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The cross section for bremsstrahlung emitted in the scattering of a nonrelativistic electron is calculated in 
the approximation w>Z (the frequency of the radiation is much larger than the ionization energy of any of 
the atomic electrons). It is shown that, in contrast with the results in the low-frequency case ( ~ 4 1 )  [V. 
M. ~uimistrov and L. I. Trakhtenberg, Sov. Phys. JETP 42, 54 (197511 at large frequencies a form 
factor cannot be used to take account of the influence of the atomic electrons, and a detailed 
consideration of their role in the process is required. 

PACS numbers: 34.80. -i 

Bremsstrahlung is produced when an electron collides 
with other atomic particles. In bremsstrahlung theory 
the collision of an electron with a proton is considered 
a s  the scattering of the electron in a given point-charge 
field, and this treatment is exact. (See, for exam- 
ple, ""]. ) 

For radiative scattering of an electron by an atom 
the situation is more complicated. Although it  is  ob- 
vious that the atomic electrons make up an independent 
dynamical system with its own degrees of freedom (the 
Hamiltonian for the problem must contain the Hamilto- 
nian Ha of the atom and the operator for the interaction 
of the atomic electrons with the electromagnetic field), 
this i s  not taken into account in most published work 
(see, for example, the survey inc2] and the mono- 
graph[31). As a rule, what is considered is the radia- 
tion emitted in the scattering of the electron on the "po- 
tential of the atomHc3]: the atomic electrons a re  in- 
cluded only as a source of the external field, screening 
the field of the nucleus. In this way the many-particle 
problem i s  replaced with a one-particle problem, and 
it i s  assumed that the results a r e  not changed in any 
important way. 

In our previous papersC*61 and in the present one it is 
shown that the difference turns out to be important in 
certain ranges of the frequency and the momentum 
transfer 9. Since the approximation of a fixed "poten- 
tial of the atom" is equivalent to the introduction of a 
form factor, restrictions a re  thus placed on the applica- 
bility of the concept of a "form factor" in the theory of 
bremsstrahlung. Percival and ~eaton["were evident- 
ly the first  to point out that when the frequency of the 
emitted photon is close to one of the frequencies of 
atomic transitions the bremsstrahlung cross section in- 
creases. Obviously this result cannot be derived, even 
qualitatively, in the one-particle problem. The impor- 
tance of treating the total scattering amplitude (includ- 
ing the nonresonance regions) a s  an amplitude for 
bremsstrahlung was pointed out inc4]. Thereafter the 
bremsstrahlung cross section for the scattering of an 
electron on a hydrogen atom was calculated over a wide 
range of frequencies (smaller than the ionization ener- 
gies of the atom), and it was shown that the introduction 
of a form factor i s  justified for the emission of photons 
of sufficiently small frequencies (this was done --. for the 

dipole approximation of scattering theory incs1, and in 
the general case in "I). 

In the present paper the bremsstrahlung cross sec- 
tion is calculated for photons of frequencies much larg- 
e r  than the largest ionization energy of the atom. In 
this case also it is essential to use a many-particle 
formulation of the problem; It alone gives the correct 
formula for  the cross section in the high-frequency 
limit, which can be derived by an independent argument. 

The Hamiltonian for the system is 

Here He is the Hamiltonian of the incident election, and 
H ,  is that of the f ree  quantized radiation field; 
r,(ro, r,, . . . , r,) a r e  the radii vectors of the incident 
and atomic electrons; U is the energy of interaction be- 
tween the incident electron and the atom; af, and a,,, 
a r e  the creation and destruction operators of photons 
with frequency w,, wave vector u,, and polarization 
u(u= l ,2) ;  e, a r e  the polarization unit vectors; the 
normalization i s  to unit volume of the fundamental re- 
gion; and I is the set of numbers I,, I,, I ,  ( I  ,,,, = 0, 1, 
2, ... 1. 

In second-order perturbation theory one gets the fol- 
lowing formula, in atomic units, for the cross section 
for spontaneous bremsstrahlung (in the dipole approxi- 
mation). 

where 

4x (iaq (ct I eiqri I n) (n 1 aV,,, 1 n,) 
At; = 7 

q-  

(n, I aV,,. I n) (IZ I e'qrr I ni) (2) 

n, I ,  I '  

Here p is the momentum of the incident electron; n is a 
se t  of quantum numbers which specify a state of the at- 
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om; i and f denote the initial and final states of the sys- 
tem; Z is the atomic number; and Fnin,(q) is the form 
factor of the atom. The photon is emitted in the fre- 
quency interval d o  and into the solid angle &, , and 
the electron is scattered into the solid angle apt ; Aft - U. K. [el 

Expanding the transition amplitude (2) for high fre- 
quencies in a power ser ies  in (En - En,, t ) / ~  and retain- 
ing only the first  three terms of the expansion, weget  
the following expression: 

Here U, is the potential energy of the interaction of the 
atomic electrons with each other and with the nucleus. 

In the derivation of Eq. (3) one makes use of the re- 
lation 

(En..-E.) (n'l Bl n)=(n'l [H.,  B] In), B=aVrj. (4) 

For the hydrogen atom and fo r  hydrogenlike ions, the 
expression (3) can be simplified when q << 1 and nf = n,. 
The result is the following formula for the cross section 
for spontaneous bremsstrahlung: 

Here *,,, is the wave function of the initial state of the 
hydrogenlike ion. It can be proved rigorously that the 
absolute value of the difference between the exact value 
of do" and the first  term of Eq. (5) is smaller than 
const/w3. 

For sufficiently large w the cross section for brems- 
strahlung in the scattering of an electron on an atom is 
the same a s  that for scattering on the nucleus. This 
result can be understood without any calculations. If 
the inequality 

holds, where I is the ionization energy of the atom, 
the atomic electron can be approximately regarded a s  
free. Since the bremsstrahlung amplitude for electron- 
electron scattering is zero in the dipole approximation 
in both quantum theory[13 and classical theoryCa3 the to- 
tal scattering amplitude on the atom reduces to that on 
the nucleus. 

Let us now examine the bremsstrahlung cross sec- 
tion calculated with the "atomic potential" 

The scattering on the proton is described by the first  
term in the parentheses in Eq. (7); the effect of the 
atomic electron is merely to diminish the effective 
charge, as i t  must be according to the meaning of the 
concept of screening. For scattering through the angle 
8 = 0 the value of q is q = 2 w/(p, +pf). Now for the condi- 
tion q << 1, which is compatible with the inequalities (6), 
the bremsstrahlung cross section does not become the 

cross section for scattering on the nucleus; small val- 
ues of q correspond to large impact parameters, and 
consequently to complete screening (according to Eq. 
(7) dd" - 0 for q - 0). The ratio of the cross  sections 
calculated from Eqs. (5) and (7) varies from 500 down 
to 8 a s  q varies from 0.3 to 1; if p i =  10 at. u, this means 
a change of 8 from 0 to 5". If we also take into account 
the fact that under the given conditions (which assure  
that the inequality ~ 4 , ~ / 2  >> o holds) the classical for- 
mula gives the correct intensity for the bremsstrahlung 
from scattering of electrons on the nucleus, we conclude 
that Eq. (7) does not approach the classical theory in 
the limit. This makes i t  obvious that the effect of the 
atomic electrons in bremsstrahlung does not reduce to 
screening. (For q>> 1 Eqs. (2), (3) and (7) agree up to 
quantities = 1/02 and l/q4, since for sufficiently small 
values of the impact parameter the screening is small. 
Along with this i t  must be emphasized that in this case 
the effect of the atomic electron on the bremsstrahlung 
cross section, so  fa r  as it  has any importance at all, 
must be taken into account by using Eq. (3). ) 

At first  glance i t  is tempting to suppose that only the 
first  term in the transition amplitude (2) describes the 
bremsstrahlung, while the second is due to some other 
effect. Such an approach is unsuitable, since both 
terms a r e  derived from the statement of a single physi- 
cal problem. In full accordance with established tradi- 
tion we define bremsstrahlung a s  the effect in which an 
electron being scattered on an atom emits in a single 
quantum act a photon whose energy is exactly equal to 
the difference of the energies of the electron before and 
after the scattering. Then in the many-particle case 
both terms necessarily appear in the transition ampli- 
tude. To make the transition amplitude receive only 
the f i rs t  term we would have to solve the problem for- 
mulated physically in just the same way by using the 
less accurate one-particle approximation. 
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