
the state 3 in a very strong field. We thus obtain 

In this case the two-photon Rabi frequency of a very 
strong field is 2 I V  I. We can easily show that 
~dw,,(v,)dv,= wizt. It should be noted that the classical 
radiation generated by the average dipole moment i s  
negligible in a strong field and all the radiation of Eq. 
(6) is due to quantum-mechanical fluctuations of the 
dipole moment.c71 

The expression for the probability dw2,(va), where 
va is the frequency of the spontaneous photons emitted 
a s  a result of the 2 - 1 transition, i s  of the form simi- 
l a r  to Eq. (6) if we make the substitutions y,- v, and 
w32 - W21' 

The line profile described by Eq. (6) is shown in Fig. 
2 for the typical case of ya = y,. The peak splitting is 
simply the well-known Autler-Townes effect. The 
separation between the two peaks in Fig. 2 decreases 
on reduction of the perturbation V and retention of zero 
detuning 6=  0. It is  clear from Eq. (4) that the separa- 
tion between the peaks, expressed in terms of units of 
ya adopted in Fig. 2, i s  [(2 ( V l / ~ , ) ~  - 11 'I2. In a weak 
field, namely when 1 V ( < ya/2, both quasilevels merge 
into one and we have one resonance corresponding to 
the results of the perturbation theory. The line profile 
shown in Fig. 2 i s  centered on the point v, - w,, = 0. We 
recall that because of the dynamic Stark effect the whole 
spectrum is shifted by an amount equal to the energy 
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FIG. 2. Spectral distributions of the probability of the emis- 
sion of light per unit time as  a result of the 3- 2 transition in 
the presence of a very strong field, calculated on the assump- 
tion that y, = y, . The ordinate gives P = 9 d ~ ~ ~ ( ~ ) ( d  y /21~)-'. 

difference 6E,, = 6E, - 6E2, which is of the s a m e  o r d e r  
of magnitude as the separat ion between the resonances.  

We sha l l  conclude by pointing out t h e  numerical  
c r i t e r i a  of s t rong  fields. In the  one-photon resonance 
c a s e  at optical f requencies  a field can be  regarded as 
strong if 6 > lo2 v/cmC4' and i t  is easy  to es t imate  that  
in  the two-photon resonance c a s e  considered h e r e  the 

c r i t i ca l  field is considerably higher: & > lo6 V/cm. 

T h e  author  is deeply grateful  to N. B. Delone f o r  
valuable and stimulating discussions. 
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In the presence of a strong electromagnetic field (in particular, a constant magnetic field), the vacuum 
behaves, as is well known, like a medium with permittivity and permeability that depend on the strong- 
field intensities. Transition radiation and transition scattering can therefore take place in vacuum. The 
article considers the transition radiation produced when a charge crosses the boundary between a strong 
magnetic field and a field-free region. The problems solved are those of transition scattering of sufficiently 
long strong electromagnetic waves by an immobile charge with frequency doubling, and of scattering 
without a change of frequency in the presence of a strong magnetic field. The same problems are 
considered also for a moving charge (in all considered cases the scattering takes place also for a charge 
with mass M--+a ). 

PACS numbers: 41.70. + t 

Transi t ion radiation is a r a t h e r  common phenomenon 
which occurs  when a charge o r  s o m e  o ther  source  (having 
no natural  frequency) moves  with constant velocity in  or 
n e a r  an inhomogeneous medium. If the propert ies  of 
the medium (the refract ive index etc . )  v a r y  periodically 
i n  space and (or)  i n  time, then the t ransi t ion radiation 
acquires  distinct fea tures  and can be  cal led resonant 
transition radiation o r  transition scat ter ing.  The use of 
the l a s t  t e r m  i s  quite natural  when one dea l s  with a 
charge that i s  immobile relative to  the medium and 
s c a t t e r s  a permittivity wave.[" An effect analogous 
to  transition scat ter ing takes place in  vacuum when a 
gravitational wave i s  incident on an immobile e lec t r ic  
charge o r  dipole (electr ic  o r  m a g n e t i ~ ) . ' ~ '  

We consider  in  this a r t i c le  t ransi t ion radiation and 
t ransi t ion sca t te r ing  produced likewise in  vacuum, but 
i n  the presence of a s t rong  electromagnet ic  field. The 
g i s t  of the mat te r  that in  a s t rong  field electrodynamics 
becomes,  as is well known, nonlinear even i n  vacuum, 
s ince  the field gives rise to a vacuum polarization that 
is analogous to  s o m e  extent t o  polarization of a medium. 
Transi t ion radiation should therefore take place in  an 
inhomogeneous s t rong  field, and when a sufficiently 
s t rong  wave is incident on a charge,  t ransi t ion scat ter-  
ing should take place. Of course,  in a consistent quan- 
tum-electrodynamic calculation the transition effects 
a r e  taken into account ir, the corresponding problems, 
but th i s  ca l l s  f o r  c u m b e r s o n ~ e  computations. An exam- 
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