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A model of fermions connected with Yang-Mills fields of the nonabelian gauge group SU(N) is
considered. A method based on an analysis of the Feynman diagrams makes it possible to write down in
the principal logarithmic approximation a closed expression for the inclusive cross sections of electron
scattering by a quark (gluon) in e *e ~ annihilation into a quark (gluon). A specially chosen gauge makes
it possible to describe the structure of the deep-inelastic processes in the language of the parton model '
with virtual quarks and gluons in the role of the partons. The asymptotic properties of the parton
distributions are analyzed. An indication of certain duality between the quasi-elastic and Regge limits is
discussed. The Gribov-Lipatov relation and the analytic connection (in a certain sense) between the
scattering and annihilation channels (the Drell relation) hold in the model under consideration. In
addition, a “sum rule in 02" which unique to the Yang-Mills theory, has been established for the
distributions of the number of the partons; this rule singles out a model in which the number of “flavors”
is equal to the number of colors. The results are directly applicable to an analysis of the experimental

situation in lepton-hadron reactions.

PACS numbers: 11.10.Np, 13.10.+q, 12.40.Bb

Nonabelian gauge fields are being comprehensively
studied ever since the discovery, in 1973, of asymptotic
freedom. 117 The model of colored quarks connected with
the Yang-Mills gluon field makes claim to a prominent
role as a dynamic theory of strong interactions.

Quantum chromodynamics (QCD) has attracted atten-
tion because of the enticing prospect of combiningasymp-
totic freedom, which is responsible for the pointlike
structure of hadrons at short distances, with the “in-
frared slavery” for the color states. The enthusiasts
of QCE are usually cool to the fact that progress in the
explanation of the “confinement” mechanism is re-
stricted so far to the premise that a possible connection
exists between the infrared pole and the catastrophic en-
hancement, at large distances, of the colored interac-
tion that confines the quarks, Gribov'?} has shown that
an analysis of the region 22~1 by modern field-theoret-
ical methods meets with serious difficulties that are pe-
culiar to the case.of a nonabelian gauge field. The prob-
lem of constructing a quantum theory on the basis of the
Yang-Mills Lagrangian is at present in the stage of cor-
rect formulation. . '

Nonetheless, it might be assumed that the quark-
gluon field model is applicable at short distances, where
the interaction is weak, z2(»)~|1ln7l™, and the custom-
ary methods of expansion in the coupling constants are
applicable. A classical example of processes in whose
development short distances play a role are the lepton-
hadron reactions e’p~e¢”+..., ¢'e"~ hadrons, where the
hadron structure is prepared by a strongly virtual pho-
ton. .

As applied to processes of the first type, the renor-
malization approach served as a basis for the develop-
ment of an angular-momentum technique’s’ that makes it
possible to explain the picture of the phenomena indeep-
inelastic scattering of electrons and neutrinos (see,
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e.g., "), Semiphenomenological attempts are made to
reconstruct the structure function from the known as-
ymptotic form of the angular momenta (e. g., ). The
chromodynamic interaction of quarks has been a suc-
cessful concept in the physics of new particles.m

In the present paper are calculated the structure func-
tions of deep-inelastic scattering and e'e” annihilation in
a model wherein the fermions interact with vector Yang-
Mills fields of the nonabelian gauge group SU(N). The
procedure is the following: We separate from the photon
forward-scattering amplitude, which determines the
structure function, the diagrams that yield the highest
degree of In(l ¢ /u?) (g is the momentum transfer and
i is the normalization mass):

W = ( P ln,_p;_) "

The sum of these contributions yields W in the principal
logarithmic approximation with

&'<1, g'ln (|¢*|/p)~1.

This program was realized in 1972 by Gribov and Lipa-
tov in models wherein fermions are coupled with pseu-
doscalar (L,,, = J¥s¢¢) and massive vector (Ly, =37,34")
mesons, ' .

The zero-charge problem does not appear in the pres-
ent model, so that we can go over to infinitely large q2.
The behavior of the structure function in the Bjorken
limit | g2] ~ ®, w=const is determined by a conflict be-
tween two tendencies: the form-factor induced drop of
each individual process and the growth of the cross sec-
tion on-account of newly produced channels., As a re-
sult, the asymptotic form in the region of academically
large g2 Inlnf g3l > 1, is of the form

W~ (In|g?|) ~cx/pmnintet,
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FIG. 1. Diagram of first order in g? for the
fermion structure function.

where C; and B are certain numbers defined below (Eq.

(45)). The weak dependence of the structure function on
¢? in a wide range of w allows us to speak of an approxi-
mate gauge invariance.

From among the known infrared singularities of gauge
theories, our analysis pertains, strictly speaking, to
the case of broken gauge symmetry, when the vector me-
sons acquire a mass, e.g., via the Higgs mechanism.
In the situation of actual interest (chromodynamics),
where the strong coupling of the color fields at large
distances plays the principal role, the infrared integrals
should be cut off at characteristic virtualities ~ u2 con-
nected with the average transverse momentum of the
quark in the hadron wave function, i.e., in fact with the
radius of the infrared prism. Calculating the structure
function of the quark by perturbation theory, we shall
formally saturate the optical theorem with quark and
gluon states, and ignore the stage of transition of the
colored fields into colorless hadrons. The simplestas-
sumption whereby the hadron is made up of valentquarks
consists in the fact that the gluons that bind the quarks
together do not carry any noticeable fraction of the mo-
mentum whatever in the system where the proton is fast.
This hypothesis, together with the quark structure func-
tions obtained below, makes it possible to describe both
the quantity W and the character of scaling violation at
1-x<«1 and ¥ <1 for the most unpleasant choice of the
probability of finding the quark in the proton and the nor-
malization point . In this paper we shall not dwell on
the description of the experimental data.

The structure of the paper is the following: In Secs.
1 and 2 is described the procedure of selecting the dia-
grams that are essential in the principal logarithmic
approximation (PLA or the Gribov-Lipatov approxima-
tion), and write down the Bethe-Salpeter equation for
deep inelastic scattering of a photon by a quark. Sec-
tions 3-5 are devoted to the interpretation of the PLA
results in the language of the parton model with a cutoff
parameter A2~ g2, 81 an interpretation made possible by
a special choice of the “physical” gauge; the asymptotic
properties of W and the indication of duality between the
quasi group and the Regge regions are discussed. In
Secs. 6-8 are studied the relations between the
structure functions of the scattering and of the e¢'e” an-
nihilation, and it is indicated that a unique “sum rule in
q?” exists in chromodynamics for the parton distribu-
tion in the quark and the gluon.

1. DEEP-INELASTIC SCATTERING BY QUARK.
SELECTION OF DIAGRAMS THAT ARE ESSENTIAL
IN THE PRINCIPLE LOGARITHMIC APPROXIMATION.
AXIAL GAUGE

Consider the forward-scattering amplitude of a photon
by a quark in the PLA
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By, 21Ty (1a)
4n? 4n? ?
o~1. (1b)

The assumption of the limiting value (1b)

: g .
%mm~ 1 (quasilastic region) |

&' .
4—ﬂ-;1n o~1 (Regge region)

will be discussed below.

We designate the quark momentum by p,. Corrections
of order are not controlled by the approximation, so
that we can put f#=0. We introduce a light-like vector
g, that defines together with p the scattering hyperplane
in momentum space:

, 1 , 2 2 s
9w=qu "';pm (g.")*=0, w=—ﬂ~_—p—q—a"_ (2)

and represent all the momenta, following Sudakov, in
the form

k‘=a,q,+§(p+ku_- (3)

In the Born approximation, only a ¥ photon with trans-
verse polarization has a large cross section for scat-
tering by a fermion, since the forward-scattering-ampli-
tude discontinuity, which determines the cross section,
is given by

2 1 o 1 2 _i__
ImAuv=Im[e ?Sp{pTu‘:T}H_&) i v }] ~—g,te'nd (1 ° ) . (4)
The relation that follows from (4) between the struc-
ture functions W, and vW,; is preserved in all orders of
the PLA, so that it is necessary to calculate only one
scalar function

W(o, ¢') =2mW,=ovW,, —g,*W=n"'Im 4,,. (5)
Which processes make the main contribution to W?
We examine qualitatively the simplest diagram shown in
Fig. 1. It differs from the case of an abelian gauge field

only by an additional factor

N—1
DS | e
FeF®8, oN

=,

which is the Casimir operator of the fundamental repre-
sentation of the SUW) group, in accord with which, we
assume, the fermion fields are transformed under colored
rotations. The large logarithm Ing? is accumulated here
upon integration with respect to &, in a wide range u?
<~ <«<]q?l. Closing the integral with respect to a
around the pole of the gluon propagator we obtain (with-
out writing out the integral with respect to B)

da*k PO
A“’guz.[ (k—:‘;? Sp{pYek ... Ky} gor, (6)
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FIG. 2. Decay in final state of a produced particle with vir-
tuality.

B~1 (0<p<1). ()]

as~k,?*,

In (6) we have used for concreteness the Feynman gauge
for the Green’s function of the vector field.

It is easily seen that in the diagram of Fig, 1 only'the
transverse polarizations of the gluon are operative. In-
deed, from among the two terms of the expansion

Kn=8'«"'+ (PuQc"*‘Fr%’) / (pq,) (8)

a substantial contribution to (6) is made only by thefirst,
for otherwise the trace contains two neighboring matri-
ces p, pp=1*=0.

We note a circumstance of importance for the analysis
of more complicated diagrams. The denominator of the
integrand in (6) contains a high degree of %, on account
of two propagators. To separate the principal logarith-
mic contribution in (6) it suffices now to retain in the
spinor numerator the term of order %%, Using the ex-
pansion (3) and (7) we obtain

|¢’ld — k.
A~g! j -—,c—‘—Sp{'ra k.. L)~ g j—(:—,j)— ©)

e

In all the subseqilent analysis, just as in the deriva-

tion of (9), we are dealing with large virtualities
LN UAE (10)

This means that we must take into account the effects of
small distances, which reduce in the PLA (1) to replace-
ment of the virtual propagators and vertices by the re-
normalized quantities in the single-loop approximation,
Using the cell considered by us as an example, this
leads to the appearance of factors

dy* (k)T (k,) (1)

under the integral sign in (9).

Since we are interested in the total interaction cross
section, we must consider besides the pole diagram al-
so diagrams with decay of the produced gluon, The PLA
admits of an invariant pair mass (Fig. 2) M®*< —#3. Re-
placement of the pole expression by the complete imagi-
nary part of the propagator with virtuality — 2> 2 re-
duces effectively, as can be easily verified with the aid
of the Kallen-Lehmann representation, to additional
multiplication of the integrand in (9) by d;(¥3). We ob-
tain ultimately

d 1% d k

A~gt j(—-——da(k ) dit (k)T (k) = j—(—k—*;)—é (k7).
ut (12)

The natural variable that determines the ¢2-dependence

of the structure function, is the quantity®?
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FIG. 3. Example of nonplanar diagram that ap-
pears in the vector theory.

1 ‘j" dk® 1,

f=—r 1600 gz(kz)___ln —z( 1) ﬂa

(Hﬂ‘ 6 DLE:T‘)

(13)
where 3, is the highest-order coefficient in the Gell-
Mann-Low function

w3

—— g () = Y, =)+ (14

d
dlnk® 16x*
Be=3 uy_ 2n, for the SU(N) group with n, flavors of the
N—colored quarks,

The logic of the analysis of the diagram in Fig. 1 can
be easily extended to ladder diagrams (Figs. 6a and 6b
below), and a diagram with »n cells makes a contribution

: tn b ‘
W ~ [den [dga.. [dE ~ 8",

which is connected with the ordered momentum region

WE—k 2k, P, €—ka €| g ~s,

(15)

as~ki,?

B~ (12p2B:2= ... =4.>0).

We see therefore that the quantity £ = £(¢?) is the true
expansion parameter of the amplitude .

W(o,q)= 5_‘, (e !.n%) "fn(m)»f:I ¥ (@ (@) (@).  (18)

ey n=0

We proceed to the analysis of more complex diagrams.
We have seen with the aid of a simple example that sub-
stantial contributions to diagrams of the ladder type are
made only by vector mesons with polarizations orthog-
onal to the reaction plane, In the vector theory, how-
ever, a comparable contribution to W is made also by

‘nonplanar diagrams in which the gluons subtend over an

arbitrary number of cells, Let us verify that in this
case the gluons turn out to be longitudinally polarized—
“bremsstrahlung” gluons (Fig. 3).

Let us recall the logic underlying the analysis of non-
planar diagrams.'”? In order not to disturb the ladder
diagrams and simultaneously see to it that the integration
with respect to k' lead to the appearance of a large log-
arithm, it is necessary to subject the momentum of the
encompassing meson to the inequality (Fig. 4)

ol

. FIG. 4. Emission of a real (a)
and virtual (b) longitudinally
polarized (bremsstrahlung)
vector meson.

x
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FIG. 5. Reduced diagrams that describe the joint contribution
due to emission of real (a) and virtual (b) bremsstrahlung vec-
tors from cell { into cells having jumbers j >.

P €=k €=k =k, €. <=k <L <l (17)
The only critical circumstance in this case is the fol- .
lowing: by virtue of the condition (17) we have — &2

« =%, and the integral with respect to k| (after inte-
grating with respect to @) contains not two virtual fer-
mion propagators, as before, but only one:

A [ B Sl ). D aath) as)

(cf. (6)). We are therefore forced to retain from the
spinor numerator the structure

Sp{PYeP(B—B') -. }dux (k') ~pedux(K')SP{P - . .}. (19)
In a standard gauge (e.g., d,.(%')=g,), We can make
with logarithmic accuracy the substitution

parko' /B’ (20)

and, using Ward’s identity, represent the total contribu-
tion from the emission of longitudinally polarized parti-
cles from the i-th cell to all cells numbered j> i in local
form (see Fig. 5). The reduced diagrams of Fig. 5 can
be represented in the following manner. The charged
particle, radically altering its virtuality (1%,12 < |k;,1%),
“jars” the bremsstrahlung field. The diagrams in Figs
5a and 5b describe respectively the emission of real and
virtual bremsstrahlung quanta. (The minus sign infront
of diagram b emphasizes the fact that the virtual emis-
sions decrease the cross sections. )

In chromodynamics the gluons are charged, so that
besides the new ladder-type diagrams of the 6¢ type it
is necessary to take into account also the bremsstrah-
lung from the gluon. The procedure described above for
the summation of the contributions of the longitudinal
vectons becomes obscure in the Yang-Mills model, ow-
ing to the appearance of ghosts and of an additional four-
gluon vertex. It turns out that instead of using current
conservation in each individual diagram in which brems-

FIG. 6. Ladder diagrams
that determine the struc-

g ture function W in the prin-
cipal logarithmic approxi-
r._i mation.
7l a b c
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strahlung particles appear, it is possible to choose ini-
tially a gauge such that the gluon propagator does not
propagate at all in the PLA of states polarized in the
(2, q) plane. All that need be required of the sought
gauge is

Dudy () =0 (k). (21)

- In this case the integral (18) is determined by the region

near the upper limit, which leads in final analysis to a
loss of In| g?| in the cross section and makes it neces-
sary to leave out the diagrams of Figs. 3 and 4 in the
PLA,

Condition (21) is satisfied by the so-called axial gauge

k. + k.,
Ay (k) = gy — —2 2“5 g,

A, (k)=0, - ;
q" A (k) )

(22)
In the gauge (22), which was applied by Lipatove®®! to the
calculation of the structure functions, the set of the PLA
diagrams is accounted for fully in electrodynamics by
planar ladder diagrams of the type 6a and 6b. Inchro-
modynamics, the axial gauge is convenient in two ways:
first, like any gauge of the type

@*4,*(k)=0, a*=const (22a)
it is free of ghosts’; second, it preserves the ladder
character of the principal diagrams in lnq2 when ac-
count is taken of the gluon self-action (Fig. 6c).

To prove the last statement we consider a nonplanar
diagram with emission from a gluon (Fig. 7a or 7b).
Attempting to separate the principal logarithmic region
(17) we obtain, as before, for the “skew” cell the ex-
pression

(23)

“- a’k,’

Z3
ky

{Tapo (ki &' ki — k') oo (K'Y dpor (ks — k) }.

The numerator now contains in place of the trace the
product of the Yang-Mills vertex by the axial propaga-
tors, which by virtue of the property

du(k') =gw*+0(k,") (24)

(we recall that o/ ~£{2) must be replaced by®

o Pl ) 2. (25)

It is easy to verify, by examining the i-th cell, that

4
nYe
A

FIG. 7. Emission of a bremsstrahlung gluon by a gluon.
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Examples of diagrams that make not contribution to
the PLA in an axial gauge. The dashed lines mark the “paths”
of large momenta (see the text).

FIG. 8.

the third index of the gluon vertex should also be trans-
verse. Consequently the expression in the curly brack-
ets cannot be prevented from growing: T, is a linear
combination of the 7, p, and 0 components of the mo-
menta that enter in the vertex, and is inevitably propor-
tional to k{. Thus, there is no logarithmic contribution,
and any diagram such as 7a or 7b makes no contribution
to the PLA in the axial gauge.

The remarks made concerning the axial gauge in the
two considered cases (Figs. 4 and 7) are sufficient for
the derivation of the selection rule.

In the gauge (22), no contributions are made in the
principal logarithmic approximation by diagrams with:
1) more than a two-particle state in the ¢ channel 2)four-
gluon vertices.

Consider for example certain diagrams that contrib-
ute in a standard (say, Feynman) gauge but need not be
taken into account in an axial gauge (Fig. 8). The logic
of the analysis is the following: in the logarithmic re-
gion all the momenta are strictly ordered (15). We con-
sider the cell corresponding to a momentum % with the
minimal virtuality (contour ABC in Fig. 8). In the prop-
agators marked by the dashed lines, large momenta
predominate, so that the integral with respect to %, (after
integration with respect to @, which reduces to aresidue
at a pole of the propagator BC) is determined only by
one virtual propagator AB. Therefore, just as in the
examples analyzed above, the integral with respect to
k, turns out to be nonlogarithmic,

2. THE BETHE-SALPETER EQUATION

It follows from the discussion in the preceding sec-
tion that the deep-inelastic scattering by a quark is de-
termined by processes of the type shown in Fig. 9, and
to find the structure function W in the PLA it is neces-
sary to gather ladder diagrams of Fig. 6, calculated in
the gauge (22). This is easily done with the aid of the
system of Bethe-Salpeter equations, which has the graph-
ic form:

FIG. 9. Parton structure of
the deep-inelastic scattering
of a photon by a quark (p) in
the PLA in the axial gauge.

¥
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A / \ \ ’ \ /
\\ / \\ // \\ /, \\ I,
X
k
k

(26)

\ /! \ / \ ’ \ !
\ \ ’ \ ’ \ /
\ / \ ’ \ / \ /
" R - ﬁ ' ﬁ i ﬁ

The blocks denote here the amplitudes, averaged over
the target polarizations, of the y-quantum scattering by
a quark and a transverse gluon,

Leaving out the unit matrices that fix the colorless
state in the ¢ channel, we express (26) in analytic form:

2

v € 1 ¢ ,’d r
Welon b §)= 370 (1-——)+E!'d§ Dj—;—m (z)-

di(% (O
(26a)
t 1
ds (E
W (zow &5 8)+ jdE' 3 22,)) _[i: O (z) W (zow, E'; ),
Tk F 0
1 ld
(018 B) = [ 4t [0 (2) W (@0, ¥'; 8)
ix 0
P de(®) ¢ d -
+!d§ . (i,) j Zosm Y Wieon g5 0+ Wil (26b)

The antiquark structure function W; satisfies Eq. (26a)
with the substitutions W,~ W5, e,~ ¢;; in the case of
electromagnetic (but not weak!) interaction, W; coincides
with W,

We present some explanations of Eqs. (26).

1) These equations determine the amplitudes off the
“mass shell” as functions of £,= £(¥?), w,=-2kq/q?
=B,w, It is necessary to put in the answer £,=0 and w,
=w, The parameter £ = £(g?) determines the initial con-
dition: at £,=£ there are no ladder diagrams and the
process is determined by a Born diagram,

2) In the Born cross section (the first term in (26a)
account is taken of the form factors y,,(g%) and of the
disintegration of the leading quark into states with in-
variant mass all the way to M%~|q%|. Then, using the
Ward identity for the electromagnetic vertex, we have

Vem (0 (0?) =ds™"(8). (27)
_3) In the integrals that connect W with W and W with
W, the entire dependence on the virtuality is concen-
trated in the virtual charge d2d;T%pe =82 =T cee. In
the two other cases there is no cancellation of the ratio
of the propagators

de (&) =exp(—71sE), da(8')=exp(—71c8"), (28)
where yr and y; are the anomalous dimensionalities of
the quark and gluon fields in the axial gauge.

Let us write out, in concluding this section, the func-
tions &4(x) that determine the dependence of the kernels
of the Bethe-Salpeter equations on the energy fraction x
carried away by the particle B in the decay of the parti-

Yu. L. Dokshitser 645



cle A(A, B=F, G; the subscript F will henceforth label
any of the 2n, fermion states—an F quark or antiquark
of n; flavors). It is convenient here to separate the
group factors from the summation over the color in-
dices:

O (z) =C.V," (z), D () =NV’ (),

(29)
0,°(z) =C.V:%(z), @ (z)=".V:"(z);
here
C:8=Fo’F\, Nbw=fecdfvct, ‘[:8a=Fu’F:l.

After separating the color factors, the first threeker-
nels of those listed below coincide with the correspond-
ing expressions in the abelian case; the last kernel is
calculated in accord with the same logic: from the prod-
uct of the Yang-Mills vertices by the axial propagator
we separate the terms that are logarithmic in £}; the
corresponding x-dependences (v=8'/g,) make up the
kernel V&(x). We have

x
7- s
Ly = Vi) = 2 ;;z , (30a)
s
= VFE/I) =2 Lt%ﬁf y (30b)

(30c)

=vfm=4x(r- .r)[ (30d)

(Ir)]

E_vl = yia)=zlzt 127,

3. VIRTUAL QUARKS AND GLUONS AS PARTONS.
SYMMETRIES OF DECAY PROBABILITIES

A gauge condition of the type (22a) has enabled us to
get along in the system (26) without a third paraistic
equation for the “ghost structure function.” Let us show
now that the axial gauge not only simplifies the calcula-
tions thanks to the absence of longitudinal polarizations
and ghosts, but also makes it possible to interpret the
PLA result in the language of the parton model with a
variable cutoff parameter A2~ ¢2| in the transverse
momenta, by choosing a propagator that propagates only
the physical states of the vector field. te) Indeed, in the
PLA the total photon scattering cross section, as we
have seen, is determined by tree diagrams, and the in-
terference of the amplitudes drops out (see, e.g., Fig.
8b). We can therefore describe the development of the
process with the aid of classical probabilities.

An initial quark with ¥~ p? (“dressed” quark) decays
successively into quarks and gluons that play the role of
partons (the bare field-theory particles) with increas-
ing k;, (and virtualities); the y quantum becomes frag-
mented on the most virtual parton with an initial-mo-
mentum fraction g,~1/w=x. The remaining partons
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with positive virtuality carry a total longitudinal mo-
mentum 1 - x and form the target-fragmentation region,
decaying independently into quarks and gluons with finite
virtuality 2~ u? (see Fig, 9).

In this interpretation, the functions V3(x) determine
the probability of the decay of a dressed particle 4 into
two partons in the Born approximation. They satisfy
the following symmetry relationst®®%

1. Permutation of the decay products (A= F, G):

Ve (2)=V:°(1~z), Vo*(2)=Ve*(1-2). (31a)
2, The crossing relation:
Va2 (z) =(—1)2 2z V4 (7). (31b)

By virtue of the properties (31a) and (31b), only one
of the three nuclei with fermion participation is inde-
pendent. The quantity V(x), which is absent in the abe-
lian case, goes over into itself under the transforma-
tions (31a) and (31b) and seems to be unconnected with
the remaining nuclei.

3. The following equality, however, does hold:

Ve (2) + V0 (2) =V" () + Ve (). (31¢)

This equality could be interpreted as equality of the
probability of finding a parton of any sort with momen-
tum fraction x in a quark and gluon (in the Born approx-
imation). This interpretation of (31c), however, is
somewhat arbitrary,since the Vf do not include the color
multipliers. The number of fermion and gluon degrees
of freedom are different, so that such a statement is
generally speaking incorrect for the total probabilities
D2(x) of finding a parton B in a particle A,

The relation for the parton densities in the quark and
gluon, which follows from (31c) in the special case N
=n,;, was discussed in the last section.

4. "PARTONOMETRY.” SOLUTION OF THE
BETHE-SALPETER EQUATIONS FOR THE PARTON-
NUMBER DISTRIBUTION

We have written down the system of Bethe-Salpeter
equations for the scattering of a virtual photon. The
structure of Eqs. (26), however, does not depend on the
sort of the scattering particle » (v=v, v,7...): the type
of the process influences only the form of the Born
terms, The cross section of any deep-inelastic inter-
action can therefore be expressed in terms of the uni-
versal distributions Df of the parton number?®:

NEN )—‘ZJ.

Here o%(x, x) are the cross sections, averaged over the
polarizations and the color of the field B, for scatter-
ing by the virtual particle B.

05" (&', 2) 1D (2, E (g?)). (32)

The quantities ¢} are determined by the simplest dia-
grams and coincide as a rule with the corresponding
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cross sections of the parton model. Thus, for the scat-
tering of a transversely polarized photon, e.g.,

nr T z T
g =03 weqza(i—.—’), o, =0;
T

the weak interaction, in contrast to the electromagnetic
one, distinguishes between the quark and the antiquark.

The joint description of various experiments on lep-
ton-hadron interactions makes it possible in principle
to reconstruct all the parton distributions D? from for-
mula (32). From this point of view it can be statedthat
each type of deep-inelastic process is a definite “mea-
suring instrument” —partonometer—that responds with
different degrees of sensitivity to the presence of apar-
ton of sort B in the nucleon.

In contrast to the orthodox parton model, where the
transverse momenta are bounded, in the logarithmic
field theory the probability of finding the “parton” de-
pends on g2, i.e., on how deep the virtual photon or the
W-boson penetrates into the parton cloud of the hadron,
or so to speak on the “resolving power of the parton-
ometer.” This dependence leads, as is well known, to
a definite character of scaling violations that can serve
as an argument in favor of field theory. However, to
make a decisive choice between the parton model and
chromodynamics we need direct “measurements” of the
gluon distribution in the hadron.

The gluons do not take direct part in either the elec-
tromagnetic or the weak interaction, so that to find the
distributions D° we must “construct” more refined par-
tonometers. In principle, the role of such a partonome-
ter could be played by the graviton. In real experiments
the gluon-number density determines, for example, the
cross section for the photoproduction (or electroproduc-
tion if | g%| $ m?) of a heavy quark.t®

By way of one more example we point to the scatter-
ing of a longitudinal photon. In this case the logarith-
mic integration is lost in the upper cells of the diagrams
of Fig. 6, and the corresponding 2~ 2 amplitude, which
are concentrated at short distances, determine the par-
tonometric cross sections o %% (Fig. 6a) or o%” (Figs.

6b and c). The calculation Ieads to the following re-
sults for o % (x,=x/%'):
\ 7
\ /
\ /

»i
6 W

= 1, gzg’:) Coe20(1 — z,), (33a)
\ /
\ /
) \ /
e
2 2 8
— -z 502 Ze (1 — z). (33b)

F=1

This example is of interest also because the cross
sections (33) discriminate strongly between the field
model and the standard parton picture, which predicts
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a power-law smallness of of in the Bjorken limit:
o“/o"~1/¢%.

The " partonometer is particularly sensitive to the
gluon distribution at small x. In the region of large w
=x"!, where the small contribution of the sea predomi-
nates in the structure function W (see Sec. 5B below),
we can obtain the following simple formula for the ratio
of the cross sections for the scattering of longitudinally
polarized photons by quarks:

o g (g") rC., 8 Ino\" Ino\"
e e @) ] e () e 8

(see, however, the restriction (62) below).

The terms in (34) pertain respectively to the parton-
ometric cross sections o %% and o%%. Thus o¢* is de-
termined at small x mainly by the scattering of the pho-
ton by the parton-gluon (33b).

Equations (26) are solved with the aid of the Laplace
transformation:

W (o, 8 )—exp(m&)jz explv(s 501 [ 100,

(35)

W (@, & &)= exp(YeEr) _[ exp[V(!; &)1 j—m w. ().

25

To find all the distributions D2 we must supplement (26b)
with the Born term

es*6 (1—1/wx) exp (Yet),

by considering a fictitious partonometer »(B) that inter-
acts only with one of the 2n,+1 fields (quark, antiquark,
or gluon) with a single renormalized charge.

The substitution (35) transforms (26) into an algebraic

. system. We introduce the j, v and the mixed j, £ repre-

sentation for the functions D:

B p = [

D, (z; )= P (@)

z77e"D \* (j,v).

The parton number distributions take the following
forms?:

1. Distribution of the quark (antiquark) in the sea,
D0I=D;: (F#F);

(v—v)E 2n,

S -0 1
n*D*(j, v)=__®p_c_ 1 [ v d ———]

(36a)
Yo exp(v-E)— eKP(VnE)] .
Ve

1 [ vo—v- vy —
"D (j, E)—-z——[ - exp (v,E)+—
ny L v, —v_ vy —

2. Distribution o_f the quark-parton in a quark of the

- same flavor, Dj=Di:

1
"D (j, v) = n"D**(j,v) + S ,

v
(36b)
"D (j, §) = n"D*** (j, €) + exp (vok).

3. Gluon distribution in a quark (antiquark):
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G
"D, () =

=]

0.0 (36¢c)
n°Ds®(j, 8) = ———— [exp(v,8) — exp(v-§) ].
4. Quark (antiquark) distribution in gluon:
npDD’(jY ‘V)=—%G——,
_ (36d)
F) F(: OGP
1"D7(j, )= . [exp(v4E) — exp(v-E)].
5. Gluon-parton in gluon:
0D G =222
(36e)
apGr; gy Y+ Vo Vo — V- ‘
1°Ds° (7, )= — exp(v.E)+ e exp (v-E).

The following notation is used in formulas (36):
Bv=(v—0;) (v—0;) —2n,@:° 0 = (v—v,) (v—v_)

is a quadratic form that determines the “frequencies”
of the coupled system of “oscillators” with natural fre-
quencies ¢ and &;;

Vi=Vz (]) ='/, {®r+¢6i[ (0-—D¢) 2+8ﬂ,®pcocplv’}. (37)

The functions & denote here the kernels of Eqs. (26) in
the j-representation.

dz 1+z*
el o

1
dz H
Vo= Qr=Q:(j)=| — O ()2 +y,=C,-2
) F F !x s() Yr 2 ;f.‘c 11—z

2
Fye=—4Cp( + 13— _—
1 virnras-sr=s] (@8a)
0o=00()= [ Z- 005 @)z + 1,
=N-4fdz(1—-x)[1+—1—+——1——]x"+
A z* (1—1z)* Te
: 8(7*+j+1)
=—4Np(f+1)+Bo— 4Ny +N - — T 72
b +1)+8 Y FoDGrn  (38b)
e 0,0y [y, g (4 ATU=2)
D= 0,°()) ojzm,(z)r—crzzf—;—x———x
o it
_ZC:‘i(’-:_l) ’ (380)
e fdz 4 _ta
D" =0, ")'!T“’“ (z)x’=—2—-~2§Tz[z’+(1-—z)’]:c’
 PH+2
GG+ (38d)
Here
¢(z)=£_mr(z),

v is the Euler constant (y=0.5772...).

In formulas (38) we used expressions for the anoma-
lous dimensionalities y and y;, which are connected
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with the renormalization of the wave functions of the
quark and gluon fields in the axial gauge.

Differentiating the self-energy of the particle with
respect to momentum, we can relate y, with the inte-
gral (first moment) of the functions &% that determine
the decay of the particle A into two partons in the Born
approximation:

=j‘. dz0;" () =j dz®0:°(z), (39a)
= { dz (-;— 05 (2) +n, 00 (z) ) . (39b)

Substituting in (39) the expressions for the kernels &%
(see (29), (30)), we get:

tr=—C, [ 1+4f dzﬁ-] ,
° (40)

2 1 z
'yg=—-?n,—-N [?+4§dzrr}.
We note that since the integral of &4 with respect to

x in (38a) and (38b) as well as y, (see (40)) diverge,
whereas the resultant quantities ~&,(j) are finite. This
is a reflection of the fact that the standard cancellations
of the infrared infinities due to emission by particle A
of real (the integral of &4) and virtual (y,) bremsstrah-
lung gluons takes place in the total cross section.

5. ASYMPTOTIC PROPERTIES OF PARTON
DISTRIBUTIONS

The distributions D% (36) can be represented by asin-
gle formula®®

nBDAB(I; E)= J"% zi {6A.F68,F (GA,B “2—:;,) exP[Vﬂ (])E]

+ Y e @ neslv (81}, (a1)

o= t,—
4,B=¢,3,G (¢,7=1,2,...,n),

where

Ca(0,1) = () —ve())Gs * (),  Co=Co/n°

’

Ce(0,))=0:°()Gs " (),  C*(0,))=0c* G, " /",
Ga(1) = (v+ (1) =v-() ) [va(i) =va(j) |

The first term in (41), which appears only when both the
target and the sought parton are fermions, can be ex-
pressed, just as the contributions of the “trajectories”
v.(j), in factorized form. To this end it is necessary
to regard »4(j) as a trajectory that is 2n,~fold degen-
erate in C-parity and in isospin of the group of flavors:
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VT Fe(f) =vo(f),
T=1,2,...,n; Pc==%1l

The aggregate of the thus-introduced “residues” satis-
fies the conditions of orthogonality and completeness®®
(see footnote 3). It follows directly from the factorized
form (41) that, for example, the fraction of the momen-
tum carried by a given parton does not depend on the
sort of the particle A at large ¢* (when we can confine
ourselves to the leading term exp(v.£)). We shall not
discuss in detail the sum rules that are connected with
the individual angular momenta j and are successfully
used,

Let us dwell on the asymptotic properties of the par-
ton distributions. For the sake of argument we consider
the structure function of the deep inelastic scattering of
an electron by a quark

C Welo,8)= Y\ erDd (1/038(g),

F

_ (42)
el—e* | — v—0q(j)
W, +é .
OI= 50 T ) )
Here ;2 is the rms charge of the sea,
S
~ 5 Z;
A. Quasielastic region
We consider the kinematic region
1—z<1, Eg~1 or z~1, E>1. (43)

In these cases the phase volume open to the particles
produced in the target fragmentation region is small:

2 Br=1~z,

R=1{

B =T«
{(n>

therefore only the bremsstrahlung-field contributions
that are logarithmic in 8, survive. In the integral (35)
the important role is played by large j, where

v (j) =0 (j) =—4C:1n (j+'/.) +C.(3—4y) +0 (1/7%),

(44)
v-(j)=Ds (j) =—4N In (j+'/.) +p.—4Ny+O0 (1/5%).

Substitution of (44) in (42) makes a leading contribution
to W in the form

Womelz exp [C.(3—4Y) E] (In ) “#=Y/T (4C,E). (45)
At finite £ and 1-x <1 we get
W=egexp [C.(3—47)§] (1—z) *=T (4C:8). (46)

The form-factor-governed amplitude decrease, which
is connected with virtual bremsstrahlung fields, re-
mains uncompensated by emission of real particles, and
furthermore to a greater degree the smaller the phase
volume of the final state (1 - x).
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How close can x be brought close to unity without go-
ing outside the framework of the considered approxima-
tion? In the elastic scattering region,

1—z~p?*/|¢*|, (47)
formulas (45) and (46) are certainly incorrect, for inthis
case a new parameter appears in the problem. The
formal contradiction consists in the fact that when (47)
is substituted Eq. (46) in the doubly logarithmic region

l 2 2
g,ﬂn%)«i, g2 In? 'qzl ~1
n

corresponds to a form factor that differs from that of
Sudakov

[ l¢*l )

16n? pl (48)

T'(g*) ~exp (—C:

only by the factor of 2 in the argument of the exponen-
tial.

Gribov and Lipatovt”? have shown how, without going
outside the framework of the PLA, to write down an in-
terpolation formula valid up to

&' 1 (49)

~—
qn* M-z

<1

and is joined together with the doubly logarithmic calcu-
lation (48). To this end it is necessary to take into ac-
count the limitation imposed on the integration with re-
spect to &, by the parametric smallness of the phase vol-
ume

—k, "<’ ¢, (50)
where B’and %] are the Sudakov components of the mo-
mentum of the bremsstrahlung gluon.

In view of the limitation (50), the integrals with re-
spect to £, and 5’ become coupled in the argument of the
exponential for W(j)

teh

vi () E= —4Cz§jd:r:c 40_{__(1 e?) j'dg' (51)

and (51) goes over into

')
dp’

—4c,j-—(1 —e") _[ dg’. (51a)

An estimate of the integral by the saddle-point method
transforms (51a) into

queqzj-

d ¢ d _
zize’(“' exp { ITy O+ (y) [y‘—ylﬁ((i—y)q’)}

(1._1) 4Cat'~1

el CLE—4C,E' ) (1—z)—*CvP
eq' exp{3C,E—4CE'} (1—2) TlacE)

X exp{——(ﬁ &) (52)

s
B2 8.2/16n? }
Here t'=£(q?/j,), and the saddle-point value of the angu-
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lar momentum j; is determined by the equation

jo(1—z) =4C3E’, jo>1. (53)

Expression (52) goes over into (46) at

(§"§,)<1/pz, (E"EI) In ]'u’€1/2Cz.

and can be regarded in the doubly logarithmic limit as
an interpolation formula that takes into account the singly
logarithmic corrections to the Sudakov form factor (48).

B. Regge region

In the reverse limiting case x <1, £~1 the integral
(35) is determined by the extreme right singularity in
the j plane. The pole of the kernel & (j) (as well as of
®%(4)) at the point j=1, which corresponds to the state
of two vector particles in the ¢ channel, causes now the
leading trajectory to be

(54)
Thus in the region of partons with x <1 (wee-partons)
the dominant contribution is that of the sea, which is
made up in its interior of pure gluon cells.

We have obtained in the principal logarithmic approxi-
mation the essential singularity of the partial wave
W (j)~exp [4NE/(j—1)]. (55)
This singularity leads to a rapid growth of the structure

function in the Regge limit w=x"1~, An estimate by
the saddle-point method yields the formula

1 - 84C, e—ﬂ&gz
'VWz‘—‘"‘Wz Ny —————— A

5 en’3(2n)"” (16N§lnm)”texP[(16N§1n‘”) 1, (56)
. - 4N§ s 11 9 20,
e 1= (g ) <t em g (1),

The statement concerning the growth of the sea (56) is
valid in a limited region of not too large w

(g.2/4n*) In 0<1. (57)

What happens at parametrically high enevgies?

Let us verify whether the character of the singularity
(55) is a direct continuation of the result of Kuraev,
Lipatov, and Fadin, "'% who studied gluon scattering in
the Regge region gZlnw~ 1 at arbitrary virtualities of the
external lines. The following equation was obtained in*%?
for the partial amplitude in the vacuum channel (forward
gluon-gluon scattering):

[G—1) =20 (k) 1F; (kL) =Aa~* (i—1)
g2 N o, K9(k,k,')
(2n>37jd e

+

Fi(ky'). (58)

The leading singularity of F;, as follows from an anal-
ysis of (58), is a branch point at
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Joae—1=Ng,’n~?1n 2. (59)

To approach the kinematic region of interest to us we
must consider the case of strongly vertical ends | £?|

>m? and retain in (58) only the principal logarithms

In| #3| :

[G—1)~2a(k.") 1F,(k,) =const: (j—1)

*N
__.__g 2 jdzk_l.’ 4

k - Pk,
165° 4 kJ_/z(k—k/)fF'(AL )y (60)
R ,
N L gN Fd—ky
F,(kL)~const+;.——1——F j —_—kJ-TF,(kL). (61)

m?

After this simplification of (58), the square-root branch
point (59) on the right of unity will look like an essential
singularity at j=1 (61). Expanding £%:

Y.L Ll
E(k*) o™ e

we verify that (55) and (61) coincide.

Thus, whereas in the quasielastic region it was nec-
essary to adapt the PLA to a correct description of
double logarithms, in the Regge limit the fit is effected
directly. The reason is that the new phenomenon that
arises when the energy is increased—the reggeization
of the gluon exchanges—does not appear in the vacuum
channel: the contribution of the virtual bremsstrahlung
fields responsible for the reggeization is cancelled by
the emission of real quanta (the integral in the expan-
sion (54) for &;(j) vanishes near j=1; in the language of
Eq. (58) this means that in the PLA in &, the gluon tra-
jectory a(#3) is cancelled in the right and left sides of
(60)).

The restriction (57) can therefore be relaxed:

(62)

and thus the conclusion that the sea grows is correct up
to energies such that there is no need to give preference
to the logarithm of w over Inl g2/,

To explain the true character of the vacuum singular-
ity it is necessary to go beyond the framework of the
PLA and take s-channel unitarity into account,

6. e*e” ANNIHILATION. THE GRIBOV-LIPATOV
RELATION

We have dealt so far with deep-inelastic scattering.
It is possible to investigate similarly in the principal
logarithmic approximation the structure function of e*e”
annihilation

o<1,

2pa
W (0,q%), m=%q— (Pa=—p);

where p, is the momentum of the quark or gluon released
in the final state. In full analogy with the result of Gri-
bov and Lipatov, '" the set of essential diagrams turns
out to be the same as in the case of deep-inelastic scat-
tering, the only difference being that the Sudakov mo-

Yu. L. Dokshitser 650




FIG. 10. Structure of the e*e” annihilation into an antiquark
(pa)-

menta B; do not increase but increase upward along the
ladder (see Fig. 10). Now the parton no longer carries
part of the target momentum, but conversely, p, is the
fraction x of the momentum ¢'/2/2 with which the par-
tons from the disintegration of the ¥ quantum move
apart.

A reflection of this fact is the agreement between the
distribution of the partons B in the particle A4, on the
one hand, and the density of the number of dressed par-
ticles B in the fragmentation of the parton A:

D.*(z)=D.*(z). (63)
This equality leads to the Gribov-Lipatov relation™
W (0,8) =—0~'W(1/0, £), (64)

which connects the structure functions of the deep-in-
elastic scattering and the e*e” annihilation in the physi-
cal regions. In the heretofore considered model ex-
amples'™ ] the role of the partons was played by virtual
nucleons and mesons, while (64) was formulated direct-
ly for the observable cross sections with participation
of hadrons.

In chromodynamics, where the hadrons are regarded
as composite objects, the rule (64) is satisfied in the
PLA for the fundamental fields—quarks and gluons:

e"g—re ... +rete >gt+...,

e G—ret ... —ete G+ ...

7. DRELL’S RELATION

Drell et al.™!! have advanced the hypothesis that the
structure functions W[w=> 1, ¢2<0] and W?[w< 1, ¢%>0]
are connected by analytic continuation

W(o, ¢) =W (0,q). (65)

In vector theory this is literally incorrect—the cross
section becomes complex on going through the point w
=1 (see (46)). Lipatov'®’ has shown that Drell’s relation
(65) can be explained if the non-analytic term encoun-
tered in the continuation, of the form (Inw)s, are under-
stood in their arithmetic sense: Inw-|lnw| at w<1,

Bukhvostov, Lipatov and Popov'® proved for a model
of the electrodynamics type the following representa-
tion:
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D.2@)= [ -2 linal 1,7 (h,2:9), (66)

where f§(x) is analytic at x=1 (with the exception of a
simple pole 1/(1 - x)), and satisfies the crossing relation

fAB (.’t) =(_1)2:,—2u+i$—1fn.4 (1_1). (663)
The ensuing functional equation for D
DAB(J:) =(——1)“"“‘+’x"D,,‘ (1—1) (67)

together with new identity (63) yields a new relation

l_)AB (x) — (_ 1)235—2:A+lz—lDaA (I—l) R

(67a)

which is equivalent to Drel¥ s relation (65).

Before we prove the representation (66) in chromo-
dynamics, we call attention to a curious structure of the
complex A plane. The leading singularities, which de-
termine the asymptotic limit of the effective form factor -
of the quark and the gluon

1+e
Ty (e)= [ doDu*(0), 4=F,C (68)
as £~ 0, are (respectively) poles

Ap=—2C:E,

D4~ (0—1) =,

Aa=“2N§, (69)
Tetria— (7)™, (70)

The corrections to (70), as well as distributions of
the type D5(A+ B) have the structure of Mandelstam
branch cuts formed by the trajectory Ar or A; and the
immobile poles xy=0.

Notice must be taken of a certain duality between the
quasielastic region w- 1 and the Regge limit s ~«, The
“trajectories” Ar and 2, introduced by us coincide with
the Regge trajectories of the fermion and gluon! Infact,
if we expand ¢ (see footnote 5) in formulas (69), we ob-
tain the equalities (t=g?)

2
M-—-—C,-E—ln (—¢*) =ax(t),
8n2 B

gz
—8;,111(—112) =aq(t),

where a(f) are the Regge trajectories of the fermion and
gluon (after subtracting the spin) at large £.">1°® From
the general philosophical point of view this agreement is
not accidental: both phenomena, the rapid decrease of
the particle form factor and the particle reggeization,
are due to emission of infrared bremsstrahlung fields
and indicate that the particle in question is not elemen-
tary in the sense of field theory.

he=—N

We proceed to prove the representation (66). We
separate in the distributions Df and Dg the “valent” part
of the contribution of the sea:

D qx( . )__ Oin 1 X
Y TN 0, 20y (v 00 [(v—0r) (v—00) 1’
1 " (71)
Do (j,v) = ——+ :
n v—0s  (v—0s) [ (v—0r) (v—0c) —x]
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Here x =x(j)=2n,8%(j). Using the explicit expressions
for the kernels of &(4) and the method developed int®’we
readily obtain

1) for the valent contributions (the first terms in (71))

(uz) — dz 1
l. _ z ha___
(o2 D= [ e @),
3 In*z
Qp=z? exp{ZK(z, I)_?—4m}’ a2)
2 2 2
Qo=z?exp {2K(z z)—ﬁ— 16 (4°+3 1’ 2)In* 2 },

(4z*—In® z) (42*—91n*z)

K(z, )""H—j dve* (i—lnz/2 sh Th”:)

2) for the contribution of the “sea” in (71), and also
for the partial waves of the distributions D% and D,
which we shall express in unified fashion for convenience
(A+ B)

§ s
PR TWEe
(73)

The functions P2=P A(G x, 2, £) for different distribu-
tions take the form

AL j———e' j 46.(s) 7 Qo) -7

P,G=;‘;w(nzo(za[eu-e)x(n]"=),

1
Pg* =?0G7(])1°(2§[6(1—6)x(]) ]‘/,)1

v s

Po°=;a[“§"x(f)] L2E[0(1-0)x () ]).

(74)

Pp(r.u-’)

/l
=10 | L@s100-0)2()1"),

In formulas (74) it is necessary to substitute j =z/Inx™?
-+; I and I are modified Bessel functions, The func-
tions f2(x) are analytic for x=1. The functional equa-
tion (66a) follows from

Qu(z) =Qa(z™"), Pa%(z)=(—1)%="4Ps*(z7"). (75)
The properties of (75) are directly connected with the
crossing relation (31b) for the kernels of the Bethe-Sal-

peter equation.

8. PROBABILITY OF “PARTONIZATION” OF THE
QUARK AND THE GLUON

From among the symmetry properties (31) of the
kernels of the Bethe-Salpeter equation, the first two are
valid in any theory, "~®! while the third (31c) appears in
the Yang-Mills model. The first relation (31a) is con-
nected with sum rule for the parton momentum, the
crossing transformation ensures satisfaction of the Drell
relation, and from the third identity we can obtain a
specific “sum rule in ¢%” for the distributions of the par-
ton number in the quark and in the gluon.

By varying g®—the “resolving power ” of the parton-
ometer—we penetrate to different “depths” of the par-
ton cloud of the dressed particle and examine how fre-
quently a parton fermion (quark or antiquark of any fla-
vor) or gluon or a gluon with fixed momentum fraction
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x is encountered. It is clear that as x—~ 1, for example
we shall encounter for the most part a parton gluon if the
target is chosen to be a gluon, and a fermion otherwise;
at x <1, on the contrary, gluons will predominate re-
gardless of the spin of the target. However, if we add
the fermion and gluon distributions (normalized to one
degree of freedom), then such a quantity, which charac-
terizes the total probability of the partonization of the
given target particle, turns out, after integration with
respect to qz (over all “depths”) the same for the quark
and the gluon:

&' 8t

d " —.
[ 200 @D @)1= | Einy 0) 4D @)1,

° 0

(76)

It remains to be added that relation (76) is valid only if
N= Ylf.

To prove (76) it is necessary to consider four distri-
butions:

. 1 v—0¢(j) 1 ora(i)
b _ ————— G(i) = %
D"‘ W 2N-2n, &, 0 2(V-1) B,
7
¢ oN 8, ' ¢ T2v—1) &,

separate the color factors in &, use the property (31c)
in the j-representation, and to verify that at N -#n, we
have complete cancellation of the kernels V(j) as well as
of the constant terms connected with ¥ and y; (see (38)).
The remaining expression, which is proportional to »,
vanishes upon integration with respect to £.7

The fact that a model having the same number of quark
multiplets as colors, such as relation (76), is singled
out may indicate that the Yang~Mills Lagrangian con-
tains an implicit symmetry that connects the character
of the gauge group with the number of fermion fields that
are included in the theory.

The author is deeply gratefly to A. A. Ansel’m for
suggesting the problem for stimulating discussions, and
for constant interest in the work, to V. N. Gribov, L.
N. Lipatov, and S. I. Troyan for numerous useful dis-
cussions, and also to M. I. Strikman and L.. L. Frank-
furt for permission to use the term “partonometer,
coined for them by H, Abarbanel.

D the Faddeev—Popov quantization formalism, the determi-
nant of an infinitesimally small transformation of the gauge
condition does not depend on the potential A:

aS as \ ~ -
——-] ) =8 ( auS—1 —) = const.
dzn dzw -

DThe terms ~k;, are discarded here since they disturb the
logarithmic character of the integration in the i-th cell.

$We recall that by parton, in the sense of field theory, we
mean a virtual particle (quark, antiquark, or gluon), which
carries a definite fraction x’ of the momentum of target A
and has an arbitrary transverse momentum %? all the way to
¢*. The distributions D} are normalized to one degree of

freedom of the fields B and A and differ from those used inf% 9 by

a factor 7 equal to the number of states of the parton B:

nf=2N, 7¢=2(N*-1).

8(a"d,)—» 8 (avd, /) =5 ( a»[ S-14,5+5-
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Y Equations (26) are in essence the integral form of the re-
normalization-group equations. We have recently received
a preprint by Buras, [13) i which distributions analogous to
(36) were obtained by diagonalization of the differential equa-
tions of the renormalization group. ¥

5In papers on reggeization no account was taken of the effects
due to the distance dependence of the charge 2.

©In the abelian case one of the poles of (69) is a standing one,
Ac=0. This agrees with the fact that the photon is not reg-
geized in electrodynamics.

DIn the general case we can construct the following “non-
interpretable” relation

oo

"' dg* (EZ)z(N—n,)(N‘—l)I!(NH-i) {_n’.D,(.F) (z) +Dg%(2) —DgF (z) —Dg%(2) } =0.
g N

o
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Critical charge for anomalous nuclei and the effect of

screening
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The dependence of the critical charge of nuclei on photon density is found. Values of Z, for anomalous
nuclei are obtained. The calculations of Z,, have been carried out taking into account the diffuse nature of
the nuclear boundary and also the effect of screening of the Coulomb nuclear potential by the electron
shell. The Thomas—Fermi statistical method is employed for describing the electron density in the shell.
Two cases are considered: 1) screening by the usual electron shell formed by electrons occupying levels of
the discrete spectrum (-m < € < m); 2) screening by a vacuum shell which is formed by electrons situated
in levels of energy €<—m. In the first case the dependence of Z, on the degree of ionization of the
atom q = (Z-N)/Z is also obtained. The properties of electron states at the critical point are considered
in detail. Asymptotic formulas for the solutions of the Thomas-Fermi equation in two limiting cases have
been obtained in the Appendix: g—0 (weakly ionized atom) and g— 1.

PACS numbers: 31.20.Lr

1. INTRODUCTION

The critical charge of a nucleus'’ and the spontaneous
production of positrons for Z >Z_. have been investigated
in many papers (a discussion of the different aspects of
this problem, and of its significance for the verification
of quantum electrodynamics in strong external fields and
references to the literature of the subject can be found
in Refs. 2-5). The usually quoted'®~® values of Z « refer
to the normal density of nuclear matter ny=~0. 17 nu-
cleon- F-3, Atthe sametimethere are theoretical indi-
cations™%"15) of the possibility of existence of anomalous
nuclei with a density which differs significantly from n,.
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Such a possibility was investigated for the first time by
Migdal‘®! who showed that nuclear matter beginning with
a certain density n=n, becomes unstable with respect to
the production of 7 mesons, and this leads to a phase
transition of the nucleus into a superdense state with the
formation of a pion condensate. Subsequently this prob-
lem was considered in greater detail®!~'3% also the
possibility of the existence of neutron (N> Z) and super-
charged (Z ~137%/2) nuclei was discussed. 1121 T1ee and
Wick also gave arguments in favor of the existence of
stable superdense nuclei, 4151 At present a large num-
ber of papers is devoted to the problem of the 7 conden-
sate, to its effect on different properties of nuclei and
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