
increase of the threshold pump powers, and to a de- 
crease of the gain. We are now planning experiments 
aimed at determining the requirements that the mono- 
chromaticity of the pump radiation must satisfy to ob- 
tain optical amplifiers and laser-frequency convertors. 
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Dissociative recombination of electrons on the molecular 
ions H2+ and D2+ with production of strongly excited 
atoms 
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The process of dkmiative recombination with production of strongly excited atoms in collisions between 
electrons of energy 1-13 eV and molecular ions is considered. The recombination cross sections are 
calculated for the system e +H, + @,+) with formation of excited atoms in states with n 2 3 for different 
vibrational states of Hz + @,+). The calculation results are compared with the available experimental 
measurements. The transition from the quantum description of the motion of the nuclei in dissociative 
recomb'ition to the classical description is indicated. 

PACS numbem 34.80.G~ 

1. INTRODUCTION cent experiments with crossed  beam^^^'^' wereDRcross 
sections measured at relative energies on the order of 

One of the important elementary processes that lead several electron volts, namely, the total DR cross sec- 
to the decay of the electron density in recombining dis- tion for collisions with Hz+ and Dz* was measured a t  en- 
charges and to the vanishing of electrons and ions from ergies 0.6- 7 eV, incS1 and the DR cross section with 
the upper layers of the atmosphere is the dissociative production of D(n= 4) was measured at energies 1.4- 
recombination (DR) process 7.5 eV, inc4' and the cross section for recombination 

with production of D(n= 2) was measured at energies 
e+AB++AB'-A+B', 1.4-7.5 eV incs1. 

in which collision of the electron with the molecular 
ion produces an autoionization state AB* with a repul- 
sion term, nuclear motion over which leads to forma- 
tion of recombination products. 

The rate coefficients of DR at thermal energies of the 
electrons were measured in recombining discharges for 
many ions (see the  review^^'*^^). For the simplest ions 
H,' and D2+ there was no experimental information on the 
DR cross sections until recently, because of the rapid ' 

formationof the H; (D;) and H,+ (D,') at relatively high 
pressures of the recombining discharges. Only in re- 

The theoretical paperscs4] devoted to the description 
of DR in collisions with Hz' and D,+ are  restricted mainly 
to slow (up to 1 eV) electrons and to the case when the 
repulsion term of the autoionization state crosses the 
ground vibrational state of the molecular ion. The re- 
sults of these studies cannot be used todescribeDRwith 
production of strongly excited (n a 3) states of hydrogen 
or deuterium. Thus, the first estimates of the DR cross 
sections for the system e +Hz+ and energies < 1 eV via 
production of the autoio&zati&shtes H,*(&?m,, 2suK, 'Xu) 
and H,*(2pu,, @nu, 'n,) were carried out by Bauer and 

and were repeated with slight modifications by 
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wilkins.''' ~ubrovski? and 0b"edkovc8' have considered 
DR at energies 4 5 eV via the ( 2 p ~ , ) ~ ~ ~ ,  state. A cycle 
of papers by Nielsen et al."] is devoted to DR of ther- 
mal electrons in collisions with strongly vibrationally 
or rotationally excited Hz+ ions via direct transfer of the 
electron energy to the nuclear motion (violation of the 
Born-Oppenheimer approximation). 

In the present paper, using collisions with Hz+ and Dz* 
ions as example, we consider DR with production of 
strongly excited atoms (we use the atomic system of 
units). 

FIG. 1. Mabatic potential curves of the system H+H*(n 3 3). 

2. FUNDAMENTAL FORMULAS 

Dissociative recombination of an electron colliding 
with H,' (or D;), in the case of interest to us 

proceeds as a result of excitation of the electron from 
the ground lsu, state to the 2pu, state with simultaneous 
capture of the incident electron into a Rydberg state with 
quantum numbers n, 1, m(n 3 3). The behavior of the 
term of the produced autoionization state is determined 
by the binding energy of the 2p0, electron and is repul- 
sive (Fig. 1). The decay times of the autoionization 
states with n 3 3 (see Fig. 2) exceed the nuclear dispers- 
al time (- IO'l5 sec), so that practically each act of for- 
mation of the autoionization state is accompanied by dis- 
sociation of the molecular ion. 

The nuclei move slowly in comparison with the elec- 
trons, and hardly change their position during the colli- 
sion time. Therefore the capture cross section can be 
calculated at a fixed position of the nuclei, and the re -  
sultant expression can then be averaged over the motion 
of the nuclei. The cross section for the production of 
the autoionization state (n, 1, m) in scattering of mono- 
kinetic electrons with quantum numbers (E, 11, 0) are 
determined by the Breit -Wigner formulasc101 

where k2/2= E is the energy of the incident electron, mi,,,,Ero and r,,, are the elastic and total decay widths 
of the autoionization state (n, 1, m);utf(R)= En, ,(R) 
-E,(R), E,,,(R) is the term of the autoionization state, 
and E,(R) is the term of the ground state of Hz+ or D,*. 
Multiplying (2) by the square of the radial nuclear wave 
function and integrating with respect to dR,  we obtain 

where v is the vibrational quantum number, RE is the 
internuclear distance at which capture of electrons with 
energy E is most probable and is determined from the 
condition 

Expression (3) must be summed aver 1' and averaged 
aver all the directions of the internuclear axis (i-e., 
aver the directions of RE) relative to the electron-inci- 

dence direction. The last operation cannot be carried 
out in general form, and we therefore describe a con- 
crete method of calculating the decay widths of the auto- 
ionization states. 

The dimension of the '*orbit9' of the strongly excited 
(n 2 3) electron in the autoionization state Hz*( lipo,, nlm) 
greatly exceeds the dimension of the molecular ion Hz*. 
Therefore the behavior of the wave function of astrongly 
excited electron is determined mainly by the Coulomb 
field of themolecular ion H2+(2po,), and the wave func- 
tion of the autoionization states can be chosen with good 
approximation in the form 

where 9, is  the wave function.of the 2pu, state of th% 
electron inthe Hz+ ion, and 9,,, are the Coulomb hydro- 
gen functions quantized for the direction of motionof 
the incident electron. The wave function of the contin- 
uous spectrum takes in this approximation the form 

here is the wave function of the lsu, state in the Hz* 
ion; q,, is the Coulomb hydrogen radial wave function 
of the continuous spectrum normalized in energy and 
having an asymptotic form 

r. at. un. 

k. at. un. 

FIG. 2. Decay widths (10a) 
for the Z s ,  39, 6, and 58 
states. The internuclear 
distance at which decay at 
a given energy takes place 
is determined by condition 
(4). 
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The exchange effects a r e  disregarded since they are 
numerically smaller. 

The diabatic potential curves of the autoionization 
states (see Fig. 1) take in this approximation the form 

Enl,(R) =E. ( R )  -1/2nx. (7 

Exact numerical calculations of the terms E,,,(R) for 
Hc weretaken from.cu1 In accordance with (7), the 
function IL,~(R)/~R I for all the autoionization states 
with n 3 3 is approximately the same: 

du"(R) 
(E. ( R )  - E,(R) ) dR dR 

and was obtained from the data given in.["' 

The electron of the molecular ion is more strongly 
bound in the initial and final states than the incident 
electron captured into a strongly excited state. In the 
calculation of the decay widths we therefore confine 
ourselves to the dipole-dipole term (rl0r2)/r9, of the ex- 
pansion of the interelectron interaction in the negative 
powers of r, 

The dipole moment I d(R)1 = I(@,(r,R) lr 1 @,(r,R)) I is 
tabulated in ["I. This method of calculating the decay 
width corresponds in the theory of ion excitation by 
electron impact to the Van Regemorter approxima- 
tion!lS1 

In accordance with the selection rules for the dipole 
transitions, it follows from (9) that when electrons with 
quantum numbers (e10) are scattered, the main result 
is excitation of autoionization states with AZ= * l , m  = 0, 
* 1. Using the well known rulescM1 for the calculation 
of the dipole matrix elements, we obtain after averag- 
ing aver the directions of the internuclear axis 

The matrix elements MI,, are tabulated in[lS1: 

The characteristic behavior of the decay widths is illus- 
strated in Fig. 2. The cross section of DR with produc- 
tion of hydrogen atoms in the states (nl) is determined 
in accordance with (3) and (10) by the expression 

The cross sections u,,,~ are proportional to the cross 
sections for the photoionization of the excited states of 
the hydrogen atom. 

The total recombination cross section on a level with 
given quantum number n is equal to 

The quantum analysis of the nuclear motion, which is 
given in the Appendix shows that in order for (11) to be 
valid it suffices that the radial motion of the nuclei be 
quasiclassical, and the square of the radial wave func- 
tion F$(R,) must be averaged aver the oscillations. We, 
however, will use formula (11) for the description of the 
DR of all the vibrational states. 

The diabatic term of the repulsion autoionization state 
~,*(2pa,,nl) crosses the Coulomb condensation of the 
binding diabatic states ~,*(lsu,,n'E') with n'>n. The 
term splitting at the crossing points can be calculated 
by a method analogous to the calculation of the widths. 
The calculations show that in the case when the decay 
widths are small in comparison with the time of dis- 
persal of the nuclei and the decay of the autoionization 
states can be disregarded, the values of the term split- 
tings are also small. We therefore disregard the non- 
diabatic transitions between the terms. 

At interatomic distances R > 35 at. un., the diabatic 
potential curves of the states Hr(n 2 3) +H cross a term 
of the system H++H'. The exchange interaction at such 
distances is smallc1w (< 2 x lo* eV) and the non-diabatic 
transitions can also be disregarded in this case at elec- 
tron-volt energies of the dissociation products. 

3. RESULTS OF CALCULATIONS AND DISCUSSION 

The calculated cross sections for the DR of electrons 
with energy 1-13 eV on H2+ and D2+ ionsfollowedby pro- 
duction of excited atoms with n = 3 and 4 a re  shown in 
Figs. 3a-3d. With increasing relative energy, the 
cmss  sections decrease rapidly (faster than l/k2). Ac- 
cording to ( l l ) ,  at a given n, the distribution over I is 
determjned only by the electron energy and does not de- 
pend on the vibrational quantum number and consequent- 
ly on the isotopic modification. The distribution with 
respect to Z for n = 3 and 4, as a function of the electron 
energy, is given in Table I. 

The DR cross sections ( l l ) ,  as already noted, a re  
proportional to the photoionization cross sections of the 
excited states of the hydrogen atom. To calculate the 
photoionization cross sections of strongly excited states 
at electron energies < 13 eV we can use the Kramersfor- 
m ~ l a , " ~ ~  according to which the average photoionization 
cross section of one of the -n2 states with practical 
quantum number n is proportional to l/n5. The disso- 
ciation cross section (12) is proportional to the product 
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k, at. un. 

FIG. 3. Cross sections of dissociative recombination in colli- 
sions of electrons with ~ z f  or D; with production of a- 
H*(n = 3), b-D*(n = 3), c-H*(n -4). d-D*(n = 4). The labels 
on the curves are the vibrational quantum numbers of the ion. 

of the average photoionization cross  section by the total 
number of states, i.e., l / n 3 .  This relation is already 
well satisfied for  n  = 4 and 5. Therefore the cross sec- 
tion for dissociation with production of atoms with n  > 4 
takes the form 

I t  should be noted that the Kramers approximation 
provides a good picture, on the average, i.e., for  the 
cross sections (13) of dissociation with production of 
atoms with definite principal quantum number. It is seen 
seen from Table I that the dissociation proceeeds main- 
ly with production of small angular momenta. Thus rule 
holds also for dissociative recombination with produc- 
tion of more strongly excited states with n  >4. It is pre- 

TABLE I. Distribution % with respect to the angular momenta 
for DR with production of excited H or D atoms with n = 3 and 4. 

I k at. Y". 

Electron I 0.Z ( 0.3 1 0.' 1 E l  1 0.6 I Q.1 I 0.8 1 0.9 1 1 

I ,  I 
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cisely the small angular momenta which determine the 
proportionality to l / n 3  in formula ( 1 3 ) .  

In the experiment ~ f ~ ' ~ ' ,  the H,' o r  D; ionbeams were 
obtained by ionizing molecular hydrogen o r  deuterium 
with fast electrons. The vibrational-state distribution 
of the resultant ions does not depend in this case on the 
energy of the ionizing electrons and is approximately 
proportional to the Franck-Condon factors (the squares 
of the overlap integrals) between the vibrational nuclear 
wave function of the ground state of H, (or D,) and the 
wave functions of the vibrational states of H,' (or D,'). 
The exact distribution over the vibrational states of H2+ 
and D,+ was measured in an experiment'"] on the photo- 

- 
dissociation of the molecular ions H,' and D,' and is 
given in Table 11. 

Figure 4 shows the cross sections for dissociation with 
production of atoms with n  = 3 and 4, calculated with 
account taken of the experimentally measured distribu- 
tion over the vibrational states of the H,* and D,' ions. 
Vibrational states with v  6  fo r  H,' and with v >  9 for D; 
were taken into account. The contributions of the vi- 
brational states with v  > 6  for Hz and v  > 9 for D2+ respec- 
tively were added to the contributions of the vibra- 
tional states with v = 6  and 9. The figure shows also 
the cross section for recombination to all levels 
with n  > 3. The contribution to the recombination of the 
levels with n  >4 was calculated from formula (13). Es- 
timates of the decay widths in the recombination to n  = 2 
by formulas (10) yield (see Fig. 2) a value -2 eV, cor- 
responding to decay times -4 x 16"' sec. The nuclei 
cannot manage to move apart duing this time, s o  that 
we can assume that recombination to the n  = 2  level does 
not make a noticeable contribution to the total recom- 
bination cross  section, as is confirmed by experi- 
mentC5' (see Fig. 4b). Therefore the cross section for 
recombination to levels with n  > 3 should be close to the 
total recombination cross  section. 

The calculated recombination cross  section to levels 
with n  3 3 (see Fig. 4) is approximately 1-1.5 times 
larger than the measuredL3] total recombination cross 
section. 

The recombination cross  sections to the level n  = 4 
of electrons with D,+ were measuredc4' under two as- 
sumptions: a )  that only the s state i s  populated; b) that 
a l l  the angular momenta a r e  simultaneously populated. 
Our theory gives an intermediate position (Table I, the 
s and p states a r e  predominantly populated), therefore 
the results of our calculations a r e  compared in Fig. 4 
with the arithmetic mean of the experimental cross 
sections obtained under the assumptions made above. 
Assuming the same energy dependence, the calculated 
cross  section is approximately double the measured 
value. 

TABLE II. Mstribution % w e r  the vibrational levels obtained 
upon ionization by fast electrons '"I. 

I 
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FIG. 4. Cross sections of dissociative recombination 
e + ~ ;  Q*) with account taken of the distribution over the vi- 
brational levels,["] obtained upon ionization of Hz@+) by fast 
electrons. a-e + H;, dashed-experimental ['I total DR cross 
section, solid-our calculation: 1-total cross section of DR 
to levels n 2 3, 2--cross section of DR with production of 
H*(n = 3). 3-with production of H*(n =4). b-e + D;, dashed- 
experimental [" total DR cross section, dash-dot and individual 
p~ints-experimental~~~~ DR cross section with production of 
D*(n = 4), dotted curve-experimental cross section of DR 
with production of D*(n = 2). Solid lines-our calculation: 1- 
to all levels with n 2 3, 2-with production of D*(n = 3), 3- 
with productton of D* (n = 4). 

4. CONCLUSION 

In the present calculations of the DR we used three 
approximations: 1) the radial motion of the nuclei was 
assumed quasiclassical; 2) the wave functions of a 
strongly excited electron and of an electron with a con- 
tinuous spectrum were taken in pure Coulomb form; 3) 
we used the dipole-dipole approximation to calculate the 
decay widths. Comparison with the experimental mea- 
surements shows that within the framework of these 
approximations we can account for the main regular- 
ities of the DR with production of strongly excited 
atoms. 

APPENDIX 

A large number of formulas similar to (3) and valid 
for  quasiclassical motion of the nuclei have been ob- 
tained in the literature, from qualitative considerations, 
for  the description of DR (see, e.g.,c1*as6*7'. However, 
the direct transition from the quantum motion of the 
nuclei to the classical motion was nowhere considered. 
In this Appendix we trace this transition and show that in 
dipole-dipole interaction of the electron formula (3) is 
valid under a more general condition, namely, i t  suf- 
fices only that the radial motion of the nuclei be quasi- 
classical. 

For  the sake of argument we consider the transition 
of an incident electron with quantum numbers (n, 1 '= 1 
+ 1 , O )  to an excited state (n, 1,O). At other relations be- 
tween I' and I, the analysis is similar. Formula (3) with 
(10a) taken into account yields in this case 

In the quantum treatment of the motion of the nuclei, 
the partial wave function of the initial state (normalized 
a t  infinity to unity flux density) is given by 

(15) 
The wave function of the final state is 

Here L, M and L', M' are the orbital quantum numbers 
of the nuclei before and after the collision, and FE,(R) 
is the energy-normalized radial wave function of the 
continuous spectrum. I t  is convenient to quantize the 
nuclear wave functions also along the direction of mo- 
tion of the incident electron. 

At the chosen normalization of the wave functions of 
the initial and final states, the cross  section of the dis- 
sociative recombination takes the form 

Substituting (15) and (16) in (17), using the dipole-dipole 
expansion, and integrating over the coordinates of the 
f i rs t  electron, we obtain 

Using the rules for calculating the dipole momentsc141 in 
the integration with respect to the coordinates of the 
second electron, we obtain 

Here n is a unit vector in the direction of motion of the 
incident electron. It is seen from (19) that when 1 
changes by unity L changes by the same amount, while 
M remains unchanged, i.e., M' must be equal to M. In- 
tegrating over the angle variables we obtain 

Averaging over M (which is equivalent in the classical 
case to averaging over the direction of the axis joining 
the nuclei), we get 
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The radial integral in (21) has a t  L 1 =  L* 1 (see below) 
practically the same value. Summing (21) over L ' = L  
+ I ,  we obtain 

In the quasiclassical approximation, the radial wave 
functions a r e  given by 

Here Pi,, a r e  the radial momenta of the nuclei. This 
yields 

The integrand oscillates rapidly, and the value of the 
integral i s  determinedc10' by the coordinate region 
where Pi=Pf (i.e., by the condition (4)). Confining our- 
selves to the f i rs t  term of the expansion of the momen- 
tum difference a t  the point RE 

and taking the smoothly varying functions A(R),a(R), 
and P,(R) outside the integral sign, we obtain 

The constant B(RE) varies rapidly with changing E.  Re- 
placing the square of the cosine in (24) by the mean val- 
ue i, we obtain 

4n'8 (RE) (1+1)' 1 Az(RE) 
Ocru E ( I + ~ ) o  = 

3kzldu.,(RE)ldRl (.+I) ($+~;i) Mni'n*l - 2 
. 

(25) 

This formula is obtained from (14) if the square of the 
radial wave function c ( R , )  is averaged over the oscil- 
lations. In fact, according to (23) we have 
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