should be fulfilled.

For the above-indicated values of the parameters a
second localized magnon level is possible only when
T.<20 K. Hence, we can, in particular, conclude that
the donor states of large radius that arise upon the
doping of EuO (T, =69 K) with gadolinium can lead to the
appearance of only one localized magnon on each donor
atom.

The author is grateful to D. I. Khomskii for valuable
comments.

DThis Hamiltonian should be interpreted not as a true Hamil-
tonian, but as an equivalent one, since its eigenvalues give
the correct spectrum, but the probability density of a definite
spin configuration is, generally speaking, given not by the
square of the modulus of its eigenfunction, but by a more
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Complex dispersion relations are obtained, in the long-wave approximation, for spin waves in a
ferromagnet with parameters that fluctuate randomly in space (for the corresponding results without
allowance for dipole-dipole interaction, see V. A. Ignatchenko and R. S. Iskhakov, [Sov. Phys. JETP

45, 526 (1977)]). When the exchange constant a fluctuates, allowance for dipole-dipole interaction shifts
the break in the modified dispersion law toward longer waves and leads to a change in the damping law
for long spin waves: when k is less than a certain critical value k., the damping »” ~ k 7. for k> k., we
get @” ~k > When the axis of magnetic anisotropy fluctuates, allowance for dipole-dipole interaction

modifies both channels of interaction of the random inhomogeneity function p(r) with the spin wave m(r,
t) and leads to the appearance of a new channel of interaction of m with p via the stochastic
magnetostatic fields produced by the stochastic magnetic structure. The dispersion law now contains a
characteristic wave number for dipole-dipole interaction, k,, = (4m/a)'’.

PACS numbers: 75.30.Ds, 75.30.Et, 75.30.Gw

INTRODUCTION

In an earlier paper,t™? we calculated the modification
of the dispersion relation and of the damping for long
(ha<« 1, where q is the lattice parameter) spin waves
in a medium with either isotropic or anisotropic in-
homogeneities, having an arbitrary correlation radius
7o The phenomenological theory of spin waves devel-
oped in Ref. 1 is correct both for finely divided and for
amorphous ferromagnets. Because there is at present
no systematic theory of amorphous magnetism, the
correlation radius 7, of the fluctuations of the cor-
responding parameter (the exchange parameter or the
amount and direction of the anisotropy) cannot so far be
calculated theoretically and occurs in the theory as a
phenomenological constant. Therefore particular in-
terest attaches to results that predict from what experi-
mental observations y, can be determined. In particu-
lar, a possible basis for determination of », might be
the experimental observation of the characteristic break
in the dispersion curve w(k?) at k= £7,, which was ob-
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tained in Ref. 1 for the case of fluctuations of the ex-
change constant a.

When there are spatial fluctuations of the axis of
magnetic anisotropy (this phenomenon may be charac-
teristic of certain classes of amorphous magnets),
there must occur in the material a stochastic static
magnetic structure whose correlation properties are
determined by a magnetic-field-dependent correlation
radius 7, =(aM/H)"/?. This leads to the result that the
inhomogeneities interact with the spin waves by two
paths: directly, and through the stochastic magnetic
structure. In the dispersion relation both characteris-
tic radii, », and »,, occur.

Both in Ref. 1 and in all works known to us on this
topic, dipole-dipole interaction was neglected. Allow-
ance for this interaction is the purpose of the present
paper.? Formally, the problem reduces to supple-
menting the effective magnetic field of Ref. 1 with a
field H, (r, f) determined by the equations of magneto-
statics (we neglect effects of propagation of electro-
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magnetic waves):

div (H,+4xM)=0, rotH,=0.

Inclusion of long-range forces greatly complicates the
integrands of the terms in the perturbation-theory ser-
ies. Whereas in Ref. 1 all the integrals were taken
exactly, here we must restrict ourselves to various ap-
proximate estimates. But in a comparison with experi-
ment in the radio-frequency range, all that is of interest
is results obtained with allowance for dipole-dipole in-
teraction, since its influence in many cases is decisive.

We consider below how the dipole-dipole interaction
modifies the results obtained in Ref. 1: the position
and amount of the “break” on the dispersion curve, the
amount of damping, the dispersion of the stochastic
magnetic structure, the FMR frequency. All the nota-
tion of this paper corresponds to the notation of Ref. 1,
with the exception of »,=(a M/H)*?. In Ref. 1, we
called this quantity the exchange-correlation radius and
denoted it by ,. Although this name reflects the physi-
cal origin of y, it is not altogether accurate and in a
number of situations can lead to confusion; for ex-
ample, in fluctuation of the exchange parameter ¢ the
true correlation radius of the exchange fluctuations is
the phenomenological parameter 7,. Therefore in the
present paper we shall call the quantity 7, the radius of
interaction of the magnetization with the magnetic field.
This name and notation are especially suitable in cal-
culation of the dipole-dipole interaction, which, as is
shown below, is characterized by a radius of dipole-
dipole interaction 7, = (a/47)'/?, corresponding to the
value of », when H =4rn M.

1. INHOMOGENEITY OF THE EXCHANGE CONSTANT

When the exchange constant is inhomogeneous, the
magnetization and the effective magnetic field can be
represented in the form
He(r, t) %H+ll' (r, t)

M(r, t)=M+m(r, t), (1.1)

and the linearized Landau-Lifshitz equation takes the
form

m=—g[M, ((z+pAa) V'm+Aa(Vp) (Vm)+h,)]—g[mx H], (1.2)

where h_(r,¢) is the alternating dipole-dipole field. On
expanding (1.2) in plane waves, we get the following
system of integral equations:

i keky . kiy
(6—, +4:;M—E—) me+ (II-Hsz +4nM-P—) m,=G,,
i kiky (1.3)
(H+aMk:+4m11_k_) m.+ (— o4 -’uu‘]-—q) m,=G..
k.‘. g A...

where G, are interaction terms of a spin wave with in-
homogeneities:

G=—AaM | mq(k)p(k—k,)kk, dk,. (1.4)
We express m, and m, from (1.3) in terms of G, and G,
and substitute these “solutions” in (1.4). Then on aver-
aging the system (1.3) in the same approximation as in
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Ref. 1, we get the dispersion relation, which, after
carrying out of the integration over the azimuthal angle
¢,, takes the form

O [(H+aMk) (H+aMk+inM sin* 0) V% —— akM (-A_“)
g 2 o

x{J.+J,+ (13

H+aMk*+2nM sin® 0
[ (H+aMk?) (H+aMk*+4xM sin® ) ]"2} ’

(1.5)

Here the integrals J, and J, are determined by the ex-
pressions

2
Jya=—aMk,
n

o+ k*+k,*—2kk, cos 0 cos 0,)*— (2kk, sin 0 sin 0,)*]*
[o/g= (H+aMks+2nM sin*0,) ]
[(0/g)*— (H+aMk?) (H+aMk +4axM sin?0,) "
The expression (1.5) with Aq =0 is an exact disper-
sion relation for long spin waves in a homogeneous
medium with allowance for dipole-dipole interaction.
The angle value §=0 corresponds to waves propagated
along the direction of the equilibrium state of the mag-
netization M. For such waves, in a homogeneous
medium, the dipole-dipole interaction term drops out
of the dispersion relation, and it takes its simplest
form.

£ e (ko2+k*+k—2kk, cos 8 cos 0,) k,* sin 0, dk, d6,
| @

(1.6)

The correction to the dispersion relation necessitated
by the inhomogeneity of the medium also depends on the
direction of propagation of the spin waves. But even for
a wave with 6=0, the correction depends on a dipole-
dipole interaction term; for in the modified dispersion
relation, for a wave with =0, a contribution is made
by waves with arbitrary 6,:

o=0,tagMk*[1—(Aa/a)' (k) ], a0
2%k, w +1 ki dk, dz
T)== I _j: (ko' +k*+k '~ 2k kz)*
[2kt e+ ke (1-2%) | ’ (1.8)
{ (k:+ku‘)3— (’ﬁ"}‘knz) [k’2+k’"2+k3'2 (1—‘”:) ]} ’ .

where x=cos6,, k,=(H/aM)"? =73 is a characteristic
wave number for interaction of the magnetization with
the magnetic field, and &, = (47/a)*?=r5" is a charac-
teristic wave number for dipole -dipole interaction. Be-
cause of the fundamental importance of the case §=0

(it is realized experimentally in observation of linear
spin-wave resonance in thin films), we shall analyze

it in greater detail.

The improper integral over dk, has been calculated
exactly by the method of residues. The result ob-
tained was a cumbersome complex expression J =J’
+iJ” in which the integration over dx could be carried
out only in various limiting cases. Analysis showed
that the dispersion curve in an inhomogeneous medium
has, qualitatively, the form shown in Fig. 1 (solid
curve). Both for small and for large &, the dispersion
law is quadratic in k, but with different coefficients in
front of k2. The nonquadratic terms are important only
in the vicinity of a certain critical value % =k,, where
the dispersion curve w(k?) experiences a “break”: a
transition from one asymptote (Curve 1 in Fig. 1) to the
other (Curve 2 in the same figure). The first asymp-
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FIG. 1. Dispersion relation for spin waves with fluctuation of
the exchange constant (solid curve) and in an ideal crystal
(dashed line). The dash-dot straight lines 1 and 2 are asymp-
totes to the solid curve.

tote corresponds to the value of J’ when £=0; in this
case the integration over dx is carried out under the
condition k<« k,. The second asymptote corresponds
to expansion of J’ at large k up to terms of order k~%;
in this case, the integration could be carried out only
for the case k, <k, <ky/2:

J'zi-—k‘f/‘)(kq—{—k")z =0

O [ e

On substituting these expressions in (1.7), we obtain
the equations of the straight lines 1 and 2 of Fig. 1.
The intersection of these two asymptotes determines a
characteristic value k, of the wave number k,, cor-
responding to the “break” on the dispersion curve:

-‘[(kn) "]/[ (/.+1.‘,) ]

When k,,— 0, k,—~ ky/2 in agreement with the results of
Ref. 1. Inclusion of dipole-dipole interactions shifts k,
toward the longer-wave region.

(1.9)

(1.10)

Analysis of the integral J”, which is responsible for
the damping of spin waves, showed that there is a criti-
cal value k_ of the wave number, in the vicinity of which
there occurs a change of the law of behavior of the
damping:

k»2=kn(kgz+kuz) ”l_kll:- (1 1 1)

An analytic calculation of J” was possible for %z« k, and
for >k, k, (in the latter case, the expression of Ref.
1 is obtained):

I { ke ko*ku®, k<k,

Ok ko (ko2 4k, kPke ky (1.12)

On substituting these expressions in (1.7) we see that
the imaginary correction w” to the frequency ~%" for %
small and ~&® for %k large (but smaller than the charac-
teristic wave number %, for inhomogeneity of the ex-
change parameter; for k> k,, we have w” ~%%).

Thus allowance for dipole -dipole interaction led to
the appearance of a region k<k, (when k,- 0, k.- 0,
and this region disappears) in which the damping de-
creases extremely rapidly with decrease of k.

The physical meaning of this result is as follows.
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The damping that we get here is caused by linear scat-
tering of a spin wave by inhomogeneities; in such
scattering, the frequency of the spin wave is conser-
ved, and only its momentum can change. Without allow-
ance for dipole-dipole interaction, the dispersion law
is isotropic; in the scattering, the value of w

= agM (k% + k*) must be conserved, and its conservation
is insured by equality of the modulus % for the incident
and scattered waves; the scattering angles ¢ and y may
be arbitrary. With allowance for dipole-dipole inter-
action, the dispersion law becomes nonisotropic: in
the scattering, the quantity whose value must be con-
served is now

o=agM (k,+k) " (ky*+E+ k" sin® 0)%,

The modulus of £ is now not conserved on scattering.
The angle ¢, as before, may be arbitrary. But all
values of the angle ¢ are not always possible (Fig. 2).
If w>w,=agMk,(k2+%%)"/?, then scattering is possible
over the whole range of angles 4. The value w=w,
corresponds, on the branch =0, to the wave-number
value k =k, determined by the relation (1.11). When
w<w,; (k<k,), scattering is possible only within a solid-
angle space whose bisectors coincide with the direc-
tions =0 and §=; on approach of w to w,, these solid
angles decrease, shrinking to the directions §=0 (scat-
tering forward) and 6=r (scattering backward, reflec-
tion). Thus when k<k,, with decrease of k there is a
decrease of the number of states into which a spin wave
can be transformed upon scattering by an inhomo-
geneity. This decrease of the number of states cor-
responds to a change from the law w” ~k°, valid for k
>k,, to the law w”~ k" for k<k,.

2. INHOMOGENEITY OF THE MAGNETIC ANISOTROPY

With spatial inhomogeneity of the orientation of the
axis of magnetic anisotropy, the representation (1.1) is
incorrect,™? and the linearization with respect to a
dynamic variable must be carried out with a represen-
tation of M(r, t) and Hé(r, ¢) in which the ground state is
a function of the spatial coordinates:

(2.1)

M(r, t)=M(r)+m(r, t), H<(r, t)=H*(r)+h*(r, t).

On substituting these expressions in the Landau-Lif-
shitz equation, we obtain two systems of equations: a
static, for the ground state M (r), and a dynamic, for
the elementary excitations m(r, ¢) that are propagated
against the background of the inhomogeneous ground
state.

The static system, in the same approximation as in
Ref. 1 but with allowance for dipole-dipole interaction,
has the following solution for the Fourier components:

)

FIG. 2.

«y

@y
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BM po (R +E ook, 60+ ka keaky /R

“at (ki +K) (k' +h+hot sin’ 6)

M, ()= BM py. (R ++ ke / ) +packahoky /K
a® (ks +5?) (ku®+k*+ ko sin’ 0)

where p;, are the Fourier components of the random

functions p,,(r) that descrive the fluctuations of the

anisotropy axis. 3

M.(k)=

(2.2)

The mathematical expectation of the random functions
M, is zero, but the spectral density of M, and of M, is
the same and, after integration over the azimuthal angle
¢, has the form

B

Syu(k,0)=n (_;_)2 [ (ks +E2) =2+ (ky*+k+ky? sin? 0) 21 (k) (2.3)

where S(k) is the spectral density of the functions p, ,m':

S(k) =Dky/n* (k+k%)>. (2.4)

When k, ~ 0, the expression (2.3) reduces to the cor-
responding expression of Ref. 1. It is evident that al-

- lowance for dipole-dipole interaction leads to a break-
down of the symmetry of the spectral density: for each
direction, at a definite angle ¢, the variation of S, with
k is now different.

There are at present electron-optical observations of
stochastic magnetic structure (“magnetization ripple”)
in thin, finely divided magnetic films (for appropriate
references, see Ref. 1). Arrangement of similar ex-
periments on amorphous magnets is highly desirable.
What is measured in such experiments is certain one-
dimensional (integral) components of the complete func-
tion S (k,,k,, k,) and the dispersion D, of the stochastic
structure, which is determined by the integral of the
expression (2.3) over all values of g and k. We have
calculated the dispersion D, approximately: the loga-
rithm that occurs after integration of (2.3) over ¢ was
expanded as a power series in k}/ (k% + k% + %), and then
the integration over dk was carried out. For estimation
of D,, we can restrict ourselves to the first term of the
series:

oo () 1

2
2
+
[k,,(k.,+k,,)’ ka(kotks)?
N 2kotkytks ]
(kt+ks) (koths)? (kotka)? )’

(2.5)

where

k* =k +ky*=(H+4nM)/aM.

When &, ~ 0, (2.5) reduces to the corresponding expre-
sion of Ref. 1. Analysis of formula (2.5) shows that in-
clusion of the dipole-dipole interaction decreases the
dispersion D,; that is, this interaction, as was to be
expected, exerts an ordering influence on the stochas-
tic magnetic structure. The limits of applicability of
the expression (2.5) are the same as of the correspon-
ding expression in Ref. 1: 8D, <«<M?, which imposes

a bound on k&, (i.e., on the value of the magnetic field)
from below.

We turn not to consideration of a dynamic system of
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equations. In obtaining a linearized dynamic system,
the following approximate values were used for the z
components of the static and dynamic magnetizations:

MM (MM /2M, m~—(mM+m,M,)/H. (2.6)

After expansion in plane waves, the dynamic system
takes the form
®1=ﬁlF1(k)——G,(k)]—L1(k), (D:=ﬁ[Fz(k)—G:(k)]—L:(k)- (2.7)
Here the left sides of the equations, &, and &,, are the
same as the left sides of equations (1.3) of the present
paper. The terms on the right side of the equations
correspond to different channels of interaction of the

"anisotropic inhomogeneities with the spin wave (Fig. 3).

The expressions for the terms F; and G; were given in
Ref. 1; the terms F,; correspond to direct interaction of
the spin wave m(r, ¢{) with the random inhomogeneity
function p(r), while the terms G; describe the interac-
tion of the spin wave with the stochastic magnetic struc-
ture M(r) resulting from p(r). Allowance for dipole-
dipole interaction substantially modifies both channels
of interaction and the form of the stochastic magnetic
structure. Furthermore, this interaction leads also to
the appearance of a new channel of interaction: there
now act on the spin wave m(r, ), in addition to p and M,
the stochastic magnetostatic fields H,(r) produced by
the stochastic magnetic structure M(r). All three
channels of interaction give contributions of the same
order. The terms L, in (2.7) correspond to the effects
of dipole-dipole interaction:

L,(k)= 4nfdk1{:—':m,,(k—k,) Lhersdl o (k) +hy M (Ky) |

k z
- k—‘:M,ax—k.) (kum. (k) +k,ym, (k) ]
1

kyk,
~ = D () M k), (k) M (k) 1]

4n kyy . } ! !
= § J e e { T UM ) e () U ) M (k)
ey (k) M, (k=) |
2 e ) gy (1) [0 M, (k=) M, () B, (k)

- %Alv (k—k,) [m.(k,) M. (k\—k.) +m, (k) M, (ki—k.) ]

+;"T‘f:.m,(k—k‘)[M,(kz)M,(k,—kz)+M,(k,)M,,(k,—kz)]} (2.8)

while L,(k) is obtained from L,(k) by replacement of x
by y and of y by x. The components M; (k) that occur
here are determined by the expressions (2.2).

On expressing /m, and m, from the left sides of the
system (2.7), substituting them in the right sides, and

m{r,b)

F(f)/\
N7

M(r)
FIG. 3. Scheme of interactions of a spin wave m(r,¢) with the
random function of the inhomogeneities of the anisotropy axis,

Hp(r)

plr).
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averaging (2.7), we get the dispersion relation in the
form

(2.9)

where g°R, the effective magnetic field resulting from
inhomogeneity of the axis of magnetic anisotropy, is
determined by a cumbersome expression containing in-
tegrals over dk, and dk,. We succeeded in evaluating
these integrals (in the same approximations as for the
calculation of the dispersion (2.5) of the magnetic struc-
ture) only for the uniform oscillation 2=0, =0, de-
scribing the FMR frequency. The damping caused by
linear scattering in this case vanishes, and for the
modified FMR frequency one obtains a cumbersome ex-
pression that reduces for #>>4rM to the corresponding
expression of Ref. 1, while in the case H «4r .M it
takes the following form:

o/ gmaM (kg™ k) * (kP +k*+n sin® 0) “+B'R (K, ko, K, k),

o0e—4ingMp D (M/H)*~'}2 (aks')y ¥ (M/H)"]. (2.10)

Without allowance for dipole-dipole interaction, an
expression for the FMR frequency in the small-mag-
netic-field range can be obtained by expanding formula
(3.6) of Ref. 1 as a series:

om0 (22/5) gMBD (ak,?) =" (H/M)". (2.10")

It is seen that the corrections to the frequency in these
two cases have quite different behaviors: without al-
lowance for dipole-dipole interaction, the correction
decreases on decrease of f, vanishing when #=0; with
allowance for dipole-dipole interaction, the principal
role in this field range begins to be played by entirely
different terms (resulting from the channel p—~ M ~ H,
-m of Fig. 3), and the correction increases on de-
crease of /. As has already been stated, the value of
H is bounded from below by the relation 8D, «<M? ob-
tained in the calculation of the dispersion of the sto-
chastic magnetic structure. From the requirement
that the modification of the frequency in (2.10) be small
in comparison with the frequency itself there follows
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directly another bound to # from below, which may be
more stringent. Using it, we find that (2.10) is correct
in the magnetic-field interval

(4np*D) "< H/M<bn. (2.11)

In conclusion, we shall treat briefly the case of
spatial inhomogeneity of the magnetic anisotropy con-
stant, supposing that the direction of the axis of aniso-
tropy is the same throughout the material and coincides
with the direction of the external magnetic field H.
Then a stochastic magnetic structure does not occur,
and the represenation (1.1) is correct. The dispersion
relation for a wave with 6=0 has the form

O HARMaME— (AB) = 1), - (2.12)
g ak.’

where the integral J (k) is determined by an expression
that differs from the expression (1.8) in the numerator
of the integrand: in J,(k), k2 occurs instead of k}. This
integral was calculated in the same approximations as
the integral (1.8). The expressions obtained are cum-
bersome; the principal qualitative results reduce to the
following. The modification of the real part of the dis-
persion relation is everywhere smaller than the modifi-
cation obtained without allowance for dipole-dipole in-
teraction!? and approaches the latter when k> k,. The
damping decreases abruptly for long waves, k<k,,
where %, is determined by the expression (1.11); for
k> k., the damping approximates the expression ob-
tained in Ref. 1,

1)Some results of the present work have been briefly commun-
icated in Ref. 2.
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