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The method of functional differentiation is used to obtain equations for the Green function of electrons in
a superconductor making full allowance for anharmonic interactions. It is shown that these equations are
formally identical with the well-known Eliashberg equations. The main difference is that the equations
allowing for the lattice anharmonicty have to be modified by replacing the spectral density of the one-
phonon Green function occurring in the Eliashberg equation with the dynamic part of a function
representing the correlation between this density and the ion concentration. The results obtained
demonstrate that allowance for the anharmonicity alters the superconducting properties of a metal for the
following reasons: 1) the existence of the Debye-Waller factors in the ionic potential; 2) a change in the
spectral density of the one-phonon Green function because of the occurrence of phonon—phonon
interactions; 3) many-phonon process; 4) interference effects between one- and many-phonon processes.
An analysis is made of the superconductivity of PdH and of the influence of the anharmonicity on the
critical temperature T, of this compound. It is shown that in this case the greatest influence of the
anharmonicity on T, is due to the Debye-Waller factors and due to a change in the spectral density of
the one-phonon Green function. These two effects reduce the electron-phonon coupling constant of
palladium hydride. The effect is greater in PdH than in PdD because of the greater amplitude of the zero-

point vibrations of the H atoms. This gives rise to an anomalous isotopic effect in PdH(D).

PACS numbers: 74.60.—w

§1. INTRODUCTION

Superconducting properties of metals are usually con-
sidered ignoring anharmonic effects in the lattice dy-
namics and in the electron—phonon interaction. The
reason for this is simple. It is well known that changes
in the physical properties of metals due to the anhar-
monicity are proportional (to an order of magnitude) to
the square of the ratio of the amplitude of thermal vi-
brations u, of atoms for the interatomic distance a.
This ratio is usually much less than unity even close to
the melting point. The transitions to the supercon-
ducting state occur in metals at such very low tempera-
tures that in most cases the effects associated with the
ratio u2/a® can be ignored completely.

However, recent years have seen indications of the
importance of the low-temperature anharmonicity in a
number of superconducting systems. This applies parti-
cularly to compounds with the A-15 structure. In many
of these compounds there is a structure transition from
the cubic to the tetragonal phase near the supercon-
ducting temperature.[*:?] Neutron investigations(®] have
shown that this structural transition softens the phonon
modes extending over considerable part of the Brillouin
zone. The appearance of these soft modes increases
greatly the amplitude of thermal vibrations and gives
rise to low-temperature anharmonicity effects in such
systems. The importance of the anharmonicity effects
in the superconducting properties of compounds of the
A-15 type has recently been stressed by Testardi.*]
The existence of low-temperature anharmonicity in
other superconducting compounds with soft phonon
modes is pointed out also elsewhere.[®]

Palladium hydride is another example of the con-
siderable influence of anharmonicity on the supercon-
ducting properties and particularly on the critical tran-
sition temperature T,.'°) Specifically, this compound
exhibits an anomalous isotopic effect.[”®] The critical
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temperature of PdD is 2°K higher than that of PdH. This
is practically impossible to explain within the harmonic
approximation framework. Ganguly(®] put forward a
hypothesis of the possibility of explaining this anomalous
isotopic effect in PdH by the influence of the anhar-
monicity associated with vibrations of the light hydrogen
atom.

Even a partly consistent theoretical treatment of the
influence of anharmonicity on the superconducting
properties of metals is not yet available. Apart from
Ganguly’s paper,'®! one can mention also a short note
by Hui and Allen.[*°] In both cases a study is made of
the influence of anharmonicity on the electron-phonon
interaction and, consequently, alsoon T,. Asina
harmonic crystal, only the one-phonon scattering is
considered but allowance is made for the change in the
phonon frequencies because of anharmonicity. The re-
sults of these papers can easily be understood by
adopting the McMillan formulal!!! for the electron—pho-
non coupling:

A=C/M<w®. (1)

The phonon-phonon interaction in an anharmonic crys-
tal alters the phonon frequencies.[*?] This circumstance
then changes the value of (w?) which occurs in the de-
nominator of Eq. (1) describing the electron—phonon
coupling constant., Moreover, if the anharmonic inter-
action results in hardening of the original phonon
spectrum of a harmonic cyrstal, the value of (w?) rises
and the coupling constant A correspondingly decreases.
This is the conclusion reached by Ganguly!®! and by Hui
and Allen.[1%

Clearly, a discussion of the electron—phonon inter-
action in an anharmonic crystal allowing only for the
one-phonon process of scattering of electrons by re-
normalized anharmonic phonons!®'1°] is not self-con-
sistent. It is well known*®] that a change in the elec-
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tron-phonon interaction in an anharmonic crystal oc-
curs not only because of a change in the phonon fre-
quencies but also because of many-phonon scattering
processes and also because of the appearance of the
Debye-Waller factors in the ionic potential. All these
processes are of the same order in respect of anhar-
monicity and are proportional to the ratio u%/a.

One should also mention a further fairly interesting
problem in which it is very important to allow cor-
rectly for the influence of anharmonicity on supercon-
ductivity. Kumar!*] and Ngai(**] considered the ef-
fectiveness of two-phonon processes as possible super-
conductivity mechanisms in semimetals and degenerate
semiconductors. Since these processes are also pro-
portional to the ratio u"}/ @?, Kumar proposed to in-
crease their effectiveness by pumping with external
ultrasound so as to make the ratio u2/a® larger. Ngai
pointed out that these processes are likely to be effec-
tive in systems with soft phonon modes, which are in-
deed characterized by large values of the ratio u2/a?.

The importance of complete allowance for the an-
harmonic interactions in these problems is self-evident
if only from the following observation. Some years ago
Sham and Ziman(**] put forward the hypothesis that an
increase in the electron-phonon interaction because of
many -phonon processes may be compensated completely
by a weakening of this interaction associated with the
appearance of the Debye-Waller factors in the ionic
potential. Grimvallf!®! considered this problem in de-
tail in the case of the electrical resistance of metals at
high temperatures. However, there is no complete
solution to this problem even in respect of the electrical
resistance.

All these problems have not only been ignored in the
theory of superconducitivity but have not even been cor-
rectly formulated. We shall begin by deriving the exact
equations for superconductivity allowing for anharmoni-
city in the electron—phonon interaction in all orders. We
shall show that in fact such equations are analogous to
the Efliashberg equations!'”] for the electron-phonon in-
teraction if the spectral density of the one-phonon Green
functions is replaced with the spectral density of the dy-
namic part of a function describing correlation between
this density and the concentration of ions. Similar
equations for a harmonic crystal with defects were ob-
tained earlier by one of the present authors.[!8] In
recent years the correlation function of the concentra-
tion of ions in anharmonic crystals has been investi-
gated intensively both theoretically and experimentally
by slow neutron scattering.!*®? The equations derived by
us make it possible to utilize fully both theoretical and
experimental data obtained in studies of the scattering
of slow neutrons in considering the influence of anhar-
monicity on superconductivity.

The present paper is organized as follows. In §2 we
shall obtain the exact superconductivity equations al-
lowing fully for the anharmonicity in the electron-pho-
non interaction. Next in §3, we shall analyze our equa-
tions and simplify them for “dirty” superconductors
with a short electron mean free path. In §4 we shall
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study superconducting properties of the PdH(D) system
and consider qualitatively the influence of anharmonicity
of these properties.

§2. DERIVATION OF SUPERCONDUCTIVITY
EQUATIONS FOR AN ANHARMONIC CRYSTAL

We shall write the complete electron—-ion Hamiltonian
of a crystal in the form

V:
1 H= _[ (~%— u) ¢t (r) tp(r)dr
= [ Vele ) ¥ ) g () 9 () 1 () dr i’ ()
+ _[ Vei(r, 1) pi (') p* (1) Top (r) dr A’ Jri2 J’ Vi, ¢') i () pi(v') dr dr.

We have introduced here the operator of the ion concen-
tration

pu(r)= ) 8(—R.), @®)

where R, is the coordinate of the ion position.

For convenience, we shall describe superconducting
properties not by means of the usual electron creation
and annihilation operators but by introducing

Pt (z)
GRS
The downward-pointing arrow in the operator i (x) de-
notes the spin direction. The quantity 74 is the usual
Pauli matrix.

P(a)= ¥ (@) =l9,* (), ¥, () |. 4)

We shall obtain the superconductivity equations by
functional differentiation and with this in mind we shall
introduce the following external sources in the Hamil-
tonian

[ @@ U (@)dz + [pu(2) I (2)dz. (5)

We shall write the equation for the operator y(x):

2 —-+p. u=U(z)1: | $(2)
[i5 (zmw) ] ©)
- IV.:(r, r’)pi(r’, t) T (z) dr’+ J. Voo (r, 2') " (2") up(2)dr’,

where x =r,{. Introducing the matrix thermodynémic
Green function, defined in the time interval -1/T<¢
<1/T (T is the temperature),

G(z, z')=—iKTy(z)$*(z’)>, 7)

we obtain the following equation for this function

[i%u (2l”:+ p.) 'r.—U(z)T,]G(:,x')

=—ij dr” Ve(r, 2”) <Tpi(x”, t) o (z) p* (z7) ®)
—1 [ 4 V(1) CTH (&) i (@) T (@) ¥ ()46 (a2 L.
Here, I is a unit matrix.

We shall rewrite Eq. (8) by means of the functional
derivatives:
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[i21+ (__+ B) U@ fdn Vol 1) ¥ (250D

—1s Idr. Vel(r, 2 <pi(zy) >—its j dr, V. (r, h)v(a,,-t—)- ®)

~it, [[dr, Vate, p) s 0 ] G(z,2")=I6(z—7').

o] (
We can easily show that

PH(21) TP (24) > =pe (1),

where p,(r,) is the density of electrons at the point r,.

We shall introduce V(x) for the total Hartree field
acting on electrons:

V(2)=U(@)+ [ dr, Valr, 1) oo @)+ far Voo  (10)

and we shall rewrite Eq. (9) in terms of the functional
derivative of V(x):

[l—1+ (.——+ p,) uw—U(z)Ts

8V (z") 8

—ity [ dz” dr, Vee(r, 1) e —
it [ de" dr V(e m) 6U(r,,t) 5V (z")

(11)

8V (z")

—it [ dz” de, Vulr,
”’I nValnr) ey 87 (r 0) 6V(x")

]G(z z')=I16(z—z’).
Equation (11) for the Green function G(x, x’) can be
written in the generally accepted form employing the
matrix for the self-energy part Z(x, x"):
J vz
[i0—‘1+ (2—m-+u)‘c,——V(r)r,]G(z,1’)
(12)

- Idx" S(z,z")G (2", 2")=18(z—2).
Comparing Egs. (11) and (12), we find that

SV (2”)
SU (ry, )

G(z,z").

I dr” =(z,2")G (2", z") =it, I dz” dr, [ Vee(r,ry)

. 8V (z”)
MG ey ] 5V (z")
Multiplying this equation by G™(x’,
with respect to x’/, we find that

x”) and integrating

S(z,2") =i _fdr. s Wz, 2,) Tl (22, 27, 2,), (13)

where we employ the following notation for the effective
electron-electron interaction '

, N 8V (z) 8V (z,)
W(z,z,)=|d e (00—t Voi(r, 1) ———
(z,z,) I r [V (r,r )éU(r’, ) + V(e r') I t)]' (14a)
and also for the matrix vertex part
I(en 2", ) = 10 0 =) (14b)

8V(z)

The effective electron—electron interaction W (x, x,) is
calculated in the same manner as in an earlier paper by
one of the present authors(?°! dealing with a harmonic
crystal. Introducing the electron polarization operator

nx,x’),

84pe(z)?

H(z,z')=m,
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and the function of the reciprocal permittivity e~*(x, x’),
e~ (z,z') =6(z—z")+ ]. dz” dr, V.. (r,r) I (z,2") e (2", 2'), (15)

we find that laborious but simple calculations yield

W(z,z)= [dzs Valr, ) e (2, 2)
(16)
+ { de. day dr’ de” Ve, 1) e (2,2) Vaa(rs, #7) e (2, 2) D (', ¥'8).

The first term in Eq. (16) represents simply the
screened Coulomb electron-electron interaction. The
second term represents the interaction of electrons with
dynamic vibrations of ions. We shall describe these
variations by introducing the thermodynamic Green
function:

D(z, 2') =—i(T (pi(2) —<p:(2)) (pi (") —<p.(£))>. anmn

The Fourier component of this function D(r,7’,iw,) has
the spectral representation

O(r,1',2)

i0p—2

D(r,r',i(n..)=% J dz (18)

The spectral density &(r,r’, z) can be expressed in
terms of the dynamic part of a function S’(r,r’, w) de-
scribing the correlation between this density and ion
concentration:

o (r, ¥, 0)=[n(0)+1]7'8'(r, ¥, @), (19)

where n(w) is the Bose function

n(m)=7ﬁ_—1-.
Then, the total correlation function S’(r,r’, w) is de-
scribed by

S(rr,0)= [ dte=2¢p(r,pulr', 1)), (20)

Integration in Eq. (20) is carried out over the usual time
between -« and +w and the angular brackets represent
thermodynamic averaging.

The function S(r, r’, w) was first introduced by Van
Hove!?'] and it is central to the description of any scat-
tering processes in condensed media. The dynamic part
of the correlation function S’(r,r’, w) is related to the
total correlation function S(r,r’, w) by

§'(r, ¥, @) =8(r, ¥, ©) —<pi(r, ) Xpi(r’, ') 6(w).

§3. INVESTIGATION OF SUPERCONDUCTIVITY
EQUATIONS OF AN ANHARMONIC CRYSTAL

Before analyzing our new equations, we shall note
that a complete treatment would require derivation,
from the electron—ion Hamiltonian (2), also an equation
for the Green function D(x,x’). We shall see later that
in the harmonic approximation this function reduces to
the usual one-phonon Green function. The relevant
equations for a normal metal are obtained in the har-
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monic approximation in &n earlier paper of one of the
present authors.**? Meissner,??] Gillis,[?*) and
Plakida!?*] made attempts to obtain equations for this
function allowing for the anharmonic interactions. How-
ever, the resultant equations were so complex that any
detailed analysis was practically impossible. There-
fore, we shall calculate the function D(x, x’) using a
phenomenological Hamiltonian allowing for the anhar-
monijc interactions up to the fourth order in respect of
the ion displacement. This approach to the calculation
of D(x,x’) is used widely in studies of the scattering of
neutrons in anharmonic crystals.

We shall begin by rewriting the above equations in a
somewhat more convenient form:

G (z,2') =G, (2, 2') —Z(x, 2),

where the function G,(x, x’) satisfies

{i—_a-1+ (E-*— p,) 1,—'[,! de [ Vee(r,r,) Cpe(r,)>
gt 2m (21)
V1) <pilr)] }G,(x, &) =16(z—2).

The Green function G,(x, x’) can be expressed in terms
of the Bloch wave functions ¢, (x) of an electron in a
periodic field:

)it I R AT e (22)
The Bloch wave functions Y (x) should naturally be de-
duced in a self-consistent manner from Eq. (21) but we
shall not consider this problem because detailed cal-
culations would take us outside the scope of the present
paper.

We shall write the self-energy part =(x,x’) as a sum
of two terms:

S(z, 7) =% (2, T HE, (7). (13a)

The first term in this sum, T, (x,x’) is due to the
Coulomb electron-electron interaction. The second
term Tpna(x, x’) can be written, in accordance with Egs.
(13) and (15) in the form

2 on (% &) =—i Idz. dz, dzydz, dr’ dr" V. (x5, 1) e~ (2, 25) Ve (v, 1) 23)

Xe™t (2, 2,) D (¢'ts, ¥'2,) 1,6 (2, 22) T (2, 27, ,) .

A complete calculation of the superconducting pro-
perties of a metal with exact allowance for the Coulomb
electron-electron interaction is not yet possible.
Strictly speaking, the absence of a small parameter
in the Coulomb interaction prevents a consistent cal-
culation of the properties of even a normal metal. How-
ever, it is well known that the direct contribution of the
Coulomb interaction to the superconducting properties
of a metal is largely suppressed because of the con-
siderable difference between the energies of electron
excitations (these are of the order of the Fermi energy,
i.e., ~2-5 eV) and phonon energies (~0.01-0.1 eV).
Therefore, we shall follow the usual procedure of re-
placing Zcou (¥, x’) with the simplest approximation of
the Coulomb pseudopotential and we shall describe the
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vertex part I'(x,,x’, x,) by the simplest approximation
which follows from Eq. (15):

T'(zs, 2/, x,) =18 (2.—2") 6 (2:—x,).

A detailed discussion of the problem of correctness
in these approximations is given in the book by
Bulaevskil et al.[?*] Since we are interested mainly in
the influence of anharmonicity and this is concentrated
in the function D(x, x’), our approximations will have
little effect on the problem in hand.

In the case of pure superconducting metals the transi-
tion to the representation in terms of the Bloch function
¢y (¥) makes the self-energy part = (x, x’) a fairly com-
plex function of the energy and momentum k. It is well
known that the retarding nature of the electron—phonon
interaction results in concentration of the function
% (iw,, k) mainly near the Fermi surface so that this
function depends only on the direction of the vector kg
(kp is the vector defining the Fermi surface). In “dirty”
superconductors the scattering by impurities results in
averaging of all the quantities over the angles and the
self-energy part becomes, as in an isotropic supercon-
ductor, solely afunction of iw,. In this case the func-
tion »(iw,, €) is described by the following equation:

S(ion er) =T 2 I de'ts[ioa]—e' 15— (in', &) 17 1:sR (25, &/, i0a —iw0a)
o (24)

er
+ TZ n J. de’ tslioaJ—e'1,—Z(e", ion) ] 1s.
In Eq. (24), pn is the averaged Coulomb interaction and
Rlep, €' ,iw, —iw,) is the averaged electron-electron in-
teraction, which is due to the dynamic vibrations of
ions. Following Eqs. (13), (16), and (23), the latter
quantity can be written in the following form

_ 1 dq dk
N(es) 4 (2m)° (2n)*

x Y et ate, ate) Va(at) e (atg, atg) Var(atg)  (25)
(g an
XD(q+g:, qt+gs, iv.—io.)A(q+g, k)A° (q+g:, k)
XA(q+g:, k) A (g+gs, k)6 (er—ex) 6 (&' —xyq).

R(er, &', i0qa—iwar)

In Eq. (25), g,, 8., & and g, are the reciprocal lattice
vectors, N(ep) is the density of electron states on the
Fermi surface, ¢, and €., o are the energies of Bloch
electrons with momenta k and k +q. The quantity
A(q+g, k) is the form factor for the scattering of Bloch
electrons, given by

1 .
A(qtg, k)= E—I dr Quyq(r) e 9 0mp, (r).
0

The function ¢~*(q +g,q +g,) is the matrix of the re-
ciprocal permittivity and D(q +g,q +g,,iw, - iw,) is the
Fourier component of the function describing the dy-
namic vibrations of ions. The quantity v, (q+g) is the
matrix element of the interaction of an electron with the
ionic potential of a unit lattice, given by

Vei (q+g) = Z e""V,( (‘l+81 )t) , (26)
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where % is the radius vector of an atom in a given cell.
The summation in Eq. (26) is carried out over all the
positions of atoms in one unit cell.

Applying the spectral representation (18) of the func-
tion D(q +g,q +8;,iw, —iw,) and expressing the analytic
continuation of the function T (w,, €z) in the form

() =[1—-(Z(0)]oI+Z(0)A (o)1,

we can reduce Eq. (24) for the functions Z(w) and A(w)
to expressions which are formally identical with the
usual Eliashberg equations

Z(@)A(0)= [da’ Re A(w") [ do” S(0”) { [f(—0") +N(0")]

XK, (m'j(o". ®) —[f(w')o‘f'N((D”) 1Ki (-0, 0", 0)
1 [ do’ Re A (w") [1-2/(0") ]} @7)

X[1-Z(0)]o =j: d(o'j dw”S(w”)
x{[{(~0)+N(0") K- (0", 0", 0) +[f(0") +N(0") ] K- (o', 0", 0) }.

Here, f(w) and N(w) are the Fermi and Bose distribu-
tion functions,

1 1

K.(0, 0", 0)= +
(0 0% 0) =T

o' +o"—0—ib

In the system (27) we shall consider only the critical
temperatures.

The only real difference between the system (27) and
the usual Eliashberg equations is the definition of the
function S(w). It follows from Eqs. (18) and (25) for an
anharmonic crystal that this function is

dq dk

1
S(e)= 2n° (@)

N(er)

Y et atenates
T (28)
XV.i(qtg.) e (q+gs, qtg:) Ve (q+g) © (q+g., gtg, o)

X A(q+g, k) A*(q+gs, k)8 (er—ex) 8 (er—exyq).

The spectral density ¢(qQ+g,q+g,, w) will be deter-
mined by calculating the Green functions of ion dis-
placements D(Q,,Q,,¢), which can be written in the fol-
lowing form on the basis of Egs. (3), (16), and (17):

D(Q, Q)= Y exp(~iQR.+iQR.}
¢XT (exp{—iQ.u,(t)} —<Cexp{—iQ.u,(t)})) (29)
X (exp {iQ:u. (0) } —<exp{iQ:u. (0)}>)>.

We have introduced here the following description of
dynamic displacements of ions u,(t) from the equilibri-
um position:

R.(t) =R,+u.(t).

Employing an expansion in terms of cumulants,’?®! this
function can be represented as

D(Q, Q. t)=—iZ exp{—iQ.R,+iQ.R,"}
X<exp{~iQua (1)) Cexp{iQuun: (0))> (30)
X{exp[<T (exp{—iQuu, (£)} 1) (exp{iQuu' (0)} —1)>].—1}.
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Here, the index L means that we have to consider only
the coupled diagrams in the calculation of thermody -
namic averages.

The function D@,,Q,,?) for a harmonic crystal can be
calculated exactly'?"%;
D(QuQut)=—i ¥ exp(—iQR.+iQR,)exp(~Wo~Wa)

X (exp [(TQuua (1) Quur+(0)> 113, @1)

where the expression

exp (—Woq,) =(exp (—iQun(t)>=exp [—'/:Q:Qsu,* (t)u,*(t)>] (32)
is simply the usual Debye-Waller factor.

Expanding the exponential function in the last factor
in Eq. (30), we find successively the contributions made
to P@Q,,Q,, t) by one-phonon, two-phonon, and other

processes. In describing superconductivity in harmonic

crystals at low temperatures we can ignore both many-
phonon processes and the Debye-Waller factors so that
the function D (@Q,,Q,,t) reduces to the usual one-phonon
Green function

D(Qn »sz t) =D: (Qn Qz, t)
=—i§:_| exp[—iQR,+iQ:R, 1<TQ.u, () Quu,- (0)>.

nn’

The spectral density of the function D,(@,,Q,, t) has the
simple form

®ate a0 = 3 EEGTIB  0y). @3)
A 0.)‘\

Here, M is the mass of an ion, e, is the polarization

vector, and wg, is the phonon frequency. In this case

the function S(w) reduces to the usual expression em-

ployed in descriptions of superconductivity in harmonic

crystals.

The expression (31) for the function D@,,Q,,¢) does
not apply to an anharmonic crystal. Moreover, in such
a crystal we cannot even separate clearly one-phonon
processes, two-phonon processes, etc., because in
this case there are always interference effects.(27:28]

In calculating the function D(Q,,Q,, t) we shall confine
ourselves to the simplest one- and two-phonon pro-
cesses and to the interference between them. With this
in mind, we shall expand the exponential functions in
Eq. (29) to within terms of the fourth order in u,:

(T (exp{—iQ.u.(t)}—1) (exp{iQu,.(0)}—-1)>
=(T[1—"/.1Quu.(t) 1 [Q.ua () 1 [Qzun (0) 1[1+'/2iQ:ua- (0) ]D.

Finally, the Green function D@,,Q,, t) can be expressed
in the following form in this approximation:

D(Q,, Q1) =D\(Q;, Qu, t) +D2(Qi, Qay £) +Dine (Qs, Qui 2). (34)
Here, D,(@Q,,Q,,?) is the one-phonon Green function:
Di(Q, Qi 1) =—i )" exp(—iQR,+iQR,)

X exp(—WQ.—Wﬂ:) (TQ,u,(t) Qu.-(0)>, 35)
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D,@,,Q,,t) is the two-phonon Green function:

D.(Qu Q=713 exp(~QR.HQRL)

Xexp(~Wa.— Wa) TQuua (1) Quua (1) Qutt (0) Quua- (0) (36)

and the function Dy, describes interference processes

D@, Q1) == Y exp(~iQR,+iQR, )

X exp(—Wo,—Wa,) [<TQuu..(t) Qu.(£)Qzu,. (0)>
—<TQuu, (¢) Quuar (0) Quua- (0)]. (317)

The function S(w), describing superconducting proper-
ties, can then also be written in the form

S(0)=S,(0)+8:(0)+Sim(e). (38)

The functions D,(Q,,Q,,t), D,(Q,,Q,,¢), and
D, @Q,,Q,, ) should be calculated allowing for the an-
harmonic interactions. In the description of neutron
scattering in an anharmonic crystal we have to know
these functions only for Q, =Q,. Such functions have been
calculated on many occasions{?¢~?° ysing a phenomeno-
logical phonon Hamiltonian allowing for third- and
fourth-order anharmonicity. These calculations are
given in the most detailed form by Glyde.(?® We can
readily extend these results to the more general case
Q:#Q: and we then obtain the following expressions for
the Fourier components of these functions applicable to
crystals with one atom per unit cell:
“eq® exp(—Wq,) Qreq’ exp(—We,)
2Moqn)" (2Moq) ™

D@ Q0= Y2

xd,(qh,0) ' A(Q—1-g) YA (Q—q-g), (39)

«
IQaeqmlz |Q;e.,x,|2
2Moqa, 2M@qn,

[
D.(Q, Q., )= % Z

[ L EY

xda(@ik, a2 0) Y A(Q-(@ta) ) Y A(@-(@ta)—g), (40)
& L3

1 Qnue:‘h
Dini(Q, Q: 0)=—— —_—
(@ ©) 2 ' (ZM(D..;.) i

L FLAC PLPT L3

Qi’eq:h Qz’e;'u\z
(211[(‘)“;,) % (21”0!(,;,) K

X Vs(=qihy, —Qats, Qshs) Z A(Q.--(q:+q5) —g1)
&

dy (qshs, ©) dz (quhy, Q2hs, ©)

| 1 ; Qiae:ln
X'Z AQ-a—g)+5- . .Zi M)
ot el
‘ (2‘3;&1#)' . (9?]‘(:‘: ') " d, (q.l,. m)dz ((l:}-::. qa;-:, m) Vs (‘hln q:As, _q:k:)
XY AQ-a-g) ¥ 4@ (a:+a) —go)- @1
[ [ ]

In these expressions A(Q —-q —g) is the delta function
describing the conservation of momentum to within a
reciprocal lattice vector, and V4(q,A;,d 12, A3As) is the
anharmonic three-phonon interaction constant. The
functions d,(qr, w) and d,(q;2;,4,2,, w) are, respectively,
the one- and two-phonon Green functions. When allow-
ance is made for the anharmonic interactions, the one-
phonon Green function can be expressed in the form
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20

di(qh, 0)= (42)

0'—ou*—a(o) ’

where [I qx(“’) is the polarization phonon operator, the
simplest expressions for which have been obtained by
several authors(2-2¢] allowing for the three-phonon
interactions in the second order of the perturbation the-
ory and for the four-phonon interactions in the first
order.

In the investigations mentioned in Introduction(®°! an
allowance for the influence of anharmonicity of super-
conductivity is essentially limited to changes in the one-
particle Green function alone. We can see from our
expressions that this is quite inconsistent. One should
allow, to the same extent, for changes associated with
the Debye-Waller factors exp(-W,), which occur in the
function D,(Q,,Q,,t) and also the changes associated with
with the functions D,@,,Q,,¢) and D, Q,,Q,, ¢).

We have ignored the Debye-Waller factors in the cal-
culation of D,@Q,,Q,,¢) and Dy, (Q,,Q,,¢), Moreover, it
is sufficient to find these functions by using the one- and
two-particle Green functions (occurring in them) in the
harmonic approximation. Allowance for anharmonicity
may give rise to coupled two-phonon states, 30311
which—in their turn—may become hybridized with one-
particle optical phonons. All these processes may in-
fluence also superconductivity. Such refinements of
two-particle Green functions are clearly of little im-
portance in the case of weak anharmonicity. Allowance
for bound states, compared with the harmonic approxi-
mation for the two-phonon Green function, alters
slightly the quantities averaged over the whole spec-
trum. For example, such changes in the electron-pho-
non coupling are of the order of (E, - 2w,)/2w,, where
E, is the energy of a coupled two-phonon state and w, is
the energy of one phonon.

In the case of crystals whose anharmonicity is as-
sociated with the existence of soft phonon modes of
frequencies w4 of the order of the critical supercon-
ducting temperature T,, for example the A-15 com-
pounds, an analytic solution of the superconductivity
equations (27) is practically impossible, as shown in
our earlier paper.[3?]

An interesting case, which has the advantage that it
can be considered within the framework of analytic solu-
tion of the equations of superconductivity, is the super-
conductivity of PdH, whose anharmonicity is associated
with the zero-point vibrations of the light hydrogen
atoms. In this case all the characteristic phonon fre-
quencies w, are higher than T, and we can use an analy-
tic expression for T, found by us earlier.[3?]

§4. SUPERCONDUCTIVITY OF PdH(D) COMPOUNDS
AND THE ANOMALOUS ISOTOPIC EFFECT
The critical temperature of the superconducting
transition given by the system (27) can be described as
follows2%,32),

1+A
== ~A — p———————————— .
T=1,440,¢ exp[ " (17 (43)
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In this expression A is the electron—phonon coupling
constant:

S (m)

A== 2[«1

The quantity w,,, is the logarithmic mean frequency of
the phonon spectrum:

and u* is the Coulomb pseudopotential

L , &= A A.
1+p.ln(e,/o>|°s) 1+A

pt=

The quantity A is defined as follows:

o) fowsior (- 220).

01 og

A=—jd(n. S((o.) (

The lattice dynamics of the compounds PdH(D) is
characterized by the existence of two modes with very
different frequencies!33); these are the acoustic vibra-
tion modes of characteristic frequency w,, ~ 200°K and
the optical vibrations with w,,~650°K. In view of the
large difference between the masses of the Pd and H
atoms, essentially only the Pd atoms participate in the
acoustic vibrations and the H atoms in the optical vibra-
tions. Consequently, the electron-phonon coupling con-
stant can be written in the form

S(a)) S(m)

A=2 [do———+2 j do =20 = hpitha. (44)
L]

Here, w, is some frequency lying in the gap between

the acoustic and optical vibrations w, <w, <w,,, where

the constants A,y and a4 represent the interaction of

electrons with the vibrations of the Pd and H atoms.

In the harmonic approximation they can be described

in the form suggested by McMillan'**%;

Crpa Cx
Apy = . An= 45)
T Mo, T Mkl (

and in this approximation the two constants are indepen-
dent of the atomic masses but are affected only by the
magnitude of the electron-ion interaction and by the
force constants of the acoustic and optical vibrations.

An important feature which distinguishes PdH from
many other transition-metal hydrides is the smallness
of the force constants responsible for the optical vibra-
tions, compared with the acoustic force constants. The
force constants can be described by the quantity y
=M {(w?). In the case of PdH the ratio of the force con-
stants is y, /-ym ~5. It is clear from Eq. (45) that the
smallness of the force constants of the optical vibra-
tions tends to increase the constant representing the
coupling with the vibrations of the H atoms. The rela-
tive values of the constants A, and Ay are governed not
only by the force constants y,. and y,, but also by the
electron-ion interaction represented by the constants
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Cpaand Cy. When Cp,~Cy, we find—in accordance with
the ratio of the force constants—that Az~ 5axp4. In fact,
the relationship between A pqand Ay of PdH is still not
known and the published estimates are highly contradic-
tory.[®]

In quantitative estimates of the dependence of T, on
the masses of the H and D isotopes it is absolutely es-
sential to know the ratio of Ap4 to Ay and, therefore, we
shall confine ourselves to the qualitative analysis of the
situation. Since PdH is a superconductor with weak
coupling, we can calculate T, confining our attention to
the effects of anharmonicity in the electron—phonon
coupling constants A. The preexponential factors w .,
and ¢~ can be calculated in the harmonic approxima-
tion. We then find that

-2 “
® =(u“"m;p‘ exp (Apadu/A?),
(1), (),
(47)

where the values of A, and A, are given by Eq. (45).
The change 6X in the electron—phonon coupling con-
stant can be expressed in the form

=2 j-——[S(m)——So((o)] =8A,+6Aa+Ohs+OM, (48)

where S,(w) is calculated in the harmonic approximation
using Eq. (33) for the spectral density of the function
D@,,Q;, w). The four contributions to 61 represent the
following processes. The term &), appears because of
the presence of the Debye-Waller factor in the one-pho-
non Green function, &), is due to the difference between
the one-phonon Green function for an anharmonic crys-
tal and that obtained in the harmonic approximation,

&) is the contribution of two-phonon processes, and

o\, is a contribution of the interference processes.

The application of Eqs. (39)-(41) makes it possible to
estimate these contributions considering only the an-
harmonicity of the optical vibrations of light atoms. It
must be mentioned particularly that in the calculation of
the coupling constant and its changes in accordance with
Eqgs. (44) and (46) there is no need to calculate the spec-
tral density of the functions D(Q,,Q,, w) because

k=J:dm

0

S(w)
©

can be expressed directly in terms of the D function at
a zero frequency. Applying the approximation of al-
most-free electrons, we easily obtain the expressions
for two of these terms:

Nes) (2k¢)*

6).,=——-—- qf’ () ~— An, (49)
Mg “’opt ° 2 p Mn(!bp:
21w
k»)?
o N T gy 50)
AMgtal, ] 2k 4M 0o

In the above expressions ‘73(4) represents the screened
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potential of the interaction of an electron with a H atom.

It is clear from Egs. (49) and (50) that in the case of
an optical dispersion-free mode the contribution of the
Debye-Waller factor is negative and four times as
large as the contribution of two-phonon processes. We
can show that in the same approximations there is no
contribution from interference processes and 6x,=0.

The factor (2k,)/Mywop Occurring in Eqs. (49) and
(50) in front of the constant Ay is the square of the ratio
of the distance between electrons to the amplitude of
zero-point vibrations. In the adopted approximations,
we find that 61, can be described by

Wy
Nen ™ d Mopi(q,
Sham e da o () Hopl@.0) 61)
Moy, | 2k Ofpt

In this expression, Mop(g,0) is the polarization operator
for the optical vibrations.

We shall begin by rewriting Eq. (51) on the basis of
the theorem of averages:

5)._:=—n6(0) Au/ﬁ);m *

The sign of the change in the coupling-constant 6, de-
pends on the sign of the polarization operator. The
third-order anharmonicity is known to make a negative
contribution to I (0) and the contribution of the four-
order anharmonicity is positive.[?6=2°1 It is known from
the experimental results{®®] that the shift of the phonon
frequencies in PdH because of anharmonicity increases
these frequencies. The shift can be written in the form

Bai=0a* (1+Re Mg (0a) /0.

The experimental results!®] show that Rell,, (w )/ w2y
is of the order of 0.1. Since IT , (w) is a decreasing
function of the frequency w, the ratio II; (0)/wj, is at
least not smaller than 0.1 and it is positive.

Thus, the most important processes which alter the
electron-phonon coupling constant and reduce it be-
cause of anharmonicity are the Debye-Waller factor
and renormalization of phonon frequencies. The order
of magnitude is such that if we allow only for the fourth-
oorder anharmonicity, we find that

V.

_—
Mﬂmopt @opt

I (0)=

gl

where V, is the average anharmonicity constant. A
calculation of the actual relationship between the values
of 6, and bx, requires a more accurate knowledge of
the force constants and interionic potentials in the
compoung PdH. It is important to note that the reduc-
tion in the coupling constant for PdH is greater than
for PdD because the amplitude of the zero-point vibra-
tions uf; = 1/Myw,,, of the H atoms is greater than that
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of the deuterium atoms. In the final analysis, this
aspect is responsible for the anomalous isotopic effect
exhibited by PdH(D).
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