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The Breit-Wigner formula for the cross section for the excitation of a molecule by electron impact via 
formation of an intermediate autoionization state of a negative ion is generalized to include the case when 
the width of the autoionization level is small in comparison with the vibrational quantum of the negative 
ion. Use is made of the absence of transitions between vibrational levels of a negative ion during its 
lifetime, and also of the physical conditions for the formation and decay of the ion. For the case when the 
width of the autoionization level is independent of the nuclear configurations of the negative ion, an 
expression is obtained for the CTOIY) d o n  of the transition between the vibrational levels of the negative 
ion at an arbitrary ratio of the level width to the vibrational quantum of the ion. 

PACS numbers: 34.80.G~ 

1. This paper is devoted to a calculation of the cross valid for a polyatomic molecule. 
section for the excitation of the vibrational levels of a 
molecule by electron impact. This process takes place 
effectively only if an autoionization state exists for the 
negative ion made up of the colliding electron and mole- 
cule. The decay of this autoionization state can lead to 
formation of a molecule in a vibrationally excited state. 
In the case when the width of the autoionization level is 
small in comparison with the distance between the vi- 
brational levels, the cross section of the considered 
transition can be obtained in accordance with the Breit- 
Wigner theory 

The existing theories of vibrational excitation of mole- 
cules by electron impactc5'93 either contain the assump- 
tion that the width of the autoionization level of the nega- 
tive ion is  small in comparison with the energy differ- 
ence between the neighboring vibrational levels (im- 
plicitly or explicitly), or are of semi-empirical charac- 
ter. " In this paper we use the physical character of the 
formation and decay of the negative ion of the molecule, 
so that the Breit-Wigner theory can be extended to in- 
clude the more general case when the width of the auto- 
ionization level is comparable with the distance between 
the vibrational levels of the negative ion (but is small in 
comparison with energy of the incident electron). 

2. Before we examine the dynamics of the electron- 
molecule collision process, let us consider the singu- 
larities of the character of the interaction of an electron 
with a molecule. We shall operate within the framework 
of the Born-Oppenheimer approximation, according to 
which the wave function of a system can be represented 
in the form of the product of the nuclear wave function 
by the electron wave function, the latter being depen- 
dent on the configuration of the nuclei as  a parameter. 
Excluding the electron motion, we find that the electron 
energy, which depends on the nuclear configuration, 
plays the role of a potential in which the nuclei move. 
By the same token, we shall continue the discussion in 
the language of electronic terms, which are shown in 
Fig. 1 for a diatomic molecule and its electronic term. 
We consider furthermore, for the sake of simplicity, a 
diatomic molecule, although the results are  equally 

We thus have an electronic term of a molecule that 
goes over, following capture of an electron, to the elec- 
tronic term of the autoionization state of the negative 
ion. Each of the terms has a vibrational structure, and 
the state of the negative ion is characterized by a width 
r(R) that depends on the distance R between the nuclei. 
However, since the negative-ion decay is due to an elec- 
tronic transition, this characteristic does not influence 
the positions of the vibrational terms. The width of the 
autoionization level i s  always much less than the excita- 
tion energy of the autoionization state, for only then does 
the level width have a meaning. 

The width r ( R )  of the autoionization level of the nega- 
tive ion is significantly altered when the distance be- 
tween the nuclei is  shifted by an amount of the order of 
atomic dimensions. The amplitude of the nuclear vi- 
bration in the molecule is  much smaller than atomic di- 
mensions. If it is therefore assumed that the equilib- 
rium distances between the nuclei in the molecule and 
in the negative ion are close to one another, then r(R) 
is independent of the internuclear distance in the region 
of the transition. We shall focus our attention hence- 
forth on just this case. 

3. We now trace the character of the formation and 

FIG. 1. Vibrational excitation of a molecule by electron im- 
pact via formation of an intermediate autoionization negative- 
ion state; 0 and m are the initial and final vibrational states of 
the molecule, and n is the intermediate state of the negative 
ion. 
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decay of the autoionization state. We note that each of 
these transitions occurs at an instant of a strong inter- 
action of the electron with the molecule, and the time of 
such a transition is of the order of atomic times, i. e., 
much less than the average lifetime of the autoionization 
state or  the characteristic time of vibration of the nu- 
clei. Electron capture on an autoionization level, as 
well as  the decay of the autoionization state, has there- 
fore a sudden and random character. Capture of the 
electron produces a sudden change in the Hamiltonian- 
the potential energy in the ~chrijdinger equation for the 
nuclei. In contrast to typical problems of the theory of 
sudden perturbation, however, we have here also a 
simultaneous change of the nuclear wave function. This 
is determined by the dependence of the electron capture 
cross section on the nuclear configuration. 

We are faced thus with the following problem. The 
electron is suddenly captured by a molecule in a vibra- 
tional state 0. The result is a negative ion with a cer- 
tain distribution over the vibrational states. The corre- 
sponding vibrational level of the negative ion will be 
labeled n. The excitation energy of this level from the 
initial vibrational state of the molecule i s  equal to E,, 

and the nuclear wave function is ?h,(R). The produced 
negative ion decays suddenly after a certain time. Our 
problem is to find the cross section of this process, 
which in final analysis transfers the molecule to the 
level m. 

4. Let us construct the wave function of the autoion- 
ization state of the negative ion. Let fo, be the proba- 
bility amplitude of electron capture by the n-th vibra- 
tional level. Then at the instant of the capture the 
suitably normalized nuclear wave function is equal to 

and at a time t following the capture it is given by 

This wave function is  accurate to within a phase shift 
that is the same for the different vibrational states of 
the ions, and therefore makes it possible to take into 
account the interference of the states in the course of 
the decay of the negative ion. The wave function (1) has 
the dimension of a transition amplitude. The capture 
cross section, as  follows from (11, is 

We now trace the character of the decay of the auto- 
ionization state. Obviously, the amplitude of the con- 
version of a negative ion in a vibrational state n into a 
molecule on a vibrational level m following sudden decay 
of the negative ion is  equal to the overlap integral of the 
corresponding nuclear functions S,, = (cp,(R) I @,(R)), 
where cp,(R) is the nuclear wave function of the mole- 
cule. Thus, if the decay of the negative ion occurs at 
an instant t after its formation, then we have for the 

nuclear wave function of the molecule after the ion de- 
cay 

ied 'F,,yo1-C M m ~ m  (a) ~ X P  (- ) . 

Formula (3) allows us to determine the cross section 
of the transition of the molecule into the vibrational 
state m.  Namely, if the decay of the autoionization 
states occurs at a time t after its formation, then the 
cross section of the transition to the m-th vibrational 
level is, according to (3), 

(4) 
In particular, using the relation 

we obtain from (4) the formula (2) for the capture cross 
section. This quantity, as can be expected from general 
considerations, does not depend on the instant of the 
decay. 

If it is assumed that the wave function of the system 
remains unchanged during the lifetime of the autoioniza- 
tion state of the negative ion, then we obtain (this cor- 
responds to the decay of the autoionization state at t = 0) 

This formula, with account taken of the concrete ex- 
pression for the capture amplitude, was obtained by 
chencs1 by a method more complicated than the one con- 
sidered here (to be sure, we assume that r is constant). 
However, since Chen's formula does not take into ac- 
count the evolution of the system during the lifetime of 
the autoionization state of the negative ion, it is incor- 
rect. We shall obtain below for the cross section of 
the process in question a formula that takes this effect 
into account. '' 

Let us average the cross section (4) over the decay 
time. The probability that the autoionization state 
will decay in the time interval from t to t + dt is, by 
virtue of the definition of the level width, equal to 
e-r t / n ~  - ' r d t .  This yields for the excitation cross sec- 
tion of the m-th vibrational level 

5. The derived formula allows us to take into account 
of the interference of the nuclear states of the negative 
ion of the molecule at the instant of decay. This effect 
is essential if the width of the autoionization level is 
comparable with the distance between the neighboring 
vibrational levels of the negative ion. On the other 
hand, if the width of the level is small in comparison 
with the distance between the vibrational levels, then 
electron capture will occur mainly only on one vibra- 
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tional level. In this case we can average in (4) the os- 
cillating function exp[i(s, - c,)t/E] with respect to time. 
This allows us to restrict the sum over n' to only one 
,term, nt=n. After integrating with respect to time we 
arrive at the following expression for the molecule ex- 
citation cross section: 

In the obtained formula, the first factor is the proba- 
bility of electron capture on the autoionization level, the 
second factor is the probability that the decay of the 
autoionization state leads to formation of a molecule in 
a given vibrational state. There is no interference of 
the states in this case, since the system lives long 
enough in the autoionization state, and "forgets" the 
history of its formation by the time it decays. 

6. We determine now the amplitude fh of electron 
capture in a given vibrational autoionization state of the 
negative ion. If the width of the autoionization level is 
small in comparison with the distance between the vi- 
brational levels of the negative ion, then the capture 
takes place in only one state and the sought capture am- 
plitude is determined by the Breit-Wigner formulac4' 

R so,r/2 
fo. = - (2meJ" e-e,+iI'/2 

where E is the electron energy and m is the electron 
mass. In the more general case we obtain this quantity 
from the detailed-balancing principle, assuming a con- 
stant width of the autoionization level. 

Let the negative ion be on the n-th vibrational level 
and let it decay. We determine the energy distribution 
of the emitted electrons for the case when the molecule 
is produced in the initial vibrational state. We use here 
the natural physical assumption that there are no tran- 
sitions between the vibrational states of the negative ion 
in the course of its decay. Then the dependence of the 
wrtve function on the time is given by 

% ( t )  - exp (-ie.t/h-rt/=), 

where the width r of the autoionization level does not 
depend on the number of the level. It follows therefore 
that the decay amplitude that characterizes the distribu- 
tion of the emitted electrons with respect to the ener- 
gies E is of the form 

This quantity is proportional to the Fourier component 
of the wave function of the negative ion. 

On the basis of the detailed-balancing principle we 
find that the amplitude of the capture of electrons with 
energy E on the n-th vibrational level is proportional to 
the quantity 

This dependence can take place for any ratio of the width 

of the autoionization level and at any distance between 
neighboring level if r is constant. In the limit when the 
width of the autoionization level is small, we obtain 
formula (7) for the decay amplitude. It follows there- 
fore that formula (7) for the decay amplitude is valid at 
any ratio of the width of the autoionization level and to 
the distance between the neighboring vibrational levels. 
When this is taken into account, formula (5) for the ex- 
citation cross section of the m-th level of the molecule 
by electron impact, at a constant width of the autoion- 
ization level, takes the form 

Formula (9) leads to the following integral relatiom: 

In the limit when the autoionization level width is small 
(I' << I E, - E,. I ) formula (9) yields, in accord with (6), 

where uZt is the partial cross section for electron 
capture on the n-th vibrational level of the negative ion, 
and IS,,I is the probability of the decay of the negative 
ion with transition between the considered vibrational 
states. In this limit, the integral relation (10a) for the 
vibrational excitation cross section is transformed into 

7. We consider another limiting case, when the width 
of the autoionization level exceeds the difference of the 
neighboring vibrational levels, and the distance between 
the turning points for neighboring vibrational levels is 
small in comparison with the amplitude of the vibration 
of the molecule nuclei. In this case the wave function 
of the nuclei in the negative ion can be written in the 
formci5' 

where U(R) is the potential curve of the negative ion, 
U'(R,,) is its derivative at the turning point, fio is the 
energy difference of the neighboring vibrational level, 
and R, is the turning point for the n-th level and satis- 
fies the relation U(R,) = E,. With the aid of this expres- 
sion we obtain So, = [EW/U'(R,) r'2po(~,) and, taking the 
high level density into account, we can replace in (9) the 
summation over n by integration over dR,: 

Using the obtained relations in formula (9), we reduce 
the latter to the form 
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xh2 r3dR dK v a  ( R )  vo'(R1) ~m ( R )  vrn*  (R')  
cr,, = -J ' 

2me {p+i [U(R)  - U ( R 1 ) ] )  [ E - u ( R ~ +  iI'/2] [e-u(R')-iI'/2] ' 

In particular, for the electron capture cross section we 
obtain 

This expression has a simple physical meaning. Name- 
ly, the cross section of electron capture into an auto- 
ionization state is  represented as  a sum of partial cap- 
ture sections at each distance. We note that formulas 
(12) and (13) are valid also in the case when the autoion- 
ization state of the negative ion corresponds to a repul- 
sion potential curve. 

8. We thus obtain a generalization of the Breit-Wig- 
ner formula for the excitation cross section of a mole- 
cule by electron impact to include the case when the 
autoionization-level width is comparable with the vibra- 
tional quantum Ew. We note that the formula obtained 
for the vibrational-transition cross section satisfies 
the detailed-balancing principlec161 

where E and &' are the energies of the incident electron 
in the corresponding reaction channel, and & - e' coin- 
cides with the energy difference between the m-th and 
the initial vibrational levels. 

Let us compare the result with those of the earlier ap- 
proaches. Our scheme of the process consists of three 
stages: fast capture of the electron, the spreading of 
the packet of vibrational states of the negative ion dur- 
ing the lifetime of this ion, and rapid decay of the nega- 
tive ion into a molecule and an electron. If we exclude 
the second stage, which leads to interference of the vi- 
brational states, then we arrive at Chen's formulac51 for 
the cross section of the vibrational excitation of the 
molecule, which i s  usually taken as  the basis of con- 
crete calculations for vibrational excitation of mole- 
cules. Chen's formula corresponds to decay at the 
zeroth instant of time in formula (4). It is valid in prac- 
tice only in the case of a very small o r  very large width 
of the autoionization level in comparison with the energy 
difference between the neighboring vibrational levels, 
for under this condition the interference between the vi- 
brational states is inessential. In the general case, 
however, Chen's formula is in principle incorrect. 

9. The foregoing analysis pertains to the case when 
the width r of the autoionization level does not depend on 
the nuclear configuration in the quasimolecule. We re- 
gard an extension of the result to more general case, 
when there is  such a dependence, as  a rather compli- 
cated task. In the general case the matrix element of 
the interaction operator corresponding to electron cap- 
ture and to decay of the autoionization state depends on 
the distance between the nuclei as a parameter. The 
employed description of each of the three stages of the 
considered process (and particularly the latter) there- 
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fore becomes invalid. To illustrate the complexity of 
the transition to t6e general case, we present the ex- 
pression for the excitation cross section within the 
framework of the Breit-Wigner theory, when the 
level width i s  small in comparison with the magnitude 
of the vibrational quantum, and the cross section of the 
transition can be obtained in second order perturbation 
theory. Under these conditions the cross section for 
the excitation 05 the vibrational level by electron im- 
pact is 

Here (I'i/2)0, = ((po(R) I r1l2 1 @,(R)) is the matrix element 
taken between the vibrational states of the molecule and 
the negative ion, and rn = (@,(R) 1 I? 1 @,(R)) is the average 
width for the given vibrational level of the negative ion. 
This formula goes over into (11) in the case of constant 
r. It does not make it possible, however, to extend 
formula (9) in simple fashion to the general case, since 
formulas (11) and (14) do not provide for an unambiguous 
transition from a constant value of the level width to 
matrix elements associated with this quantity. In this 
respect the second limiting case, when the width of the 
autoionization level is large, becomes physically under- 
standable. Transitions with capture and release of an 
electron take place then with the distance between nu- 
clei unchanged. [i51 

 h he width of the autoionization level of a quasimolecule usu- 
ally exceeds the energy of the vibrational quantum. Thus, 
for the autoionization state I~('L:T the width of the autoioniza- 
tion level is""121 J? = 3 eV, for the ion N$n,) we have r = 0.7 
eV, 1'0-'21 and the distance between the vibrational levels of 
the ion is tiw= 0.24 e~"'-'~'; for the C O - ( ~ ~ )  ion we have J? 
= 0.4 e ~ " ~ ~ '  and for the N ~ ( ~ z + )  ion r = 0.7 eV. 

'%is effect is due to interference between different vibrational 
states for the autoionization state of the negative ion. We 
note that for associative attachment of an electron to a mole- 
cule via formation of an autoionization negative-ion state (e 
+& -(,a')**-A'+B) this effect is inessential, since each 
of the molecule negative-ion state with a different nuclear 
energy is dispersed independently and there is no interfer- 
ence between the states. 
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