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A technique has been developed for measuring the modulus and sign of the cutibic nonlinear susceptibility,
X®, in crystals with and without a center of inversion. The anisotropy coefficient of the X tensor in a
KDP crystal and the moduli and signs of the elements of the x® tensor of the CaCO; crystal have been
measured for the first time. The obtained data are compared with the results of a calculation carried out
with the aid of a phenomenological model of the cubic nonlinear susceptibility and the so-called Coulomb-
anharmonicity model. The large discrepancies in the values of the various elements of the x® tensor in a
calcite crystal are explained. The data, obtained in the present work, on the cubic susceptibility of a
calcite crystal are used to interpret the results of the measurements of the fifth order—in the

field—nonlinearities in this crystal.

PACS numbers: 75.30.Cr

§1. INTRODUCTION

The study of cubic susceptibilities is the central prob-
lem of nonlinear spectroscopy. Such methods of non-
linear spectroscopy as the two-photon spectroscopy,
saturation spectroscopy, and Raman-active scattering
spectroscopy are based on effects due to the cubic sus-
ceptibility. Therefore, of particular interest at pres-
ent is information about the cubic-susceptibility tensor
x® for gases,™ liquids,™’ and crystals. In the case of
crystals, such data are also of considerable interest for
the presently rapidly developing theory of nonlinear opti-
cal properties of solids. The great successes achieved
by this theory in the explanation of effects quadratic in
the field, which are described by the tensor x*’, make
the performance of similar investigations of the higher-
order nonlinearities advisable. Special interest is
aroused here by the fact that, using the methods of non-
linear optics, we can obtain information about the elec-
tron shells of crystals that is not accessible to other
methods (e.g., about the anisotropy in cubic crystals;
see below). It should be said, however, that even for
the susceptibility x ® only the first steps have been
taken in this direction; and what is more, many of the
problems connected with the methods of measuring non-
linear susceptibilities (the modulus and sign) have not
been completely solved, especially for crystals without
a center of inversion. In the last case the main difficulty
encountered in the measurement of the components of
the x® tensor is the interference between the direct
processes (on the x"’ nonlinearity) and the cascade pro-
cesses due to the interactions on the quadratic nonlin-
ea.rity.m The possibility of separating the direct and
the cascade processes is quite limited®®*); more often
than not their interference is very substantial. There-
fore, the neglect of the contribution of the cascade pro-
cesses has led in a number of investigations to incorrect
estimates for the cubic susceptibilities, !4

In fact, there are available in the literature only iso-
lated data for such an important parameter as the sign
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of the cubic nonlinear susceptibilities of crystals'®®;

in these experiments only the relative sign of x‘® was
measured. In the present work we have developed the
correct technique for measuring the modulus and sign
of the x © susceptibility in crystals with and without a
center of inversion. Using it, we have for the first
time measured the anisotropy coefficient of the x ‘*
tensor of a KDP crystal and the moduli and signs of the
x ® components for a CaCO; crystal. The obtained data
are compared with theoretical models. Special atten-
tion is given to the phenomenological model proposed in
Ref. 9 and the Coulomb-anharmonicity model.!*® 1t is
shown that this model is capable of explaining the large
discrepancies in the values of the various components.
The data on the x © of calcite are used to interpret the
results obtained earlier by us'''! in the measurement
of the x ® tensor of calcite.

§2. THIRD-HARMONIC GENERATION IN CRYSTALS
WITHOUT AN INVERSION CENTER; THE EFFECTIVE
NONLINEAR SUSCEPTIBILITY AND THE
CONDITIONS FOR SYNCHRONISM

In the present section we present the results of the
theoretical investigation of third-harmonic generation in
crystals without a center of inversion. The chief char-
acteristics we wish to pay attention to are: the large
number of cascade processes, which turn out to be syn-
chronous, and the quite complicated expressions for the
effective nonlinear susceptibilities.

The system of equations for the complex amplitudes,
A,, describing third-harmonic generation in media with-
out an inversion center has the following form!?1;

0A,/02=0, 0A4,(z)[0z=—i0A*(z)exp(ilqz),

(1)

04(z)/0z=—i0,A,(2) A;(2) exp(iA.z) —iBA,’ (z) exp (iAsz).

The indices 1, 2, 3 refer respectively to the pump, the
second harmonic, and the third harmonic; ¢ and o, are
the second-order coupling coefficients for second-har-
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monic generation and the cascade generation of the third
harmonic; B is the third-order coupling coefficient., The
phase detunings are expressible in terms of the wave
numbers:

A2=k2_2kn An=kx‘kz_k|, A3=k;—3kl,

The solution to the system (1) indicates the existence
of three types of synchronous interactions. Each of
them is characterized by an appropriate synchronism
angle and an effective third-order nonlinearity.
Interaction |

a) Condition for synchronism: 4,=0;

b) field of the third harmonic

4 2
E,(z)=ﬁxé:}A,’z exp [i (mt—3klz +—n;—)] ; (2)
A% ) -

c) effective cubic nonlinearity

4 (P (P>
noha Ac

X = : (22)

where (x @), and ( x ®), are the contractions of the x ‘*
tensor with respect to the vectors of the waves inter-
acting in the w+w=2w and w +2w =3w processes respec-
tively.

Interaction 11|

a.) AC = 0 "
4 2
b) E:(Z)=—nx$}Al’zexp[i(mt—k,z—“—)]; 3)
nyhs 2
At (D)
) _ L ARRENY e
€) Xesr XV VR (3a)
Interaction 111
a) 43=0;
L) . T
b) E, (2) =——%. g4 zexp [z (mt—3k.z - —) ] ; 4)
nghs 2
2 (2) (2)
) x=¢x+ _{‘"_M (4a)

n.A, A,

Here (x ) is the contraction of x ‘® with respect to the
vectors of the waves participating in the synchronous w
+w+w=3w process.

In the directions defined by the condition 43 =0, the
generation of the third harmonic occurs both on account
of a straightforward frequency multiplication on the yx ‘®
nonlinearity and on account of frequency combination on
the x ® nonlinearity. In spite of the fact that the two
stages of the cascade process are nonsynchronous, as
a whole the process is synchronous, since the equality
A, + A, =44 =0 is fulfilled.

§3. PROCEDURE FOR MEASURING THE
MAGNITUDES AND SIGNS OF THE x'® TENSOR
COMPONENTS

3.1. Measurement of the modulus of x'3

The existence in crystals without an inversion center
of several types of synchronous interactions can be ef-
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fectively used to measure the modulus of x‘*’, The prin-
ciple underlying the measurements®!!*!3! consists in the
following. Since there exist in a crystal directions in
which the effective cubic nonlinearity contains only x
i.e., in which x &}~ Ix ¥ |2, and other directions in
which x 8}~ x® + alx @ |2, the measurement of the ratio
of the intensities of the third-harmonic signals in two
such( directions can be used to determine the magnitude
of x®,

’

The cubic susceptibility is determined from the fol-
lowing equality:

4 <0 de

()
i * nahs Ac .
4t A uCa ) of Is(As=0) 1'%
= "
nzk, A; I:(A,=O) (5)

where A, stands for A, or A, depending on the form of
the cascade process that is used in the measurement,
X and x§ are the nonlinear susceptibilities of the
crystal under investigation, and x‘® is the nonlinear
susceptibility of the reference crystal.

In measuring x‘® in a crystal without an inversion
center, we can use as the standard the experimental
crystal itself. The expression (5) in this case leads to
two possible values for x **, This indeterminacy can
be eliminated by measuring the sign of the effective

third-order susceptibility,

In measuring x * in crystals with a center of inver-
sion, as the reference crystal, we can use any noncen-
trosymmetric crystal crystal with known x ®, Since
x ¥ =0, only the indeterminacy in the sign of x ** re-
mains.

Let us now consider the method that was used in the
measurement of the signs of the components of the third-
order nonlinear-susceptibility tensors.

3.2. Measurement of the signs of the x'® components

To measure the signs of the x ®* components, we used
a method based on the interference of the fields of the
third harmonic generated in two crystals positioned one
after the other.'™™ Unlike Wynne,'®? we worked in the
synchronous regime, using as the reference crystal a
KDP crystal set up in the direction of synchronism de-
fined by the condition 4,=0 or A,=0. In these two cases
x &) ~d%,(KDP), and this allows the direct determination
of the sign of x‘® in the crystal under investigation. The
reference crystal can be any crystal without an inversion
center, for which (x®), and (x ‘®’), contain one and the
same y ‘*’ -tensor component or one and the same com-
bination of the components of the tensor. If this condi-
tion is not fulfilled, then it is necessary to know the
signs of the x ¥ components in the reference crystal.

The arrangement of the elements when there is inter-
ference between the fields is shown in Fig. 1. The order
of the crystals depends on which type of cascade process
is used as the reference signal. In the case when the
reference crystal is set up in the direction defined by
the condition A, =0, it should be in front of the crystal
being investigated; if, on the other hand, the process
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FIG. 1. Experimental scheme for the measurement of the
signs of nonlinear susceptibilities: CR1 and CR2 are the
reference and experimental crystals; GP, a Glan prism; F, a
filter.

with the synchronism condition A, =0 is used, then the
reference crystal should be behind the experimental
crystal. Only in the case of such experimental geome-
try will the interference of the fields not depend on the
crystal thicknesses. Let the crystal located in the sec-

ond place rotate about the direction of exact synchronism.

Then, adding up the fields (2), or (3), and (4) of the third
harmonic generated in the two crystals, and going over
to the intensities, we obtain for the total intensity the
expression

sv;‘? )l +2mp cos (¢+Aa)] , (6)

L=I [1 + (m

where I{" is the third-harmonic intensity in the first
crystal only, m =A# /A" is the ratio of the third-har-
monic amplitudes in the second and first crystals,
=APL® /2 is the detuning from exact synchronism in
the second crystal, Aa=(k{® —3k{?)L'® is the phase
gain in the air space between the crystals.

The coefficient p depends on the scheme of the experi-
ment, and assumes the value p=—1 when the reference
process with the synchronism condition 4, =0 is used
and p=+1 for the reference process with the condition
A =0,

The synchronism curve for the second crystal differs
from the normal dependence (siny/| ZP)‘. As can be seen
from (6), the shape of the synchronism curve is deter-
mined by the distance between the crystals, the sign of
the product mp, and the magnitude of m.

As the reference crystal, we can also use a crystal
with an inversion center for which the sign of x ® is

L I, I I
20 2.0 Fio 40

110 1.0
] ] ]

a b c d

'FIG. 2. Synchronism curves for third-harmonic generation in
the case when there is interference with an external third-
harmonic signal. The curves correspond to different distances
between the crystals (see Fig. 1): a) 31 mm, Aa=2m; b) 39
mm, Aa=57/2; ¢) 46 mm, Aa=3m; d) 54 mm, Aa=771/2.
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FIG. 3. Block diagram of the experimental setup for the

measurement of the magnitudes and signs of nonlinear sus-
ceptibilities: F; and F,—filters, CSS—control system for the
laser shutter, GATE —gating pulse shaper, ADC —analog-digital
converter, CP—counter with a pre-unit (F5007); PA —multi-
channel pulse analyzer (NTA-1024), SC—shaper of the pulses
that switch the PA channels.

known. Then the order in which the crystals set up
along the direction defined by the condition A;=0 are
arranged is immaterial. The coefficient p in this case
is equal to +1.

In Fig. 2 we show experimental synchronism curves
for two identical processes differing in intensity by a
factor of five (m =2.21). The curves were measured for
different distances between the crystals. The obtained
experimental plots correspond to the derived expression
(6). In practice the crystals are set up at a distance
apart to which corresponds Aa=27N. We then determine
the sign of m from the shape of the obtained curve (Fig.
2, a or c) and thereby determine whether the signs of
x &) for the two crystals are the same or different.

§4. DESCRIPTION OF THE EXPERIMENTAL SETUP

A block diagram of the experimental setup is shown in
Fig. 3. As the pump we use radiation from a Nd*-doped
garnet laser (A =1.064 ) operating on the zero transverse
mode in the @-switched regime. The diameter of the
pumping beam at the exit mirror of the laser is ~1 mm,
The crystal under investigation were located in the near
laser-radiation zone. During the measurement of the
sign of the components of the nonlinear-susceptibility
tensor the pump passes through the two crystals, which
stand one after the other at a distance of roughly 10 cm
apart. The crystal spacing can be varied. The crys-
tals are rotated with the aid of fractional-horsepower
motors with reduction gears for the measurement of the
synchronism curves.

The radiation of the third or fourth harmonic is sep-
arated out with the aid of a LiF prism, and is recorded
on a 39a photomultiplier. The signal from the photo-
multiplier anode proceeds to an emitter follower and
then to an analog-code converter. The analog-code
converter is gated by a pulse from a gating-pulse shaper.
The duration of the gating pulse is 0.6 usec. The gating-
pulse shaper is triggered by a pulse from the laser con-
trol system,

Akhmanov et al. 900



TABLE I, Possible synchronous third-harmonic generation
processes in a KDP crystal.

Sy Opt.lmal : Synchro-
number "condition (First cascade | Second cascade | 'azimuthal | - nism
. angle ¢ angle 6
1 ks*=3k,° 0101017¢;3 n/8 =0
2 » 0104—€; £20—~e3 n/8 } 65
3 kot=2k° 0101—€2 e301—e3 n/8 l
4 » » eze1—03 n/8 1y
5 » » €201—03 n/4 l
6 » » £2€1—€y n/4
g kot=k "tk 0je4—~e; e205—e3 0
» » e2e1—03 0 Q0N
9 » » €,01—03 /S 56°06
1(1) . k, 5 » ereq—e3 n/8
3¢ =ky ot ko eje4—02 €102—€s 0 0107
12 » 01€4—02 » a3 } 5818
13 kst=k+k;° €1e4—02 0402—€3 n/8 } 4
14 » 01€4~02 » 0

The code pulses from the analog-code converter are
fed to the input section of a ChZ-35 frequency meter,
used for monitoring purposes, and to the input section
of a multichannel pulse analyzer operating in the multi-
scalar regime, i.e., in a regime of sequential connec-
tion of the memory of the pulse analyzer to the input
sections of the channels. The switching from one chan-
nel to another is effected by an external pulse from the
control unit. The control unit ensures, together with an
auxiliary F-5007 counter, the switching of the analyzer
channels after the completion of a series of averaging
over a given number of laser bursts. The level of
averaging is fixed on the setting panel of the F-5007.
The crystal under investigation is rotated simultaneous-
ly with the switching of the analyzer channels.

The information about the synchronism curves that is
recorded in the analyzer memory can be partially or
completely transferred to an automatic recorder, a
digital press, or the digital indicator of the analyzer.

The above-described recording system is an improved
version of the system used earlier in the experiments
described in Refs. 11 and 13. The amplification factor
for the current in the system is sufficient for the regis-
tration of the single-electron pulses of the photomulti-
plier. Owing to the gating of the analog-code converter,
the probability of registering noise pulses is quite low.

§5. MEASUREMENT OF THE EFFECTIVE CUBIC
SUSCEPTIBILITY AND THE DEGREE OF ANISOTROPY
ANISOTROPY OF THE x'¥ TENSOR IN A KDP
CRYSTAL

In this section we present the results of the measure-
ment of the quantity x &} and of the so-called anisotropy
factor 6=x{3), -3x 8}, in a KDP crystal. The earlier
published investigations'®!*! do not enable us to determine
these quantities with a sufficient degree of accuracy (see
below).

Primarily, third-harmonic generation in a KDP crys-
tal was investigated. Synchronous third-harmonic gen-
eration was observed in five directions, which corre~
spond to the various types of interactions (see §2). The
results are presented in Table L.

The quantity x &} was determined by us by means of
comparative measurements of the intensity of the third
harmonic excited in the direct and cascade processes.

\

901 Sov. Phys. JETP 46(5), Nov. 1977

We succeeded in expressing x $}(KDP) in units of
d%,(KDP), which enabled us to raise the measurement
accuracy.

The KDP crystal does not possess an inversion center,
and belongs to the 42m point group. The birefringence
of this crystal allows us to obtain a synchronous third
harmonic on the x ® nonlinearity only on account of the
0,010, interaction (the synchronism angle 6, =65°).

The effective cubic susceptibility for this interaction is
equal to

16nd“ sin%Q,”

Kerr (6)) ___cos 8, sin dp [ 3 o ]
ny* (3ny"—2n,*—n,°)

At — 3Xuzz

¢))]

where 6] is the angle between the Poynting vector and
the z axis:

tg 0,/=(n"/n*)? tg 0,.

The intensity of the third-harmonic signal generated
in the direction 6, =65° was equal to the intensity of the
signal of this harmonic generated in the direction defined
by the condition %3 =2k{. The effective third-order cou-
pling constant for this process is expressible in terms
of d3, as follows:

s 8n’d,’sin’ 6, ,
xe(ff) (92)=msm 2q). (8)
The measurements were performed with KDP crys-
tal plates of width 3 mm, cut, in the case of the 040,0,e4
interaction, at angles 6, =65° and ¢ =22°30' and, in the

0,0,¢, interaction case, at angles 6, =41° and ¢ =45°.

Under our conditions (thin crystals, small pump di-
vergence in comparison with the angular width of the
synchronism), the expression (5) can be used. Substi-
tuting into (5) the expressions for the contractions
(x®); and the known values for the refractive indices,
we obtain

Xi(l’l)l—3x::;z_1930 d“’=:|:730dn2[la(el)/la (92) ].’.-

The measurements showed that in the direction 6, =65°
the third-harmonic intensity is lower than might have
been expected if only the cascade process operated.
Consequently, the direct and the cascade processes make
contributions having unlike signs and partially compen-
sating each other. For the intensity ratio I5(6,)/I;(6,) we
experimentally obtained the value (8 +2)x10"2, Then

Karn—3Xi1e= 1 (1900:200) d,.*.
Taking into account the fact that d,,(KDP)=1.04x107
cgs esuy,!® we obtain

% o (8,) = (0.22£0.04) - 10~ cgs esu ©)

and

(3) (L)

Ai11— 3anz—+(2 0=+0. 2) 10-** cgsesu .
Using the results of Ref. 4 and the experimental value,
(9), obtained by us for the magnitude of the effective
third-order nonlinear susceptibility in KDP, we can de-~

termine the degree of anisotropy of the x ® tensor of
the ADP crystal. The result is given in Table II.
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TABLE II. Cubic nonlinear susceptibility values for crystals.

x(:g'ro' 10-1¢ Cgs esu / (3) oo .
i Crystal* apyd asit: ) Liter-
(8) ature
Calculation* Experiment X / SXP:
NaBr 111 +10,0 4.13+50% _ [**]
NaF 1114 +0.12 +0,40+30% - & v
- 0.33+50% - [te]
NaCl 1114 +40 1,3:20% +0.43 [17- 18]
- +1,9+30 - 8,17
- - +0.41 [[" }
KCl 1111 +35 1.9+20% +0,30 [t
- +1.9+30% - [ 7]
- 1.3+:50% - m]
- - +0,28 {n
KBr 1114 +8.6 3.8+20% +0.37 [18. 19]
S~ - S
- =, - [*¢]
LiF 1111 +0.22 0,34+15% - L: l
- 0,20+20% +0.45 [18.4
- +0.48+30% - I (1}
MgO 1111 +9.6 +ég:§8;/5 +0.55 [[.:‘.17]1
Cds 1111 +164 160 - 1]
ZnS 1111 +160 - -
In0 1111 +9.0 - -
CaCOs 3333 - 1.0+20% - 4]
1111 +1.72 1.8+20% - 2]
1133 -1.05 +0.44£25% ** -
1122 +0.54 +0.20+:25% :: -
3222 -0.46 { Soo=30% - [
KDP (1111)-3x(1122) 0.24:20% ** -
ADP (1111)-3%x(1122) - 0.24+10% ** -

*The calculations were carried out on the basis of the Coulomb an-
harmonicity model.

**Present work. In computing the absolute values of x® we used
the value d,4(KDP)=1.04 X 10° cgs esu.!!5]

***For the cubic crystals given here the Coulomb anharmonicity
model gives (x{32/X{¥; Deat =-0-5.

§6. MEASUREMENT OF THE MAGNITUDES AND
SIGNS OF THE COMPONENTS OF THE x'® TENSOR
OF THE CALCITE CRYSTAL

6.1. Measurement of the modulus of x '3

Calcite crystal plates of thickness 1.9 mm were cut
out in such a way that the normal to the working face
made for one plate an angle of §=37°, and for the other
plate an angle of §=56°, with the crystal z axis. In all
the measurements the radiation propagated in the crys-
tal xz plane. The orientation of the rectangular system
of coordinates with respect to the unit cell of calcite is
shown in Fig. 4.

The birefringence of calcite allows all the three possi-
ble synchronous interactions to generate the third har-
monic,®%#] The coupling constants for the 0,0,0,¢5 (6,
=29°11") and 0,0 e3¢5 (6, =35°45") interactions for the
given radiation-propagation geometry in the crystal have
respectively the following forms® 8!

X1 (91) _Xl(:z): sin 6,’, (10)

%2 (6:) =3 (.13 cos? 0" +x 135 8in* 6”).. (11)

From a comparison of the third-harmonic intensities
due to the 0,0,e,e4 interaction in calcite and the interac-
tion No. 7 (Table I) in a KDP crystal plate (of thickness
6 mm) we have

0.565 % +0.435 1 ps=(2840£300) d.*. (12)
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Comparing the third-harmonic intensities due to the
0,010,¢5 and 0,0,e,€4 interactions in calcite, we obtain

for the component x {3}, the expression

Xom= (440£110)d, .

To estimate directly the component x {3}, and x {3};, we
must find the dependence of the expression (11) on the
angle 6. For this purpose we investigated other four-
photon interactions in calcite, interactions in which the
fundamental laser radiation is used together with its
second harmonic, produced in a LiNbQjs crystal located
in front of the calcite crystal.

In this case the four-photon processes in calcite lead
to the generation of the third, fourth, and fifth harmonics
depending on the type of interaction:

H

20+20—0=30, 20toteo=40o, 20+20to=5e.

From a comparison of the fourth-harmonic intensities
for the 0,e,0,¢, (63=43°50"') and 0,0,e,¢, (6, =54°45') in-
teractions we obtained

%2(0s) /%2(8:) =0.900.03. (13)

A comparison of the intensities of the third harmonic
generated by the 0,0,¢,e5 (6;=17°31') and 0,e;0,e5 (6,
=32°45") interactions yields additional information about
the variation of x, with the angle 6:

X2(05) /%2 (8s) =0.78+0.03. (14)

Using the expressions (11)-(14), we found
Kiom= (1900£400)d,,  x.v=(4100+:800)d,*.

These components have the same sign as in the expres-
sion (12).

6.2. Measurement of the sign of x 3

The signs of the measured components of x ‘* were
determined with the aid of the procedure described in
§3. Infront of the calcite crystal, set up for the 0,0,¢,e;
interaction, was placed a KDP crystal oriented at an
angle corresponding to interaction No. 7 in Table I.
When the crystal spacing was equal to 124 mm, the phase
shift was Aa =87, and we obtained experimentally a curve
that corresponded to the case shown in Fig. 2c. Since
for the crystal arrangement used p=-1 (see the formu-
la (8)) and x $}(KDP)>0, for calcite (0.565 x {3,
+0.435 x {133 >0 and, consequently (see (13) and (14)), the
components x {33s and x {3, are positive.

FIG. 4. Choice of rectangular sys-
tem of coordinates with respect
to the unit cell of calcite and the
direction of propagation of the
pumping wave in the crystal.
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In measuring the sign of the component x <), for cal-
cite, we encountered additional difficulties connected
with the fact that, upon the rotation of the crystal
through 180° about the y axis, or, which is the same
thing, about the direction of the o-ray of the crystal,
the shape of the synchronism interference curve changed,
which corresponds to a “change” of the sign of x $,.
Therefore, particular attention was paid to the orienta-
tion of the coordinate system with respect to the direc-
tion of the pumping wave in the crystal (Fig. 4).

In determining the sign of x {33, we used the interfer-

ence of processes No. 5 and No. 14 in Table I with the
0,0,0,€3 process in calcite. In the first case p=-1,

in the second p=+1, and for both processes x &}(KDP)
>0. Both mterference measurements showed that x‘”

>0.

§7. THEORETICAL VALUES OF THE CUBIC
NONLINEAR SUSCEPTIBILITIES

7.1. Theoretical models for the computation of x 3

As has already been indicated in the Introduction, the
comprehensive exploitation of the cubic nonlinear suscep-
tibilities is only beginning; therefore, we can compare
our experimental results with two models. The first of
them is the Boling-Glass-Owyoung (BGO) semi-phenom-
enological rule®™ and the second, developed to a consid-
erable extent in the present paper, is the Coulomb an-
harmonicity model.!"

The scheme of computation on the basis of the BGO
rules is described in Ref. 9, where the values of x {3},
in a number of types of glass are computed. This mod-
el was first used to compute x ® for CaCOq and CaF,
crystals and dlamond by Levenson and Bloembergen, !
We have computed x{}}; on the basis of this model for
all the crystals for which experimental data exist. The
experimental data and the theoretical results obtained on
the basis of the BGO rule are compared in Fig. 5.

7.2. The Coulomb anharmonicity model

The Coulomb anharmonicity model was proposed by
Meisner'® for the computation of the quadratic suscep-
tibility of crystals. In this model the entire nonlinearity
is related to the anharmonic motion of the shell charge
relative to its core. A distinctive feature of the model
is the correct allowance made for the local electric
fields acting on the ions in the lattice.

Let us, for simplicity, consider the one-dimensional
case, i.e., the case when all the ions are located on the
x axis and the external field E is also directed along this
axis. The equation of motion of the i-th shell under the
action of the fields of the charges surrounding it has the
following form:

m; + Z‘Rm (zx—z:i) =a& (¢, 2, — T, T2 Tty . . .), (15)

Remi

where the x; are the coordinates of the ion shells, m;
and a; are the mass and charge of the shell of the ¢-th
ion, and &, is the local field at the point ;. The sum on
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FIG. 5. Comparison of the experimental x'® values for crys-

tals with the values computed on the basis of the BGO rule. 0
The experimenalt X'® —component values are plotted along the
ordinate axis; the calculated values, along the abscissa axis.

the left-hand side of Eq. (15) represents the short-range
force. In the Coulomb anharmonicity model R, is as-
sumed to be a constant, not depending on the shell spac-
ing.

Thus, the solution of the problem (15) is connected
with the computation of the intracrystalline field.'24!
The local field acting on the i-th shell consists of three
parts: the external field (E), the field (&’) of the shells
located in the Lorentz cavity, and the field (8’’) due to
the charges outside the Lorentz cavity:

&"=p 2 AT
here B is the Lorentz factor, N, is the number of shells
of the k-th type in a unit volume, and u, is the dipole
moment of the shell of the k-th ion.

Let us find the field £’ by summing the fields of all
the ions in the Lorentz cavity. The Coulomb potential
of the shells of the ions of the k-th type relative to the
i-th ion will be equal to

Ny
a
w= Y T
Fran II,—Iql

(¢, denotes summation over the unit cells within the
boundaries of the Lorentz cavity). The potential ¢; (and,
consequently, the field &’) at the point { depends on the
small displacements of the shell charges. Therefore,

it is more convenient to expand the field at the point 7 in
powers of the displacements of the shells surrounding it:

(16)

Fo'=a, (fa(:)"l'ft(:) wyt... +f::) wN+.. 2. (17)

In (17) w, is the displacement of the shell of the k-th
ion; w,=x,—x”, x{” being the coordinate of the k-th ion
shell in the absence of an external field, and the

aN+l 2

(N) Nt nZ' 2 5IN+1

are undimensional structure coefficients of the local
field,4]

(18)

x(°)| PR—)
==
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The coefficients f{¥’ depend only on the ion coordi-
nates, and at the present level of computer technology
their computation presents no problem, In the case of
odd N the matrix f {¥’ is symmetric, and in the case of
even N antisymmetric. To find the total field, however,
we sum over all the types of ions in the crystal. Then

E~E®N)+ EU +gan 1S wi+

()

o i+ a,

(19)
where g4, =N, B+f (.

We assume the external field E(f) to be harmonic:
E() =E(w) e, The system of equations (15) is solved
by the method of perturbations:

w(t) =w )+ (1), wl () =w ()™,

w‘nl,- (t) = 2 w.""(Nm)e‘""‘.

Nemi

In the linear approximation, the solution, w}(w), to
(15) can be expressed in terms of the linear polariza-
bility o;, using the connection between the shell model
and the polarizable-~ion model®*’

a‘a’c i

wll(m)=

(20)

the constants A; are obtained here from the solution of
the system of equations for the local field 4!

&=E(0)+ Zgua.&-
At

Retaining in the expression, (19), for the local field the
term containing (w})”, and using (20), we obtain the so-
lution for w (Nw):

Ny G Al

" (No) =a, (Nm)—E"(m) S (21)

Rami

Let us define the nonlinear susceptibility x ¥’ in the
usual manner:

P (No) =x51.0Es(0) E1 (0).. Eo (o)
= Z‘N,w."' (No)a,.

Then

x“ .—Z Na,(Neo)A, Z fo [GA(Q)AA]"“’—"

fomy

(22)

Meisner''% has carried out the computation of x ‘*
from (22) for a number of crystals, For the computation
of the odd-order nonlinear susceptibilities we can sim-
plify the formula (22). The point is that there do not
exist at present reliable methods of obtaining accurate
values for the polarizabilities «, and the charges a,.
Therefore, it is more convenient to replace ao,A, by the
effective susceptibility x =x ‘'’/N, (N, is the number of
ions in a unit volume) and a, by an effective charge a;
we assume » and ¢ are the same for all the ions in the
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lattice, i.e., we shall, in the linear approximation, as-
sume that all the electronic oscillators are equivalent,
Then, in computing the odd-order susceptibilities, we
can use in place of (22) the formula

e (Vo) [xde’ (0) 17

Yas...a
N.;H- 1gN—1

NS (23)

fhaml

Let us define the effective charge, a, of a shell as
one half the charge of the bond formed by the ions A and
B, the charge of the bond being, according to Levine, tz61
equal to

a,=n.,e(1/e+'/:f.),

where #, is the number of electrons per bond in the s and
» states divided by the number of bonds in one formula
unit, ¢ is the low-frequency value of the square of the
refractive index, and f, is the degree of covalence of the
bond. For the majority of the crystals considered in the
present work the f_ values are known.

Thus, we determined all the free parameters, and
could use Eq. (23) to compute the components of the
x @¥1 tensors. Let us emphasize once again that the
considered approach cannot be used to compute x ¢",
since, on account of the antisymmetric nature of the
matrix f 2", we obtain for the case when the a; and o,
are the same for all the ions in the lattice x ¥ =0. To
compute the even-rank susceptibilities, we must use the
formula (22).

The formula (23) can easily be generalized to the case
of an arbitrary tensor component and a nondegenerate
nonlinear interaction of the light waves:

(BN—1,

)
Kabt..0 (@ Oy, O3y ..., @an—y)

1 _ .
= W—Z Nfiamsxsa (@) (0% (02)... 288 (@v-1);
9
iAmt (24)
IN—1
o=Y" o.
fmai

The formula (24) has the structure of the Miller
rule.®™ However, in our case the Miller “constant”
A%N-1. depends on the crystal structure, the number of
ions in a unit volume, and the effective charge. The ex-
pression (24) allows us to compute, besides the magni-
tude, the sign of x @¥-1,

7.3. Computation of the x'® of crystals on the basis
of the Coulomb anharmonicity model

a) Crystals of the NaCl type. Crystals with the NaCl
structure are cubic crystals with an inversion center,
and have two independent x ‘-tensor components: x 3},
and x),. In computing these components, we calculated
the elements of the matrices f{3),;, and f {3)y;5; On a com-
puter for the actual locations of the ions in the lattice.
The degree, f., of covalence of the bond was taken in
accordance with the data collected in Born and Huang’s
book.’*! The results of the computation of x {3}, from
(23) and the experimental data are presented in Table II
and Fig. 6. It is not difficult to see that the Coulomb
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FIG. 6. Comparison of the experimental x&‘?,, values for crys-

tals with values computed on the basis of the Coulomb-anhar-
monicity model. The indices of the components are indicated
in the brackets.

anharmonicity model leads to satisfactory quantitative
agreement with experiment for the x 3}, component, and
correctly gives its sign. The quantitative disagreement
with experiment is connected with the inaccuracy in the
determination of the quantities » and a. However, there

are other more serious causes.

The theory for cubic crystals should lead to the in-
equality of x{3}; and 3x {3}, (6#0). The difference be-
tween these two quantities is an important characteristic
of cubic crystals, providing direct information about the
anisotropy of the electron shells of cubic crystals. This
information cannot be obtained from the measurement of
the linear properties of the medium. The Coulomb an-
harmonicity model, owing to the fact that it correctly
allows for the anisotropy of the long-range (Coulomb)
forces, i.e., for the anisotropy of the local field
(f 21111 # 37 2 1120), leads to the result that {3}, is dif-
ferent from 3y {3),. Indeed, for all diatomic cubic crys-
tals, f {21 =—2f fhuee; consequently,

X,|(|':)z/ Xi(:l)i-—o-s-

The obtained values for this ratio are in satisfactory
quantitative agreement with experiment (see Table II),
but do not coincide in sign (experiment yields the plus
sign). The discrepancy is, apparently, due to the fact
that we neglected the anharmonicity of the short-range
forces in the computation of x ‘’. In particular, the need
to take the non-Coulomb forces into account is indicated
also by the bound-charge model,"”? within the framework
of which the components of the x ® tensor for Si, GaAs,
and Ge crystals were calculated. However, allowance
for the short-range forces involves considerable diffi-
culties, and the consideration of this problem falls out-
side the limits of the present work.

b) Wurtzite crystals. Crystals with the wurtzite
structure belong to the hexagonal system, and do not
have a center of inversion. We shall restrict ourselves
to the computation of the {3}, component for CdS, ZnS,
and ZnO crystals. The experimental value is known only
for the CdS crystal. This experimental value and the
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theoretical xﬂ}l values for CdS, ZnS, and ZnO crystals
are given in Table II. Notice that there is excellent
agreement between theory and experiment for the CdS
crystal.,

¢) Calcite. The CaCOj crystal structure is consider-
ably more complex than the structure of the above-con-
sidered crystals. It is sufficient to note just the fact that
the unit cell contains thirty atoms. However, the com-
putation of the x {,, components for calcite does not dif-
fer in any way from the computation of the x ® tensor of
crystals with the NaCl or CdS structure. This is one
of the advantages of the above-developed method.

In computing the xf,’;,’,g components for CaCO;, we cal-
culated the elements of the matrices f 8,’ «8ye for the actu-
al positions of the ions in the lattice. Further, we must
have for the computation data on the degree of ionicity of
CaCO;. These data are lacking; therefore, we used the
experimental value for x {3}, "7 to estimate a. Let us
note that, as calculations have shown, the sign of the
X 33 component does not change when the parameter a is
varied within broad limits.

The computed values of the components and the experi-
mental data are presented in Table IT and Fig. 6. Let
us note first of all that, in accordance with the symme-
try of the CaCO; lattice, the following equalities should
be fulfilled:

Xl(l'l)!_ Y axf:i 1 Xl(z’a)l-—X,s(:z)m

Equation (24) leads to results that agree with these
calcite-crystal symmetry requirements. Further, ac-
cording to the experimental data, the difference between
the magnitudes of the x {3}, and x {3}, components in CaCO,
exceeds an order of magnitude, and this is in agreement
with the theoretical estimates. From the theoretical
standpoint this is due to the difference in magnitude of
f 1111 and f 35555, In other words, the anharmonicity of
the shell motion is greater in the (010) plane than in the
(011) plane.

All the computed x f,?,,o components for calcite are in
satisfactory quantitative agreement with experiment.

d) KDP and ADP crystals. For these crystals we
compute from (24) only the following type of ratio

x= (X::ia—t?'x::z):)mr/ (xl(l‘l)l—SX,!(l‘z)l KDP-
This is due not to some kind of fundamental difficulties
encountered in the computation of the x **’ components
for crystals with the KDP structure, but to the fact that
x* can be considered to be charge independent (axpp
~aspp). The result obtained for x* agrees excellently
with experiment: '

x':xp=i'201 X-.calu=i~24.
§8. CONCLUSION

8.1. Comparison of the calculated and experimental
data on x'¥

In our opinion the main criteria that we need to be
guided by in comparing the calculated and experimental
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data are the following comparative characteristics: a)
quantitative agreement, b) the correct representation of
the relation between the x components for the same
crystal, c) the sign of the components.

a) Quantitative agreement. The experimental data
and the theoretical data obtained on the basis of the
Coulomb anharmonicity model are compared in Fig. 6.
The agreement with experiment is good. However, this
should not be considered the principal merit of the theory
So simple a model as the GBO rule™ gives, when the
quantities in question are the diagonal elements of x ‘*,
even somewhat better agreement with experiment than
the Coulomb anharmonicity model (see Fig. 5).

b) Relation between the components. Depending on
the crystal symmetry, the x ‘® tensor has several inde-
pendent components. The difference between one com-
ponent and another is connected with the anisotropy in
the properties of the crystal, and such type of measure-
ment yields important information about the types of
bonds in the crystal, about the ellipticity of the electron
orbits, etc. Therefore, the opportunity for the present
model to correctly describe the relation between the
components is quite a fundamental aspect of the model.

For cubic crystals the component x {3}, #3x{$3;. On
the basis of the BGO rule it is impossible to find the re-
lation between these two components. The bound-charge
model*” correctly describes this relation for GaAs, Ge,
and Si: x 3 /x 311 =0.75 (the experimental value is 0. 5).
Accordmg to the Coulomb anharmonicity model, 1x {3,/
qul 0.5, which is close to the experimental values
(see Table II).

¢) The sign of the components. The sign of the suscep-
tibilities also carries a considerable amount of informa-
tion about the bonds between ions in crystals.”®? The
BGO rule allows us to obtain only the modulus of the
quantity x®. The bound-charge and Coulomb anharmo-
nicity models allow us to compute the sign of x . As
can be seen from Table II, the Coulomb-anharmonicity
model gives the correct sign in the case of the diagonal
elements of x . For components of the type x {33, and
x {3, the computed sign is the opposite of the experi-
mentally measured sign. This fact indicates the need
for further improvement of the model and, in particular,
for allowance for the non-Coulomb corrections.

8.2. Comparison of the experimental data on x'* with
the data obtained in other investigations

The cubic susceptibility of the calcite crystal has been
investigated in a number of experiments,[1421:18:29:301 1
the experiments described in Refs. 14 and 18, the mea-
surements of the components were carried out on the
basis of absolute measurements of the intensity of the
third harmonic (TH) generated in the synchronous re-
gime.

In the experiment described in Ref. 29 the estimate

x s =2.2x10"M cgs esu was obtained on the basis of
second-harmomc intensity measurements in the pres-
ence of a constant electric field. In the investigations
published in Refs. 21 and 30 the measurements of the
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x ® components for calcite were carried out, using the
method of Raman-active scattering spectroscopy (the
results are given in the table). The experimental results
of these investigations poorly agree with each other.

The difficulties that we encountered in the estimation of
x ® in the calcite crystal’!! were connected with this
circumstance. Our result for the x“’ component agrees
very well with the result obtained for this component in
Ref. 18. The result for y {3}, is three times smaller than
the value obtained for 3 x {3}, in Ref. 21 by the method of
Raman-active scattering spectroscopy. In the investi-
gation published in Ref. 30 it was found by the method of
Raman-active scattering spectroscopy that the x ‘ com-
ponents for calcite satisfy the relation

0.22x{13,+0.78x {21, >0.

In the present work we have obtained by the method of
synchronous third-harmonic generation that

044, 5+0.66y,m>0.

The effective cubic susceptibility of the KDP crys-
tal for the 0,0,0,e; interaction has been measured ear-
lier.!" 4! In Ref. 14 it was found by the method of ab-
solute measurements of the TH intensity that x $}(KDP)
=10"18 cgs esu. Using the value for the ratio x §}(KDP)/
x $)(ADP) obtained in Ref. 6 and the measured—in the
same manner as in Ref. 14—value for x $}(ADP) from
Ref. 31, we find that

X $(KDP)=5+10"" cgs esu.

We think that the value given in the present paper for
X $)(KDP) is closer to the true value since it has been

obtained by a method that guarantees a higher accuracy.

The value of the anisotropy factor, &, has, however,
been obtained for the first time in our work.

8.3. Estimates for the x\l,,, component of the fifth-
order nonlinear susceptibility tensor of the calcite crystal

The results obtained in the cubic-susceptibility mea-
surements performed in the present work can also be
used to interpret the recent experiments in which non-
linear effects of fourth and fifth order in the field were
studied. Specifically, of indubitable interest is the esti-
mation of the fifth-order nonlinear-susceptibility com-
ponents from the experiments on fifth-harmonic gener-
ation in calcite'!}; as in the case of third-harmonic
generation in noncentrosymmetric media, the contribu-
tion to the effective fifth-order nonlinearity is made by
lower-order nonlinearities: in the present case by x .
Earlier (see Ref. 11) we encountered difficulties in the
estimation of the x $3302 component because of the lack
of firmly established data for x{}}; and x$3};. In seems
to us that the most correct thing to do in estimating
% $lazs is to use the experimental values for x ® obtained
in the present work, to wit,

=610 cgsesu, x=5-10-1* cgsesu.

Then for the value of the y {32, component we obtain
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2.6-10-* cgsesu, iy .,<0

5 . - )
Ix-nm(,exp.)l {14-10‘“ cgs esu, Xs;;):Xs(z:.iu>O
The nonlinear-susceptibility theory developed in §6 can
be used to compute the fifth-order nonlinear suscepti-
bilities. The calculation of the x 3}, component from
the formula (24) yields

x!(::)uz (cal:) =-+0.36-10"2* cgs esu.

According to the Coulomb anharmonicity model, the
product x 3, x $32222 <0. Thus, we should choose from

the two experimental values the smaller value, which,

moreover, is closer to the theoretical x {3322, value.

Dn the table we use the standard notation for the types of in-
teraction, The symbols o and e represent the ordinary and
extraordinary wave in the crystal.
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