DThe asterisk labels relative quantities.

9 For exciton clusters we can expect a dielectric—metal transi-
tion of a type of its own with increasing N.

9The results oft!!] for CdS are similar, but are not marked on
Fig. 4, inasmuch as in this case the lines for different N
overlap and the interval of N to which the binding energies
measured in!? pertain remains unclear.
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Theory of tunneling in crystals at arbitrary ratios of the
widths of the forbidden and allowed bands
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A quasiclassical theory of tunneling in crystals in an electric field is developed. The theory takes into
account the finite widths of the allowed energy bands. The two-band Slater-Koster model is used to
calculate the tunneling probability. It is shown that for crystals with narrow allowed bands, the
customarily employed Kane model yields an erroneous estimate of the tunneling probability. Criteria are
obtained for the applicability of the Kane model, and a correct tunnel probability is calculated for the
case when these criteria do not hold. Tunneling accompanied by photon absorption in a crystal is
investigated with account taken of the finite widths of the allowed bands. The dependence of the tunneling
probability on the angles between the electric-field intensity vector and the symmetry axes of the crystal
is investigated; this dependence does not appear in Kane’s model. It is demonstrated that this dependence
can yield additional information on the crystal symmetry and crystal structure.

PACS numbers: 73.40.Gk, 61.50.Em

The investigation of tunneling in crystals in an exter-
nal electric field is of considerable interest for solid-
state electronics. Interband tunneling in a constant elec-
tric field determines, for example, the current flow in
Esaki diodes. ™'?? Theoretical descriptions of the tun-
neling process in crystal are contained in many papers
for the case of constant'™ ¢! and time-alternating (laser
emission)”®) electric field. In most cited papers they
used Kane’s two-band model,®’ which corresponds to the
following dispersion law (the dependence of the energy
¢ on the quasimomentum 7K):
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e (k) = (A*+ARKY/ p) " 1)

Here A is the half-width of the forbidden band and u is
the reduced effective mass of the electron and hole, The
results of expression (1) are greatly limited in scope.
In Kane’s model (1), the allowed energy bands are as-
sumed to be infinitely broad in comparison with the for-
bidden band. This assumption can be justified for tun-
neling processes only for the special class of narrow-
band crystals (e.g., of the InSb type).

The decisive circumstance for the quasiclassical tun-
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neling theory that is natural for our problem is that the
electron energies in the valence and conduction bands
constitute two branches of a single analytic function ¢ (k)
of the complex quasimomentum %k, which are connected
by a branch point &*. 134} In Kane’s model (1) we have
k*=k§=i(ua)/?/k, i.e., the position of the branch point
is determined only by the width of the forbidden band and
does not depend on the widths of the valence and conduc-
tion bands. It will be shown below that allowance for the
finite widths of the allowed bands alters significantly the
positions of the branch points (k* # 2f), and this prede-
termines an exponential error in the quasiclassical tun-
nel-probability estimate based on (1). It can be verified
that if the width of the forbidden band turns out to be of
the same order as the widths of the allowed bands, then
allowance for the finite widths of these bands is of fun-
damental importance, and the use of the dispersion law
(1) leads to erroneous results. In addition, the tunnel-
ing probability becomes dependent on the angles between
the electric-field intensity vector and the crystal sym-
metry axes, a dependence that does not exist when the
spherically symmetrical dispersion law (1) is used, A
band model with an allowed band of finite width, based
on the tight-binding method, was considered as applied
to tunneling problem in'®®!, The results of'*? pertain
only to crystals with a very broad forbidden band and
with weak coupling of the narrow allowed bands (i. e., to
a situation that is the inverse of the one described by
Kane’s model (1)). The results oft®} furthermore, per-
tain to a special configuration of an inhomogeneous field
in a tunnel diode (in the form of a rectangular step), and
consequently is likewise not general in character.

The question thus arises of constructing a consistent
theory of tunneling in a crystal in an electric field for
arbitrary ratios of the widths of the forbidden band and
the allowed bands. This makes it possible to establish
definite criteria for the applicability of the existing re-
sults that pertain to the alternate limiting cases dis-
cussed above, and to obtain an estimate of the tunneling
probability in the intermediate situation,

The basis for the construction of this theory, in our
opinion, can be the two-band model of Slater and Kos-
ter, ™1 which takes into account both the analytic con-
nection between the dispersion laws in the valence and
conduction bands, on the one hand (just as in Kane’s
model (1)), and the finite widths of the allowed energy
bands, on the other. For a primitive cubic lattice, con-
fining ourselves in the tight-binding method to the over-
lap of the wave functions of the nearest atoms in the unit
cell of the crystal, and assuming for simplicity that the
widths of the valence and conduction bands are equal, we
can obtain according to'™? for € (k)

e (k) = (a2 (k) +v° (k) ) @)
u (k) =A+A4[3—cos k.a—cos k,a—cos k,a], (3)
v(k) =B[sin® k.a-+sin® k,a+sin® k.a]". (@)

Here a is the lattice constant. The parameters A and B
can be determined by a direct quantum-mechanical cal-
culation, It is preferable, however to determine them
by identifying (2) with a dispersion law obtained by us-
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ing more accurate numerical methods of calculating the
band structure, or by comparing the experimentally ob-
tained values of ¢ (k) in high-symmetry points of the
Brillouin zone with the corresponding values that follow
from (2). The parameters A and B are connected with
the effective mass u by the relation

RI=(A+BA") a?h, (5)

We direct the external electric-field intensity vector
F along one of the edges of the unit cube (say along the
¥ axis). Then the vector k has a component k, = (®y, k,)
perpendicular to the direction of F, this component is
conserved in the transition, and an important role in
what follows is played by the positions of the branch
points &} of expression (2) at k,=0 (see, e.g.,312),
Let us find

. 2
ety =i, % [ 1—sign (a—) ]+~ n,
2a a
kx.(x,t)——'—iixz'i'EH, n=0, :ti,:l:2,...
a
sign(a—f)=1, a>B, sign(a—f)=—1, a<p, (6)
A B
a= p=—, x,=Archlz|, x,=Archz,
o a(at1) {1 - Bl (1+a)*— (a‘—ﬂ‘)]"'}
Y e pt a(at+1) )

The position of the branch points of € (k) in the com-
plex k, plane at k, =0 is shown in Figs. 1a and 1b. As
follows from (6) and from Fig. 1, at a < B the minimal
distance between the points k¥, and kX, (%3 and 25y)
is m/a. Under the condition

li
elF

the pairs of points #¥ 3 and k¥, ,, can be considered in-
dependently. If at the same time

n/a

| s(k,)dk,l >1 (7)

ixg,9

l E:—F ;[ e (ks) k. I >1, (8)

then each of the branch points € (k) can be considered '
independently. The two inequalities above signify in
essence the possibility of using the quasiclassical ap-
proximation to estimate the transition probability. We
use the quasiclassical “imaginary time” method, #27ac-
cording to which the probability amplitude R of an inter-
band transition, with account taken of one isolated
branch point, is given by

4@

R=exp{%.‘. e(k,(t))dt}. (9)

0

The dependence of %, on ¢ is determined by the equation
of motion 7k, = e,F, and the time t{® is determined by
the condition £, (£{?)=4x,. In (9) it is taken into ac-
count that at @ < Bthe point ix, is closer to the real axis
than i»;, and accordingly the &% =iu, is exponentially
larger than the contribution ¥ =ix,. A contribution of
the same absolute value is made to the transition prob-
ability by the points té"’ determined by the condition

. 2
Bt =ina +22n (n=t1,+2,...).
a
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The contributions of all these points must be summed.
The existence of an infinite number of equidistantbranch
points of € (k) is obviously due to the appearance in the
allowed band, following application of a homogeneous
electric field, of Wannier-Stark levels. 13! Their ap-
pearance is a direct consequence of the use of the Slater—
Koster model, in which account is taken of the periodic
dependence of the energy on the quasimomentum, This
circumstance constitutes one more advantage of the dis-
cussed model over Kane’s model, in which no Wannier—
Stark levels appear and they must be introduced as an
additional fact that does not follow from the theory (for
example, in the calculation of the probability of the in-
terband transition per unit time!3J),

I a>p, a situation is possible in which

{e_ip-j e(k,)dk,] <1,

ixy

(10)

whereas (7) and (8) are satisfied as before. The inequal-
ity (10) is the result of the coalescence of the points
iny and ixy as B~0. (At B=0,imy= in,, ivg=in,.) Sat-
isfaction of (10) means that the point %¥,, = i», cannot be
considered independently of the point k¥, =ix, (or s,
== i%, independently of k¥, =-iu,). Satisfaction of (8)
makes it possible to separate the point pair %, , from
the pair k¥s,4. In this situation formula (9) is wrong
and to obtain the tunnel probability we can resort to the
equations of motion based on the adiabatic approxima-
tion for the transition amplitudes. '3'7'8? The wave func-
tion for the electron in the crystal is represented in the
presence of an electric field in the form

¥ (r, 1) =J’ dk ac (k, £) bou (r)

+j dk ay (k, £) by (r). (11)
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Here {,yx(r) are the Bloch functions corresponding to
the conduction (C) and valence (V) bands, and k’=k
+eFt/ii. The amplitudes a, (K, ¢) and a, (K, #) satisfy the
system of equations

(12)

Equations (12) should be solved with the initial condi-
tions

ac(—o) =0, [av(—“’) [=1-

The transition probability amplitude R is given by | R|
=lag(+ ). Near an isolated branch point, following
Dykhne, 41 we can put in (12) z =iy, recognizing that
near its zero £(¢) is a steep function of #, whereas » and
v are individually smooth functions of £. The determi-
nation of a.(+«) from (12) then reduces to the problem
of above-the-barrier reflection, and

Iac(+°°)|=l exp{%fe(t)dt}' (e(t,)=0),

0

which agrees with the result (9) of the “imaginary time”
method. To consider also a situation wherein the in-
equality (10) is satisfied, we introduce two new functions
X1 and Xz:

Xz = ———[ (en) "acF (eFu) “ay ). (13)
(2ev)™
which satisfy the equations
Xl,z +‘imtsz1,z=0, (14)
B2t
2 d
m.,,=ez(t)iiﬁv5(i:—) — (v, 1) (15)

Here {v, t}=3($2/1#-9/2v is the so-called Schwartz de-
rivative, and X, , satisfy the initial conditions (f- - «):

X, 2(t>—00)=F (% ) l/’exp {% I e(t”)dt” }

(16)

Here #' is an arbitrary point on the real time axis. Far
from the branch points ¢(¢) we can use the quasiclassi-
cal approximation for the solution of Eqs. (14) (the
Schwartz derivative {v, } can in this case be omitted"s!
since it makes no contribution to the principal term of
the asymptotic solution of the solution of (14)). The re-
mainder of the calculation program consists of obtain-
ing for (14) an analytic solution which is the same in the
entire small region of the complex &, (k, = e, Ft/7) that
spans the close branch points ¥, and &%,,. It is then
necessary to join together the obtained solution to the
quasiclassical solutions, valid as ¢—+%, of the same
equations, with account taken of the initial conditions
(16).

We consider first the case of sufficiently broad al-
lowed bands, when % and v can be written in the form

N. F. Perel’'man 804



(k,=0)

u=A+a,t, 4

B
w=gm(eFa), po=—efa (1)

v=R,¢,
The transition to the Kane model (1) in Eq. (17) means
Z=0, i.e., the requirement that the effective mass (see
(5)) be formed only by the interband coupling (B+ 0).
Formula (17) thus corresponds to a situation more gen-
eral than (1) (including also the case A> B). Near the
pair of branch points # and ¢, of the function ¢ (¢) = (2
+t#)!2, which are located in the upper half-plane (case
A> B), we can put approximately v=igy(a/a)/? (since
as {~0 we have ty~t,, t,~t,, t,=i(A/a)*/? and in this
case v(t) is a much smoother function of ¢ than u(¢)). The
equations for X, , take the form

d X, s*y\*? 2s (18)
ot (0 5) 1= ] xam
s=Bo(A/ao) t/h,  6=(Acte)"/Boy  b=A"/cty'6%h. (19)

Equations of the type (18) were considered in a num-
ber of papers™®171in connection with the problem of the
quasiclassical spectra of molecules in the approximation
where the terms are linear and are not coupled adiabat-
ically. Near the pair of branch points s,,; = ib(5 £1)!/2,
Egs. (18) take the form

X, , (20)
st

1 o 1
A

sy=ibd", v=-—op. (1)
Equations (20) have solutions in the form of the parabol-
ic-cylinder functions D.(,.,[+v™/3(s=-s,)] for X, and
D[+ v™/%(s=s,)] for X,. It is these solutions that must
be joined to the quasiclassical solutions, valid respec-
tively as ¢t~ + %, of the initial equations (14). The de-
tails of the calculations in accord with the program de-
scribed above can be found inf'"18), Leaving out the de-
tails, we find

(2nv) '

exp(vlnv-—v)exp(—%()), (22)

ixs

4
=— k.)dks.
Q e.,FIm;“E( L) d

Here I'(1 + v) is the gamma function. To find the con-
tribution made to the transition probability by a pair of
close branch points of €(k) in the general case (formula
(2)) we can use the associated-equation method. {1%+191
The equations associated with (14) can be chosen to be
in the form of (20). The parameter » is then determined
from the condition

L 2iv \ . _ 1 iy

o :[‘(c +4v')" do eo—FI & (ks) k.
Formula (22) then remains valid for | Rl, where we must
put

j‘a (k) dk. @3)

3,

v=-—

neF

805 Sov. Phys. JETP 46(4), Oct. 1977

At v>>1 Eq. (22) leads to (9). At » <1 we have

|R|=-(va)"'exp{—-;%lm}‘e(k,)dk.}.

The last result can be obtained in the first nonzero order of
perturbation theory in terms of the interband coupling
(see™? and formula (22) of Keldysh’s paper!3)). To ob-
tain the transition probability per unit time it is neces-
sary to sum the contributions of all the branch points
located in the upper complex ¢ half-plane at equal dis-
tances from the real axis.

If inequality (8) is satisfied, the transition probability
as a function of k? is a sharp maximum af k=0, This is
why the foregoing analysis was carried out for k¥=0, To
obtain the probability W of generating an electron in the
conduction band per unit time and unit volume of the
crystal it is necessary to take into account the depen-
dence of the parameter @ on k2, It suffices here to ex-
pand Q in a series near k2=0:

elfa 9Q . Wk
A gt ™ T B

A
Q=0 + ——q.’ Q=0 (g.*=0), Q, =
el'a

’

where p is determined by formula (5). It is then neces-
sary to integrate the transition probability with respect
to k, in the volume of the first Brillouin zone. We ne-
glect the weaker dependence of the transition probability
on k% via the parameter ». We obtain

ei’Fpa 27y

= ' —2v— 24
R T T TITE e A (24)

(If @<Bwe can use for W also formula (24), in which we
must put formally p =, )

We present the result of the calculation of the princi-
pal parameters of (24) in the Slater-Koster model (dis-
persion law (2)):

v @) ") ") | (-2 (25, ) B

Qg=%la’—ﬂ‘l""(1—p’)""Iz.—pl"'lz:—pl"'- (25)
.——z. o ____z pz(i_zoz) 1_302 — z
x[K(n—z,,)-E(M—onszn(sz,n =)
_ ap (1—z.°) 6 (z*—p?) — 1—pz, =_¢_Z_ (26)
o) @ 1" " o P

(here (K(x), E(x), andII(x, x) are complete elliptic inte-
grals of the first, second, and third kind, 6(x)=1, x>0;
0(x)=0, x<0);

_ alat1)+pi—a’z
O ey

z=cos k.a, 27)
@, is also expressed in terms of the elliptic integrals
K(x), E(x) and II(n, x), but since @, is contained only in
the pre-exponential factor of (24), the corresponding
cumbersome expression is not written out here for the
sake of simplicity.

Let a=0 (in this case the width of the allowed band in
the section k, =0 is (A2 + B2)1/2.4)
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W ~exp {— ef—FAa(1+§') "' [K( (i-:ﬁ‘) - ) —E ( (1—!-1(5‘)"‘)]}' (28)

For a narrow forbidden band and broad allowed bands
we have >1. Then

W~exp{—§(‘l—-—1—+...)}, g TAMY

8 “eiF (29)

If £/8B%< 1, we obtain for the tunneling probability the

well known expression corresponding to the Kane mod-
el[l.a]:

Wee ™. (30)
For allowed bands of finite width at £/88%> 1, as follows
from (29), Eq. (30) leads to an exponential error, and
for a reliable estimate of the transition probability it is
necessary to use the general formulas (24)-(28).

In the opposite limiting case of weakly coupled (8< @)
narrow allowed bands we get

Q=8 [ (1+a)Arch 1+°‘,—((1+a)2—a2)'/-] , (31)
e.Fa o
_Ap? (1+a)i—a?
YTk ow(ita) (32)

Substitution of (31) and (32) in (24) gives a result close
to that obtained in®'%? in the first nonzero order of per-
turbation theory in the interband coupling (8< @), De-
viations from this limiting result, which set in at g~ ¢,
are described by the general formulas (24)-(26).

The dispersion law (2) has no spherical symmetry,
and therefore the probability of the interband tunneling
in an electric field, with allowance for the finite widths

: of the allowed bands, exhibits a strong dependence on
‘the angles between the direction of the field-intensity
vector and the symmetry axes of the crystal. This de-
pendence disappears, of course, ongoing to Kane’s
spherically symmetrical dispersion law (1). Assume for
simplicity that the electric field intensity vector lies in
the plane of the face of the unit cube and makes an angle
@ with one of its edges. We choose the coordinate frame
such that the x axis is parallel to the intensity vector.
In this frame, the dispersion law (2) is rewritten in the
form
u (k) =A+A[3—cos (k. cos p—k, sin @) a—cos (k. sin ¢k, cos ¢) a—cos k.a],
v (k) =B[sin* (k. cos ¢—k, sin @) a+sin* (k. sin @+, cos ) a+sin* k.a]®.

(33)

We write down two principal terms of the expansion of
the quantity @, which determines the tunneling prob-
ability, in terms of the parameters at=A/A and g*
=A/B (the case a™<1, g1<1):

Qo=Qu1Qu2(¢),

2A Ty r (34)
=g ernE () =k ()] (gg)
Qo () = _ﬁf-;ﬁ; [mK (Lr) LnE(%)] (3+cos o), (36)
Here
0,=2(2r*+r?) [% — 2a(ro*+r?) +5] +9ar,’ry,
. A a
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2082
Ne=4(r+re?) [2a(roz—+r,2) — ._p — 5] —Qarire?,
a

. (a+§') h o 2y e
rm=2/’————a-—{1i [1 - (aTB’)’_] } .
If Qu(®)>1, the tunneling probability exhibits a strong
(exponential) dependence on the angle ¢. We consider
directly the deviation from the result obtained with the
aid of the dispersion law (1). To this end we put =0
in (34)-(36). We get

ﬂuIIIA’Il
Q“ =
AF
Aty (37)
Qo2 (@) =—0Qo, (—E) —2';(3‘*'005 4¢).

Thus, the tunneling probability acquires an additional
exponential factor

exp{ Qu: (% ) z—;—;(3+co5 49) } ,

which is maximal at ¢ =0 and 7/2 and has a minimum at
¢=1/4, i.e., when F is directed along the diagonal of
the face of the unit cube. The ratio of the maximum and
minimum tunneling probabilities is

Wm“ {nu’hA'lx ( A )z 1 }
=ex — )=
o P\ ar B 2

If we take parameter values that are not extremal @
=20 and A/B=1%, then this ratio is equal to 1.4. This

- difference between W,,, and W, can be observed inex-

periment.

We consider next interband tunneling accompanied by
photon absorption (the Keldysh-Franz effect). The prin-
cipal exponential factor that determines the coefficient
p(§2) of absorption of light of frequency  in the crystal,
in the presence of an electric field and under the condi-
tion 2A — 72> 0, isof the form™’

exp{——e{%—lmi‘i [2¢ (k,)-—sz]dk,},

where &, is determined from the condition 2¢ (k) - 72 = 0.
We use for the crystal dispersion law ¢ (K) the expres-
sion (2) in which we put for simplicity B=0 (in this case

the width of the allowed band is 24). Then
4A 1+a— 0 2 21"%
p(Q)~exp{——m[(i+a——vo)Arch—-Z hé —[ (1+a—v,)*—a?]" ]},
vo=hQ/2A. (38)
Under the condition
1—ve 2A—HQ
= <1
o 24
(38) leads to the known resultt®*2!1
4(20—hQ) "
p(R) ~ exp {" 3eoiF } (39)

which is_obtained in the model of simple parabolic bands.
At (2A -79)/2A 21 formula (39) is incorrect, and the ab-
sorption coefficient p(Q) is determined by formula (38).
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Consider the case when the vector F is in the plane of
a face of the unit cube and makes an angle ¢ with one of
its edges. For a primitive cubic lattice we then obtain
(2a -7Q)/24<1)

0) o 4p" 2A—hQ)"*
p(Q) ~expy— 3edfiF (40)
x[f— 24-hQ (3+cos4<p)+...]}.
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For comparison we present in the same approximation
the result for a face-centered cubic lattice(e (k)= A[1

+3a(3=cosk,a - coskya - cosk,acosk,a— coskya- cosk,a))):

4p" (2A—hQ)*

p(Q) ~exp { T 3k

2A—HQ (41)
X[i ———m-(9—cos4q3)+. .. ]}

It is seen from (40) and (41) that the angular dependence
of p(R)becomes particularly strong in the region of the
absorption “tails” that lie in the forbidden band when

B p”'(ZA—FlQ)"'
© 7 30e,AiFA

Figure 2 shows the angular dependence of the relative
change of the absorption coefficient 5p/py(6p =p(&, @)
- po(®), po(R)=p (&, ¥ =0)).

The parameter 7 was chosen equal to unity. It follows
from Figs. 2 that the dependence of 5p/py on ¢ is quite
strong and differs substantially for different types
of crystal structure. Thus, an investigation of the ab-
sorption of light in the presence of an electric field in
crystals with broad allowed bands can yield important
information on the crystal symmetry and on the struc-
ture of its unit cell, The latter circumstance is quite
interesting if account is taken of the high sensitivity of
the modulation-spectroscopy methods based on the
Keldysh-Franz effect.

1t follows from the foregoing that to estimate the tun-
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neling probability in a crystal in the quasiclassical ap-
proximation with allowance for the finite widths of the
allowed energy bands, it suffices to know the dispersion
law € (k) in the two-band approximation and the analytic
properties of € (k) as functions of the complex quasimo-
mentum 7K. To clarify the qualitative aspect of the
problem and to obtain lucid results, we used here a
primitive cubic lattice model, for which we wrote out in
turn the simplest dispersion expression that follows
from the method of Slater and Koster. However, as
shown by Slater and Koster,'!4] the method yields ana-
lytic expressions for the dispersion laws for lattices
with more complicated symmetry and unit-cell structure,
with a larger number of phenomenological parameters,
and approximating more flexibly the dispersion laws of
real crystals, Estimates of the tunneling probability by
the quasiclassical method described in the present paper
can be obtained without difficulty also in these more
complicated cases. Naturally, it is advantageous to do
so in comparison of the theory with actual experiment.
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