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The structure of the front of a strong ionizing shock wave propagating in a gas transversely to a magnetic 
field is determined. This structure depends on the wave intensity. At contemporary shock-wave intensities, 
the wave front splits into a heating zone and an ionization zone. The heating zone is then determined by 
the ohmic dissipations. At Mach numbers above critical, however, the smooth variations of the 
temperature and of the density give way to a discontinuity (isomagnetic jump) in the Joule heating region. 
In this discontinuity, at a constant magnetic field, all the remaining quantities change as a result of 
viscosity and thermal conductivity. In the relaxation zone the gas becomes ionized, the temperature drops, 
and the density and the magnetic field increase, the magnetic field being frozen into the relaxation zone. 
The structure of a higher-intensity shock wave does not split into a heating and an ionization zone, but 
even in this case, an isomagnetic jump appears on the shock-wave front at Mach numbers higher than 
critical. The boundary conditions and the shock adiabats are calculated with account taken of the 
dissociation and the multiple ionization. The question of the boundary conditions ahead of the ionizing 
shock wave front in a magnetic field is discussed. It is shown that under certain conditions the precursor 
photoionization can exert a decisive influence on the observed magnetic structure of the front. The results 
are compared with the available experimental data. It is shown that allowance for a shock-wave structure 
with an isomagnetic jump eliminates the contradiction between the theory [~ulikovskii and Lyubimov, 
Sov. Phys. Doklady 4, 1195 (1960); C. K. Chu, Phys. Fluids 7, 1349 (196411 and the experimentally 
measured electric and magnetic fields behind the wave front [C. F. Stebbins and G. C. Vlases, J. Plasma 
Phys. 2, 633, 19681. 

PACS numbers: 47.40.Nm 

INTRODUCTION that is much broader than the heating zone. In the ion- 

It is known that the temperature of a gas behind the 
front of a strong shock wave propagating through an 
initially neutral gas becomes high enough to ionize the 
gas behind the shock wave. An essential role is then 
assumed by the interaction of the shock wave with the 
electromagnetic field. The study of ionizing shock 
waves is necessary both for the interpretation of labor- 
atory experiments (electromagnetic shock tubes, 
pinches, and others) and for astrophysical require- 
ments. References to the experimental and theoretical 
papers can be found in the reviews of Chu and 
Gross. C1e23 

We solve in this paper the problem of the structure 
of the front of an ionizing shock wave propagating in a 
gas across a magnetic field. For all  the gas-density 
values of practical interest, the main dissipative proc- 
esses a r e  the Joule processes, which in fact determine 

ization zone, the gas becomes ionized and cooled, but 
the total pressure and the density increase monotonical- 
ly. The magnetic field, being frozen-in, increases 
slowly in this zone and reaches i ts  equilibrium value. 
This situation, with a distinct separation of the heating 
and reaction zones in the shock wave, is analogous to 
the well-known detonation model of ~el 'dovich and von 
Neumann. A situation is also possible in which the ion- 
ization rate on the front becomes very rapidly larger 
than the rate of change of the state of the gas. Then 
the shock-wave front is no longer divided into a heating 
zone and an ionization zone-the ionization, which is 
practically in equilibrium, proceeds simultaneously 
with the heating, and the degree of ionization is deter- 
mined by the Saha formula. If the Aflven Mach number 
is larger than critical in this case, then the produced 
isomagnetic jump is located a t  the end of the shock 
front. 

the width of the shock-wave front. But at Alfven Mach The front of the ionizing shock wave is always pre- 
numbers exceeding the critical values, the Joule dis- ceded by preceding (precursor) ionization, which is 
sipation is insufficient for a continuous passage through produced in this case mainly on account of the photo- 
the shock front. A discontinuity-isomagnetic jumpc3'- ionization due to the light quanta coming from the heated 
then appears in the structure of the front. At a con- gas region behind the shock-wave front. The precursor 
stant magnetic field, the pressure,  the temperature, ionization must be taken into account both in the formu- 
and the gas density become discontinuous in the iso- lation of the correct boundaries and for the interpreta- 
magnetic jump. tion of the experimental results, c41since the magnitude 

Depending on the ratio of the shock-wave intensity to of the precursor ionization determines whether the 
the gas density, the rate of ionization on the shock-wave characteristic length of the Joule dissipations, i. e., 
front can be either much lower o r  larger than the rate the dimension over which the magnetic field changes, 
of change of the state of the gas. In the former case is much smaller o r  much larger than the dimensions 
the isomagnetic jump gives way to an ionization zone of the apparatus. The magnitude of the precursor ion- 
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ization thus determined the gradient of the variation of 
the magnetic field and the position of the isomagnetic 
jump. 

Although we shall deal herafter mainly with shock 
waves in argon, all the results have a character com- 
mon to all gases. The actual calculations and the com- 
parison with experiments a r e  carried out for argon and 
hydrogen. "'] 

1. FORMULATION OF PROBLEM. INITIAL 
EQUATIONS 

Consider a plane stationary shock wave propagating 
with velocity u, in an immobile neutral gas along the x 
axis, in a direction perpendicular to a magnetic field 
H aligned with the z axis. In a coordinate frame that 
moves together with the shock-wave front we have a 
stationary stream of netural gas that flows in at veloc,- 
ity ul from x = -a, (state 1) into the front, and an ion- 
ized gas, that flows out to x = +  (state 2). 

For the y component of the electric field we get from 
the equation curl E = 0 that dE,,/dx = 0, whence Eyl = Ey, 
= const (the subscripts 1 and 2 denote throughout the 
equilibrium values of quantities in the state 1 o r  2). 
From the equation 

rot H=bnj/c 

and from ohm's law j = dE + v x H/C) we have 

where u is the conductivity of the gas. 

In the equilibrium states 1 and 2, i. e., far ahead or  
behind the shock-wave front, all the gradients vanish. 
Thus, writing down the last equation for state 2, we 
get E,, =%H2/c. At the same time, in the case when 
there is no conductivity in front of the shock wave (u, 
= 0), there is no analogous connection between E and 
HI. It follows therefore that the value of Eyl in front 
of the shock wave can be specified arbitrarily as  a sup- 
plementary condition. This was first pointed out inr7]. 
For example, at EY1 = 0 we have H, = 0, and at  Eyl 
= %Hl/c the magnetic field does not change at  all on 
going through the shock-wave front: H2 =HI. Actually, 
a s  shown by a more detailed analysiscs1, the value of 
E,, is not arbitrary, but depends on the structure of the 
shock-wave front. ') 

It is obvious that the problem connected with the sup- 
plementary conditons for E,, is based on the assump- 
tion that the equality ul = 0 is exact. By specifying an 
arbitrary albeit small value q #O a s  x-  -a we get the 
usual magnetohydrogynarnic condition Eyl = ulHl/c. It 
is also obvious that results having a physical meaning 
must not depend on the assumption ul = 0 as  x- - * o r  
ul-0 as  x--*. 

We shall return to this question later in connection 
with the discussion of the experiments of Stebbins and 
Vlases. ['I For the time being we choose as  the bound- 
ary condition 

This is justified by the already mentioned fact that the 
front of a strong shock wave is always preceded by a 
broad region of pre-ionized gas-the precursor 
zone. C"ilO1 For  example, in argon in front of a shock 
wave the ~bserved '"~ degree of ionization is (Y1 - 10"- 
10'' over a length on the order of several dozen centi- 
meters (in a pressure range from lo-' to 1 Torr). 

We assume the plasma to be quasineutral throughout, 
putting ni = n, = n; this is equivalent to assuming a small 
Debye radius compared with the characteristic lengths 
of the problem. Then, taking into account the small- 
ness of the y component of the ion velocity in compari- 
son with the electron velocity v;, we obtain[31' 

From the vanishing of the x component of the current 
it follows that vz = v i  = v.  

To investigate the structure of an ionizing shock 
wave, we shall use the equations of multicomponent 
hydrodynamics for electrons, ions, and neutral atoms, 
with account taken of the inelastic ionization and re- 
combination processes. Owing to the precursor ioniza- 
tion, the degree of ionization on the front of the shock 
wave is large enough, so that we can neglect the ioni- 
zation due to atom-atom collisions in comparison with 
the ionization by electron impact. The inverse proc- 
ess-recombination-is insignificant practically every- 
where on the shock-wave front, and comes into play 
far behind the front, in the region where ionization 
equilibrium is established (in this case we already 
have T,= Ti). For the sake of argument we assume 
that three-particle recombination takes place. Then, 
designating by n and N, the densities of the electrons 
and of the neutral atoms, we write the balance equation 
for the number of particles in the form 

In the region behind the shock-wave front ( x - + a )  the 
plasma is in equilibrium and has T = T,  = T,. Then f i  
= 0 and the electron density is determined by the Saha 
formula 

It is known that in inert gas the ionization proceeds 
in many steps. The ionization coefficient of argon is 
given byC1' I 

where I*1 = 11.5 eV is the excitation potential, and the 
quantity C* = 7x10'18 cm2/ev is defined inc5]. For the 
recombination coefficient we must assume the value 
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which agrees well with the experimentally measured 
values a t  temperatures higher than 0.5 eV. 

The continuity, motion, and energy-transport equa- 
tions for each plasma component (electrons, ions, and 
neutral atoms) a r e  obtained by integrating the corre- 
sponding moments of the kinetic equation, where the 
collision integral takes into account, besides the elastic 
collisions, the impact ionization and the recombination. 
The system of equations obtained in this manner is 
quite cumbersome, and without presenting all of i t  
here, we use immediately some simplifications. 

We note that charge-exchange processes make the 
cross section ui, of the ion-atom collisions large, and 
therefore the ions slip past the atoms, i. e. , vi =v,. 
For argon we have[13f141 oi, = 1. 4 x 10'14 cm2, which is 
larger by approximately one order of magnitude than 
the atom-atom collision cross section ma,= 1.7 
x lo-" T,-"' cm2. Neglecting the mass difference be- 
tween the ions and the atoms we conclude in similar 
fashion that their temperatures a r e  also equal, T, = T, 
= T. 

It was also shown inc3] that the electron viscosity and 
thermal diffusion can also be neglected. Putting mi 
= ma = M, we write c = ( m , / ~ ) " ~  << 1, (E = 3.6 x for 
argon). Taking all the simplifications into account and 
neglecting terms small in E ,  we obtain the following 
initial equations. 

Adding and integrating the continuity equations for the: 
electrons and atoms, we have 

A'U=C, (1.4) 

where N =  n + N,. The integral of the momentum trans- 
port equation of the plasma a s  a whole (electrons, ions, 
and atoms), takes the form 

where ni and na a r e  the tensors of the viscous s t resses  
of the ion and neutral components. The integral of the 
energy-transport equation for the gas a s  a whole is 

Here q8, qi, and qa a re  the heat fluxes of the electrons, 
ions, and atoms; C, P, and S in Eqs. (1.4)-(1.6) a r e  
integration constants determined by the boundary condi- 
tions. Neglecting the inertia of the electrons (seec3]), 
we write down the equation of motion of the electrons 
along the y axis: 

Finally, the heat-transfer equation for the heavy plasma 
component (the atoms together with the ions) a re  

Here R: is the y-component of the friction force due to 
the collisions of the electrons with the atoms and ions, 
while Qie and Q,, are  the amounts of heat transferred in 

the collisions of the heavy particles with the electrons. 

Equations (1. I), (1.2), and (1.4)- (1.8) constitute 
the complete system of equations for the variables 
N, a = n/N, v, vz, T, T,, and H. Their solution de- 
termines in principle the shock-wave structure. The 
forms of the kinetic coefficients, of the friction force, 
and of the terms connected with heat exchange a r e  well 
known in the case of elastic collisions. C15*181 

We determine the frequency of the collisions of the 
particles of sort  (Y in the following manner2); 

where pa = mamB(m, + mB) is the reduced mass, NB is 
the density of particles of sor t  P, uU0 is the cross sec- 
tion for the collisions of particles a and 8, and vaO is 
the relative thermal velocity of particles a! and P. We 
denote the Coulomb cross section by u, = U , ~  = a,, 
= ne412/2~;. Then, accurate to terms small in E ,  we 
have for the frequencies of the collisions of the elec- 
trons, ions, and atoms the following expressions: 

For the viscous-stress tensor we have 

where the viscosity coefficients a r e  

Since there is no slipping, there a r e  no drift terms 
in the heat fluxes, in the friction forces, and in the 
terms with heat exchange Q,, and Q,,. Then the heat 
flux will be q, = ndT/dx. The heat conduction coeffi- 
cients for the electrons, ions, and atoms a r e  

The friction force of the electrons colliding with the 
atoms and ions is 

The heat transferred in the elastic collisions of the 
heavy particles with the electrons is equal to 

2m 2 m " n v e , ( ~ -  T , )  , Q.. = --nv..(T-TJ Q..= -- 'W M 

(the corresponding contribution of the inelastic colli- 
sions is the term Inv in  (1.6)). 

The values of the elastic cross section for the scat- 
tering of an electron by argon atoms a re  shown inc"] 
and can be represented for T 56-7 eV in the form3' 
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where Te is in electron volts. 

We note that in the expression for R8y we can disre- 
gard the inelastic collisions, since the frequency of the 
inelastic collisions that lead to a change in the elec- 
tron momentum is much lower than the frequency of the 
elastic collisions. For the same reason, the contribu- 
tion of the inelastic collisions to the viscosity coeffi- 
cient is smali. Allowance for the inelastic collisions 
for the thermal-conductivity coefficient leads to a non- 
monotonic temperature dependence of w,. In the region 
T- 0.1 J, where J is the dissociation o r  ionization en- 
ergy, x ,  has a sharp maximum. But since the inte- 
grated contribution of the thermal conductivity is sig- 
nificant for the structure of the shock front, that part 
of the thermal-conductivity coefficient which is con- 
nected with the transport of the inelastic energy (of dis- 
sociation and ionization) can be disregarded in the first  
order approximation. 

2. DIMENSIONLESS EQUATIONS. BOUNDARY 
CONDITIONS. SHOCK ADIABAT 

To investigate Eqs. (1.1)-(1.8) i t  is convenient to 
change over to dimensionless variables, which a re  de- 
fined a s  the ratios of the quantities (temperature, den- 
sity, etc. ) to the corresponding equilibrium values in 
states 1 o r  2. Recognizing that the concentration u 
=n/N is already dimensionless, we define the follow- 
ing dimensionless variables: 

The choice of the scale of the coordinate A is governed 
by physical considerations and is described in detail 
in our preceding paper. 13] 

We introduce the acoustic and Alfven Mach numbers: 

Unless otherwise stipulated, we consider hereafter a 
simple gas with an adiabatic exponent y = 5/3. The con. 
tinuity equation in dimensionless variables is 

We eliminate v; from (1.1)-(1.8) with the aid of (1.7) 
and change to dimensionless variables. Substituting 
v = l / w ,  we obtain the following equations: 

A A &=a(l-a)--a3-, 
db  A,,, ATeC 

In (2.3)-(2. 7), the quantities A ,,,, A ,,,, A", AT,, AT, 
A,, and A,, with the dimension of length, a re  the scale 
characterizing respectively the processes of ionization, 
recombination, viscosity, electronic thermal conduc- 
tivity, and heat conduction of the heavy component, the 
Joule dissipations, and the temperature relaxation. 
Denoting by I, ,  I , ,  and I ,  the electron, atom, and ion 
mean f ree  paths, we have 

where re= e2/med? = 2.82 10-l~ cm. 

As already mentioned, the choice of the scale for 
making the coordinates dimensionless is determined by 
physical considerations. In particular, over A scales 
much larger than the scales of the listed processes, 
the shock wave constitutes a discontinuity that has no 
structure. Putting A = m  in Eqs. (2.3)-(2.7), we ob- 
tain algebraic equations that represent the conservation 
laws that connect the quantities ahead and behind the 
shock-wave front. The degree of ionization ru, has here 
the equilibrium value given by the Saha formula with 
temperature T2, while crl << 1 can also be the non-equi- 
librium priming ionization in the precursor zone, pro- 
duced, say, by photoionization: 

Here 0'10' =I/Ti is the dimensionless ionization potential. 

It is obvious that in the case of a weak shock wave, 
when the ionization loss is small (% << T2/I), just a s  in 
the case of a very strong shock wave with a temperature 
T, >>I behind the front, the last term in (2.9) is imma- 
terial. The Hugoniot relations then become the same 
a s  for a transverse shock wave in a plasma. C3e91 We 
then have for the velocity and temperature discontinu- 
ities across the shock-wave front, omitting the last 
term of (2.9) 
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As seen from (2.111, the maximum compression in 
the maximally strong shock wave is N,/Nl = l/q,, = 4. 
In the case of argon, this is not at all the case, since 
the ionization protentials of the first  argon shell a r e  
quite close to one another (Il = 15.7 eV, I, = 27.6 eV, 
1, = 40.9 eV, etc. ) and make an appreciable contribution 
to the shock-wave energy balance in the entire range of 
the presently attainable Mach numbers. 

Nelgecting al in comparison with unity, we get from 
(2.9) 

Om is the maximum value of the temperature reached 
on the front of the ionizing shock wave. From (2.8) 
and (2.9) we get 

FIG. 2. Shock adiabat of argon, 
N, = lo i6  c ~ n ' ~ ,  Ti = 300 K, 6, = 0.1;  
thin lines-plots of (2.17a). 

where 

where the expression for wz- differs from (2.11) for 
% in the sign in front of the square root. 

We write in (2.14) Olio' =Z/Tl =Z&/T2 and 
substitute O2 from (2.8). Then, omitting terms shall 
in comparison with 1/M:, we obtain the following ex- 
pression for the jump of the discontinuity through the 
shock-wave front: 

The parameter x = c~,02O~/2(1+ %) characterizes here 
the influence of the ionization on the velocity jump and 
the compression v2/lwz in the shock wave. In the limit 
of an infinitely strong (T, - -J, @,lm- 0) o r  weak (% 
-0) shock wave we have w2-%. It is also seen from 
(2.15) that when the gas density is decreased x in- 
creases without limit; consequently the compression 
and the velocity jump in the ionizing shock wave can 
become in principle arbitarily large. From (2.8)- 
(2.10) we obtain the equation of the shock adiabat: 

FIG. 1. Shock adiabats for argon (Ni = l o i 6  ~ r n - ~ ,  Ti = 300 K) 
at pi = 0. l (a )  and pi = 10 (thick curves). The thin curves are 
plots of (2.17).  

In the case when ionization can be neglected, Eq. 
(2.16) goes over into the equation of the shock adiabat 
of a fully ionized plasma. Cgl In the general case (2. 16) 
is an implicit equation for the shock adiabat. Figure 
1 shows the shock adiabats with ionization, while the 
dashed curves show the shock adiabats with ionization 
not taken into account (more accurately, with quenched 
ionization). If the shock wave is not too intense, i ts  
front can be subdivided into a compression (heating) 
zone and into a relaxation (ionization) zone. The 
dashed curve in Fig. l a  is then the shock adiabat for 
the shock wave of the compression zone. From the 
continuity and momentum-conservation equations we 
obtain 

The intersection of the curve (2.17) with the shock 
adiabat (Fig. la)  yields thepressure a t  a given shock- 
wave velocity ul. As seen from Fig. 1, the gas pres- 
sure  in the relaxation zone can be larger a s  well a s  
smaller than the pressure in the compression zone. 
The reason is the decrease of the temperature in the 
relaxation zone, because energy is lost to ionization. 
The total pressure p = p + l?/87r through the shock-wave 
front, however, always increases monotonically. We 
have 

-the thin lines in Fig. 2. We see  that 5,>Fm always. 
Although we a r e  not dealing in the present paper with 
the kinetics of multiple ionization (or ionization and dis- 
sociation in the case of hydrogen), these effects must 
be  taken into account when the boundary conditions a r e  
written out. In the case of a shock wave propagating 
we put n,,, n, and n = n, = n, for the respective densities 
of the hydrogen molecules, atoms, and ions. We intro- 
duce N =  n + n, + 2n,,, the degree of dissociation 77 = (n 
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Simultaneous solution of Eqs. (2.22) and (2.8)-(2. lo), 
where the energy flow to the ionization (the last term of 
(2.3)) should be taken in the form 

FIG. 3. Dimensionless temperature O, velocity w ,  degree of 
dissociation q ,  and degree of ionization a! a s  functions of the 
Mach number M1 in a shock wave in hydrogen at TI = 300 K. 
Solid line-pl=l.5x10'6 Torr and p1=8.8; dashed line-pl=O.l 
Torr, p1 = 3 x 

+ n,)/N, and the degree of ionization = n / ~ .  We rec- 
ognize that 

where 

is the vibrational part of the specific heat (for H, we 
have O,,,= m/kT1 = 6100 K/Tl). The momentum and 
energy conservation equations take in the dimensionless 
variables the form 

It is necessary to add to them the chemical-equilibrium 
equation for dissociation, and the Saha equation for ion- 
ization: 

aZ 2g+ 2nm T " @On 

-=-( l-a ~ H N ,  , ) aeyzexp(-+) 

(J is the moment of inertia of the molecule). Simulta- 
neous solution of these equations determines the bound- 
ary conditions. Figure 3 shows the temperature, den- 
sity, and the degrees of ionization and dissociation be- 
hind the shock-wave front in hydrogen as  functions of 
the Mach number MI. 

For argon, we include in the boundary conditions the 
possibility of multiple ionization. We denote by g, the 
statistical weight of the ground state of the s-fold ion- 
ized atoms, by @? the dimensionless potential of the 
s-th ionization, and by k the number of electrons in the 
atom. Taking electroneutrality into account, we re- 
duce the Saha equation to the form 

yields the values of the temperature, density, etc. be- 
hind the shock-wave front with allowance for multiple 
ionization. Figure 4 shows the temperature, density, 
and degree of ionization calculated in this manner as  
functions of MI for a shock wave in argon. We see that 
the single-ionization approximation alone is adequate up 
to the values MI = 35 (this limit shifts towards smaller 
values of MI if the initial density and the magnetic field 
a r e  decreased). 

3. STRUCTURE OF SHOCK-WAVE FRONT 

The structure of the shock-wave front, i. e. , the 
changes of the temperature, velocity, density, and 
magnetic field on going through the front, is completely 
determined by the system of equations (2.22)-(2. 7), 
whose solutions differ with the relations between the 
rates of the dissipative processes and the ionization 
rate or,  equivalently, with the relations between the 
characteristic scales of these processes. These scales 
a r e  not universal as in the case of a fully ionized 
gas, LS*91 but depend both on the actual gas and on its ini- 
state. The qualitative character of the solutions ob- 
tained below, however, is common to all. 

We consider two limiting cases in which the ioniza- 
tion rate in the shock wave is much smaller (or much 
larger) than the dissipation rate. The f i rs t  case cor- 
responds to the model of Z el'dovich and von Neumann: 
the shock wave consists of a narrow compression and 
heating zone (disspation zone), which gives way to a 
much broader relaxation (ionization) zone. The dissi- 
pation in the relaxation zone is negligible, the density 
and the magnetic field vary slowly, and the temperature 
is decreased because of the energy lost to ionization. 

In the opposite limiting case the ionization on the 
shock-wave front is quite rapid, so that local ionization 
equilibrium has time to be established over practically 
the entire width of the shock-wave front. 

FIG. 4.  Dimensionless temperature O, velocity w, density v ,  
and degree of ionization ol behind the shock-wave front in ar- 
gon for N,  = 1016 ~ m - ~ ,  Ti = 300 K, and Pi = 0 .1  as  functions of 
the Mach number MI. Dashed-the corresponding quantities 
without allowance for ionization, dash-dot-with allowance for 
only the first ionization. 
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Consider Mach numbers that a re  not too large, such 
that A,, and Are, in the state behind the front a re  much 
larger than all  the other scales A,, A,, etc. For a r -  
gon, e. g. , at A = 1 and Nl = lo", this calls for MIS  20. 
Over the scales characteristic of the dissipation, we 
can then neglect ionization and recombination and put 
ff = ffl = const. 

Let us compare the scales of the viscosity, thermal 
conductivity, and Joule dissipation. It is easily seen 
that for argon, for example, a t  4 = 0.1, in the region 
of initial densities Nl- 10'" 10" and Mach numbers 
Ml S25, the largest scale will be that of the Joule dis- 
sipation. We put A = A j l ;  i t  follows then from (2.2) that 

Thus, at A = A j l  we have a=ffl<<1. From (2.5) and 
(2.6), omitting the small terms, we obtain 

The electron pressure in (3.2) we neglect, since ffl 

<< 1. The electrons in the precursor layer in the heat- 
ing zone a re  due to photoionization of the gas by radia- 
tion from the shock-wave front (see the Appendix). At 
the same time, because of the strong electronic ther- 
mal conductivity, the electron temperature changes 
little; the change of the temperature of the heavy parti- 
cles by collisions with the electrons is also small, for 
a t  a, << 1 we have A,>> A,,. From (3.1) and (3.2) we 
get h(w) and ~ ( w ) :  

It is easily seen that h and 0 given by (3.3) and (3.4) 
satisfy the boundary conditions at the point 1, i. e. , a s  
C - where w = h = O  = 1. Equation (2.4) yields at 
A = A, 

Substituting (3.3) and (3.4) in (3.5) and putting 0, =0, 
(since the electron temperature varies little on the 
front and enters in the equation only in power-law fash- 
ion), we obtain the structure of the Joule-heating zone: 

* dh do' 
5 - 5 0 =  J -- 

do' ho'-I ' 
( l + " ~ l l l Z  

The lower integration limit is chosen here such that 
w(bo) = (1 + -)/2. Expression (3.6) together with (3.3) 
and (3.4) yields the spatial variation of h(6), o(b) and 
~ ( b )  from unity to their limiting values in the heating 
zone, which a re  determined from (3.1) and (3.2). At 
the end of the zone (state 02) the temperature then 

reaches the maximum value ~ o ~ ( w ~ ) ,  and w = woz, h 
= l/%. Behind the heating zone, the structure of the 
front is determined no longer by dissipation, but by 
ionization and recombination. 

Putting A = A,,, in (2.2)-(2.7) and recognizing that O 
= 0, in this simplest case when Aton>> A,, we obtain 

da/(lt=%( 1-a) -a91,,c/BBBB, (3.7) 

The solution of Eqs. (3.7)-(3. lo), which determines 
the structure of the relaxation zone, reduces to a sin- 
gle quadrature. The boundary conditions a r e  specified 
in natural fashion: w = q,. h = l/-, O = Oo, and ff = 01 
at  thepoint 02 and w = q ,  h=l/*,  0=0, and a!=% 
behind the front a t  the point 2. 

We note that at x z l  it  follows from (2.11) and (2.15) 
that the main change in the velocity, density, and mag- 
netic field in an ionizing shock wave is concentrated in 
the relaxation zone. Owing to the large extent of the 
relaxation zone (compared with the heating zone) its 
structure can be observed directly with the aid of mag- 
netic probes. 

It was shown earlierL3] that in a transverse shock 
wave the Joule dissipations may not be sufficient to 
realize a continuous solution. If the Alfven Mach num- 
bers  exceed a certain critical value, an isomagnetic 
jump is produced on the shock-wave front. An analo- 
gous situation is possible in the heating zone. We re- 
write (3.5) in the form 

Since i t  follows of necessity from the entropy-growth 
conditionc3] that dw/dC <O and hw - 12 0, we must stipu- 
late satisfaction of the inequality 

Consider dh/dw at  the limiting points of the heating 
zone. Ahead of the shock-wave front we have 

Rewriting (3.1) and (3.2) in terms of dimensionless 
variables referred to the values of the point 02, we 0b- 
tain the same relation, except that the subscript 1 is 
replaced by 02 (M, and M,, a r e  the Mach numbers at 
the point 02, and a r e  connected with Ml and Mal a s  fol- 
lows: M ~ = M ; w ~ / o , , ,  M~,,=M:W~). . 

It is shown inc3] that the necessary and sufficient con- 
dition for the absence of an isomagnetic jump is satis- 
faction of the inequalities M:> 1, M 2  > 1. Whereas the 
first  of these inequalities is always satisfied, the sec- 
ond determines the level of the critical values of the 
Mach numbers (Me,, MI) above which a discontinuity ap- 
pears in the zone of the Joule heating-the isomagne- 
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FIG. 5. 

tic jump. Figure 5a shows the integral curves on the 
h(w) and w(S) plane for a shock wave subcritical Mach 
numbers (Mu> 1). For the case M, < 1 the same inte- 
gral  curves a r e  shown in Fig. 5b. In the Joule-heating 
zone the velocity and the magnetic field change from 
unity at 6 = -a to h = l / ~ , , ~  and w = 009 at the start  of 
the isomagnetic jump (we label this point with the sub- 
script 03). The Joule-heating zone is replaced by an 
(03-02) isomagnetic jump-a gap with a width on the or-  
der of the mean free path. In the isomagnetic jump, the 
density and the temperature change from the initial 
values and q3 to l/q,, and %. The isomagnetic 
jump is followed by a relaxation zone (02-2), whose 
structure is determined by Eqs. (3.7)-(3.10). The 
point 03 a t  which the isomagnetic jump begins can be 
easily obtained in terms of the Mach numbers Mu and 
Ma, which in turn a re  expressed in terms of MI and 
Ma, (see above). 

In fact, considering Eqs. (3. 1) and (3.2) for vari- 
ables referred to the point 02, and noting that h is con- 
stant from 02 to 03, we get 

where h = 

If the ionization is "frozen" (for example, in the case 
of a fully ionized plasma), the point 02 on the integral 
curve is the end point (i. e. , the points 02 and 2 coin- 
cide). Then bz=b=l and Eqs. (3.13) go over into 
formulas (3.20) ofcS1, and it is this which determines 
the choice of the sign of the square root in (3.13a). 

The structure of the isomagnetic jump is determined 
by the viscosity and by the thermal conductivity i f  the 
magnetic field is constant, i. e. , this discontinuity is 
purely gasdynamic. The structure of the isomagnetic 
jump in a fully ionized plasma was investigated intg1, 
and the structure of gasdynamic shock waves in a weak- 

FIG. 6. Profiles of shock waves in argon, obtained by numer- 
ically solving the system of initial equations: a) M <M,, b) M 
>M,. 

ly ionized plasma was investigated inc1']. 

Figure 6 shows the changes of the temperature, velo- 
city, and magnetic field in a shock wave in argon with 
allowance for single ionization. Figure 6a shows a 
shock wave with subcritical Mach number, when all the 
heating is due only to Joule dissipations. In Fig. 6b 
the Mach numbers a r e  higher than critical. The heat- 
ing in the isomagnetic jump is due to viscosity and ther- 
mal conductivity. The temperature behind the front in- 
creases with increasing shock-wave intensity, and the 
ionization length decreases exponentially, i. e. , the 
relaxation zone becomes thinner. In final analysis, the 
ionization scale becomes substantially smaller than the 
scale of the Joule dissipations. The shock-wave front 
can then no longer be subdivided into the compression 
and ionization zones. The heating on the front of the 
shock wave is accompanied throughout by simultaneous 
ionization, and then a t  Ai >> A,,, and A j  >> A,,, the degree 
of ionization is locally in equilibrium and is determined 
by the Saha formula. 

To determine the structure of the shock wave, we 
turn in this case, too, to Eqs. (2. 3)-(2. 7), referring 
the dimensionless variables to the state behind the 
shock-wave front. It sufficies for this purpose to in- 
terchange the indices, 1 " 2. The resultant Mach num- 
bers Mz and Mu a r e  simply connected with MI and Ma,: 

The Mach-number (M,, Ma) variation region corre- 
sponding to the shock wave is shown in Fig. 7. 

Putting A = A, in (2.3)-(2. 7) and recognizing that A ,, 
"A", AT, Aion, A,,,, we get 

FIG. 7 .  Region in which the 
Mach numbers M 22 and ~ a q  
vary and which corresponds 
to the shock wave. The 
dashed line i s  a plot of M 
= M ;,. 
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With the aid of the system of transcendental equa- 
tions (3.14), (3.16) and (3.17) we can express a, 0, 
and h in terms of w, after which the system (3.14)- 
(3.17) reduces to a single quadrature (3.15). 

In this case, too, the Joule dissipations may turn out 
to be insufficient for a continuous transition from point 
1 to point 2. To find the conditions for the appearance 
of an isomagnetic jump and the critical Mach numbers, 
we calculate dh/dw at the point 2. From (3.14), (3. 16), 
and (3.17), taking into account the boundary conditions 
at the point 2 for Eqs. (3. 14)-(3.17) (w(2) = h(2) = 0(2) 
= 1, a(2) = (YZ), we get 

The critical value of Mz is therefore 

At hf?> M2,,, the structure of the shock-wave front is 
determinedentirely by the Joule dissipations; typical 
integral curves on the plane h(w) and w(6) a re  shown in 
Fig. 8a (these shock waves correspond to Mach num- 
bers MZ2 and Mi in the region to the right of the dashed 
line M: =MZc, on the (M?, MOz2) plane of Fig. 7). On 
the other hand i f  M; < M,,:, then an isomagnetic jump 
appears in the structure of the shock-wave front. The 
plots of h(w) and w(t) a re  in this case the same a s  
shown in Fig. 8b. 

The start  of the isomagnetic jump, i. e. , W03(M2), 
oo3(M2), cu,,, is determined by solving Eqs. (3.14), 
(3.16), and (3.17), in which we must put k =  1. The 

FIG. 8. 

FIG. 9. Shock-wave profiles in argon, obtained by numerically 
solving the system of initial equations: a) at M $ >MI, ,  b) at 
M $ < M ; , .  

structure of the isomagnetic jump is determined both 
by the viscoisity and thermal conductivity, and by the 
ionization kinetics. It is described by Eqs. (2.3)-(2.7) 
in dimensionless variables referred to the state 2, and 
we must put h = 1 in these variables. Solutions for hy- 
drodynamic discontinuities of this type were investi- - 

gated inc"]. We note here also other papersE1"201de- 
voted to attempts a t  determining the structure of an 
ionizing shock wave in a magnetic field. 

Figures 9a and 9b show the changes of the velocity, 
density, and magnetic field, obtained by numerically 
solving the initial equations for shock waves that have 
no relaxation zones. On Fig. 9a we have M:> M:, 
and there a re  no internal discontinuities. On Fig. Qb, 
we have M i <  M2,, and an isomagnetic jump appears in 
the front structure. 

Petschek and ~ ~ r o n ' ~ ]  and Mamimoto and ~ e s h i m a " ~  
measured the width of the relaxation zone of a shock 
wave in srgon without a magnetic field at different val- 
ues of the initial pressure. The experimentally meas- 
ured quantity 7 is the ionization growth time. If A,,,(2) 
=ulo2'/~,  alon(2) is the characteristic ionization length 
(see Eq. (3.7)), then 

A convenient parameter is the quantity pl, which de- 
pends little on the initial pressure pl(Tl = 300 K): 

Figure 10, taken from the paper of Makimoto and Tes- 
hima, shows a plot of p17 vs. the reciprocal temp- 
erature behind the shock-wave front in argon, calculat- 
ed without allowance for ionization; the dashed line 
shows the values calculated by formula (3.20) for p1 = 2 
Torr. 

4. BOUNDARY CONDITIONS. COMPARISON WITH 
EXPERIMENT 

It follows from (2.4) that in the rest  system of the 
gas the vanishing of the derivative of the magnetic field 
fa r  ahead of the shock-wave front is due either to the 
absence of an electric field o r  to zero conductivity of 
the gas (a1 = 0). Formally, an arbitrarily small value 
of u1 leads to the absence of current as x -  - m, and 
consequently to the absence of an electric field in the 
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FIG. 10. Time of ionization re- 
laxation as a function of the re- 
ciprocal temperature. The ex- 
perimental points and the dash- 
dot and solid lines are the result; 
of measurements and numerical 
calculations gathered in C61. The 
dashed line is obtained by calcu- 
lation with formula (3.20). 

res t  system of the gas. This raises the question of 
how small q must be to be able to assume q = 0. This 
question has led to a number of obscurities, for if q 
= 0 exactly, the condition EY1 = u1H1/c need not necessar- 
ily be satisfied, and an electric field can exist ahead of 
the wave front in the res t  system of the gas. The con- 
servation equations a r e  therefore insufficient for a de- 
termination of the boundary conditions. 

Consider the dispersion equation for the propagation 
of small oscillations across a magnetic field in a me- 
dium with finite conductivity: 

where us is the speed of sound, Ti, = ( u t  + u:)"~ is the 
fast magnetic sound, and 6 = c/(2au1 w)" is the skin 
depth. At (k6)2 >> 1, Eq. (4.1) describes the propagation 
of acoustic and electromagnetic waves with small re- 
sistive damping in terms of (k6)-' in the inverse case 
(k6)2 << 1, Eq. (4.1) describes magnetosonic oscilla- 

' tions with a damping small relative to (k6)2. 

We assume k =  l /A  and w=ul/A, where A is the con- 
sidered length scale and u, is the velocity in the in- 
coming flow. Then 

where A j  is the Joule scale introduced above (the mag- 
netic-field diffusion length). 

Thus, over scales A>> Ajl we have ordinary hydro- 
dynamics, and a t  A<< Ajl the situation is the same a s  
if ul = 0. The limit u, - 0 means an infinite increase of 
the scale over which the situation can be regarded a s  
magnethdrodynamic. The the "true initial state" cor- 
responding to the absence of an electric field in the 
rest  system of the gas and to magnethydrodynamic 
boundary conditions is reached far (on the order of sev- 
eral  times Ajl) from the region of the viscous density 
jump. The transition to this point corresponds to small 
gradients and cannot be observed if the apparatus di- 
mensions a r e  smaller than A,,. 

It is obvious that the precursor ionization (which is 
external with respect to the hydrodynamic model) is 
significant from the point of view of the observed mag- 
netic structure of the shock wave. '41 In a transverse 
shock wave, where the diffusion of the hot electrons is 
hindered, the precursor ionization is the result of pho- 
toionization of the incident stream by the radiation com- 
ing from the hot gas on account of the shock-wave front. 
For monatomic gases, an important role is played by 
the two-step process of absorption of the resonance 
line and the subsequent ionization of the excited atoms 
by the radiation of the continuum. c21*221 At the same 
time, for the hydrogen used in the experiment of'", it 
suffices to assume by way of estimate that the radiation 
flux is proportional to the black-body radiation flux with 
a temperature equal to the temperature T, behind the 
front. Assuming that the degree of ionization al is 
proportional to the absorbed radiation flux and neglect- 
ing the slow variation of the density ahead of the wave 
front, we obtain 

where I#= l/Nlup is the range of the ionizing quanta in 
the gas ahead of the front (see the Appendix). 

Stebbins and Vlases, [41 using a setup with an inverse 
2-pinch, investigated the structure of a transverse ion- 
izing shock wave. Comparing the experimental results 
with the theory (see'le8]), these authors point out to a 
substantial discrepancy between the measurement of 
the electric field behind the front and the theoretical 
calculations. Another contradiction must also be ooint- 
ed out: whereas according to the the pres- 
sure  pulse (the density jump) should occur ahead of the 
change of the magnetic field, the oscillograms ofC4] show 
that the pressure pulse always follows the change of the 
magnetic field. 

These contradictions disappear if the structure of the 
shock wave is described in accordance with the theory 
developed above. Calculation of the values of A, and 
hion for the shock waves investigated int4] shows that 
they a r e  moderately strong, i. e. , the ionization is 
negligibly small in the heating zone, and the structure 
of the magnetic field is the same a s  shown in Figs. 5a 
and 5b. According the the osci lbgram shown in Fig. 
5 of the paper of Stebbins and Vlases, '41 i t  should be 
assumed that the magnetic and electric fields a r e  
measured not behind the shock-wave front, but in the 
region of the Joule dissipations ahead of the isomag- 
netic jump. From the oscillogram of the magnetic 
field ahead of the shock-wave front i t  is seen that the 
faster waves propagate through the gas with the larger 
conductivity, although the gas was not pre-ionized in 
the experiments of'']. 

As seen from Figs. 5b, the change of the magnetic 
field near the point 03 can be appreciable, of the order 
of l/%,, whereas the electric field in this point is 
small if the main velocity jump takes place in the iso- 
magnetic jump, and ul/u,,,= 1. Near the point 03 (Fig. 
5b) we have ahead of the isomagnetic jump 
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to small terms of order T2/Z, by 

FIG. 11. 
In the stationary case, the balance equation for the 
electrons is 

For a concrete comparison of the theory with experi- 
ment, let us examine the Stebbins and ~ l a s e s ~ ~ ~ d a t a  on 
the strongest shock waves, characterized by the larg- 
est values of M,, (i. e. , for the maximal initial pres- 
sure pl = 250 mm Hg and minimal magnetic fields Hi 
equal to 420 and 850 Oe). Estimates show that the 
stationary width of the weaker waves is larger than the 
dimensions of the installation, i. e., shock waves with 
smaller values of Ma, do not manage to assume the 
stationary values in the experiments ofC4]. A theoreti- 
cal interpretation of such results is difficult. Figure 
11, taken fromC4', shows a plot of Ajl against the 
shock-wave velocity ul .  It is seen that the transition 
observed int4'from the ordinary hydrodynamic regime 
to the magnetohydrodynamic one of the changes of the 
magnetic field in the shock wave takes place precisely 
when the scale of the variation of the magnetic field 
ahead of the viscous jump Ajl becomes less than the 
dimensions of the installation. 

Table I lists the values of Ma,, M,, 4, h3, Ajl, and 
E& calculated from the formulas given above, and also 
the measured values of H2/H1 and E L .  It is seen that 
the results of the experiment agree well with the theory, 
and the agreement is better the small Ajl in compari- 
son with the dimension of the installation. 

The authors thank L. P. ~itaevski:  for useful dis- 
cussions. 

APPENDIX. PHOTOlONlZATlON IN THE 
PRECURSOR LAYER 

Let us estimate the concentration and the tempera- 
ture of the photoionization electrons in the incoming 
stream ahead of the shock-wave front. Assume that 
the hot gas behind the shock-wave front radiates like 
a black body with temperature T2 << I (1 is the ionization 
~otential) .  For the flux density of the quanta having a 
frequency in the interval dw we have 

oZ do fio -1 

d ~ ~ = - [ e x p ( ~ ) - l ]  4n2cP 

The flux density of the ionizing photons with energy 
Ew 2 I ,  which leave the shock layer, is given, accurate 

where up is the photoionization cross section and fir,, 
is the three-particle recombination coefficient. Com- 
paring the rate a t  which the electrons flow into the 
shock layer and the rate at which they depart by recom- 
bination, we find that the recombination is small i f  

Substituting the numerical values of fir,, and up for hy- 
drogen, we get 

Thus, for the customarily encountered values of the gas 
density, the recombination in the precursor layer i s  
insignificant. Omitting the last term of (A. 2), we ob- 
tain for the electron density in the precursor layer 

(A. 4) 

where I,= l/Nau@ is the mean free path of the ionizing 
quanta. 

We estimate now the electron temperature in the 
precursor layer. The flux density of the quanta whose 
energy is in the interval QE is 

We denote the energy of the produced photoelectron by 
E = E - I ,  and we assume for the photoionization cross 
section 

0, E<I, 

From the electron balance equation we obtain 

u,Gn,=N.o,GS, ( E ) ,  (A. 5) 

hence the average electron density in the precursor 
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layer ahead of the shock-wave front is  

Multiplying (A. 5) by E and integrating, we obtain for 
the average energy 

If at the same time the scale of the electron-tempera- 
ture relaxation is  large in comparison with Z,, then 
the temperature of the electrons in the precursor layer 
is constant. The last condition takes the form 

Substituting in (A. 6) the values of the cross sections 
for real gases and assuming that a, 6 10-~-10~~, we 
easily verify that (A. 6) is satisfied for all the gases at 
MI 2 20. 

"A similar situation obtains for the jump of the potential 
through the front of a shock wave in a plasma ( ~ e e [ ~ * ~ I ) .  

')TO express in unified manner the transport coefficients in 
terms of cross sections averaged over the Maxwell distri- 
butions, we shall approximate below the average of the prod- 
uct by the product of the average values (e. g. ,  (w)= (0) ( v )  
in the expression for the collision frequency). In this ap- 
proximation, the qualitative u(v)  dependence i s  apparently 
sufficiently well accounted for for comparison with experi- 
ment. 

3 ) ~ t  should be noted that an analogous interpolation in [I3] un- 
derestimates by a factor of two o r  three the c ross  section i n  
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comparison with the experimental data. [I4] 
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