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The energy spectra of the electrons emitted in collisions between heavy atomic particles, in which the
molecule undergoes a transition to an autoionization state, are considered. The theory employed is a
generalization of Fano’s method to the case of the adiabatically time-dependent Hamiltonian. Spectrum
features due to an extremum of the autoionization term are investigated. The spectra exhibit interference
oscillations whose phase is numerically equal to the area of the figure bounded by the term and the
horizontal line corresponding to the energy of the emitted electron. The shape of the atomic
autoionization lines excited during the collisions and broadened as the atomic particles fly apart is
determined. It is shown that the expressions usually employed in such cases are valid only for the line

wing. The feasibility of an experimental observation of the spectral features is discussed.

PACS numbers: 32.80.Dz, 34.50.Hc

§1. INTRODUCTION

An effective autoionization mechanism in slow col-
lisions between heavy atomic particles is the transition
of the quasimolecule to an unstable autoionization
‘state., Experimental and theoretical studies of the
energy distributions (spectra) of electrons produced in
such reactions can be used to obtain important informa-
tion on the behavior of the states and on the physics of
the process.

Transitions to the continuum of free states of the
electron lead to autoionization, and it is important
from the standpoint of a theoretical description of the
spectra to determine the extent to which the continuum
can be regarded as uniform. In fact, the uniformity of
the continuum is violated by the presence of the auto-
ionization state. However, we shall be concerned with
the continuum states that are the initial states (for
example, in the paper by Fano'!!) and correspond to
the turning off of the interaction responsible for the
decay of the autoionization state. For simplicity, such
states will be referred to as diabatic. The uniformity
of this type of continuum may be further violated by the
presence of the limit of the continuous spectrum and a
rapid variation in the wave functions with energy. The
latter leads to a rapid change in the matrix elements,
of which we shall be mainly concerned with that cor-
responding to the interaction with a discrete diabatic
state lying against the background of the continuum,
This matrix element will, in fact, determine the width -
of the adiabatic autoionization state.

The limit of the continuous spectrum of the quasi-
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molecule will, in principle, always be present, and its
correct inclusion in the theory presents an additional
difficulty which has been considered in a number of
papers (see Demkov-?! and Solov’ev,® and the refer-
ences therein). However, if we are interested in the
spectra of electrons at relatively low energies, the
continuum can be assumed to be approximately uni -
form. 4% This results in a considerable simplification
of the theoretical analysis of the spectra (§2) as com-
pared with the case of the inhomogeneous continuum and,
at the same time, yields an adequate description of a
number of important physical effects responsible for the
various spectrum features.

Although it is basically simple, a systematic analysis °
of the foregoing problems has not so far been made,
and the theory formulated for the interpretation of,
particular experimental data has frequently been found
to be subject to important inaccuracies and errors
which will be noted below. In §§3 and 4 we consider the
spectrum features that appear when the real part of the
energy of the autoionization state has extrema for finite
or infinite internuclear distances. The latter case
corresponds to the inclusion of the broadening of atomic
autoionization lines by the interaction between the
atomic particles. In the important case of Coulomb
interaction (the so-called Stark broadening of lines),
it is possible to achieve an important improvement in
the well-known formula of Berry'" for the line shape,
which is commonly used in the interpretation of experi-
mental data, (8-

The main initial propositions of the theory of spectra
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in the case of a homogeneous diabatic continuum have
much in common with the well-developed theory of
broadening of spectral lines. However, even in the
analysis of the broadening of autoionization lines of
atoms (#4), which is closest to this theory, there are
a number of important differences between the two.
They are physically related to the fact that the auto-

" ionization width is usually greater than the radiative
width by several orders of magnitude. It follows that
whereas the autoionization width proper can be ne-
glected in comparison with the collisional width, in
the case of radiative lines, ''?! it can frequently not be
neglected in the theory of autoionization line broaden-
ing. The lifetime of the autoionization states is
relatively short, and the most interesting case is,
therefore, the one in which the same collision event is
accompanied by the formation of the autoionization
state when the atoms come close together (impact
parameters p S7,, where 7, is the characteristic
atomic size), whilst the broadening of the spectral
lines is mainly due to distant encounters (p>7,) be-
tween atoms already excited in another process and the
atoms in the medium. Collision experiments can be
used to exclude the effects of statistical averaging
which is usually carried out in the theory of spectral-
line broadening. Nevertheless, analyses of experi-
mental data must take into account Doppler and in-
strumental broadening, but this problem will not be
considered in this paper. It has been reviewed in de-
tail by Gordeev and Ogurtsov'®! and by Gleizes et ql.'"

The above differences between the broadening of
radiative and autoionization lines do not appear in the
case of x-ray radiation emitted as a result of tran-
sitions to vacant molecular orbitals formed during col-
lisions with small impact parameters. Many of the
methods and results given in the present paper can,
therefore, be extended to similar x-ray specta, the
theory of which is being intensively developed at pres-
ent. (131

§2. BASIC EQUATIONS

Let us begin by formulating the general problem of
finding the electron spectra in a form convenient for
subsequent application. We shall consider the time-
dependent quantum-mechanical problem which arises
when the motion of the nuclei of the colliding atomic
particles may be regarded as classical and given.

In the orthonormal diabatic basis of discrete states
lg,) (7=1, 2,...,N) with energies E () and continu-
um states |w) with energies w, the Hamiltonian H(¢)
has the form

H() =H.,(t)+f’(t)=2 Eo(t) lgp <ol + jdm oloXol+V (),

‘o (2.1)

(piloy=0, <o|o>=8v—0’),

(@i @ =0y,

where P(t) is the interaction operator such that

(wlV lw'y=0. The difference between (2.1) and the
Hamiltonian used in the classic paper by Fano'!! is that
the above expression contains an explicit dependence on
time. The analysis given below corresponds to that
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given by Fano for the interaction of a number of dis-
crete levels with a single, i.e., nondegenerate con-
tinuum,

We note that, in problems involving atomic colli-
sions, the lower limit of the continuous spectrum is
the energy E,(R) of the ionized quasimolecule. The
position of the limit is, therefore, found to depend on

the internuclear distance R, i.e., on the time ¢. In

the time-dependent problem, the limit can always

be made horizontal (E = 0) through a phase transform-
ation of the wave function with phase —i[E, (t)dt. We
shall assume that this transformation has already been
carried out in (2.1), so that Ey,(¢) is the energy of the
molecular terms measured from the lower limit of the
continuum; the energy w ¢f the emitted electrons is
measured from it.

The solution of the time-dependent Schrédinger equa-
equation will be taken in the form

N

lp>= Z'a,(t) o+ [ do b(a, e,

Jumi

(2.2)

and the problem reduces to the determination of a,(t)
and b(w, ). In view of the aims of this analysis (§1),
it will be sufficient to confine our attention to the
simple approximation of a uniform diabatic continuum
which has already been investigated in previous
papers.t*® Assuming that the lower limit of the
continuum lies well away from the energy region in
which we are interested (so that the integral with re-
spect to dw can be evaluated between -« and +«), and
the matrix elements (¢ |V lw) are slowly varying func-
tions of w (but, in general, are functions of ¢), we
obtain, following Devdariani et al.,® the following set
of equations involving only the amplitudes a,(¢):

izc;-a,-= (En:(t)'- %I‘:(t) )a,«+ g [V,,(t)—..zi_ (I‘hr’)‘h] an (2.3)

hopej

Ti(t)=2n|<q,| V(1) @] Vi(t)=<qn| V() |9, (2.4)
and express b(w, ¢) in terms of the a,(¢):
. 5 ¢ rl(tl) " ry et ’
b(m,t)=—12j[—2n—] a(t') e d, (2.5)

-1ty

where ¢, is the time at which the initial conditions are

specified. We shall assume that only the discrete
diabatic states are occupied for ¢ <t¢,.

We note that the inhomogeneity of the continuum can
be partly taken into account by evaluating (¢, IV (¢) lw)
for w=E,(t) in the expression for I',(¢) in (2. 4) (com-
pare this with the analysis given by Fano‘!!), and by
adding the appropriate shifts to the energies Ey,(t) in
(2.5) due to the interaction with the inhomogeneous con-
tinuum, {31 This correction to the energy will be unim-
portant in the problems with which we shall be con-

“cerned below because it simply shifts the terms by a

constant amount without changing the shape of the spec-
tra.
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In the Hamiltonian given by (2.1), it may be assumed
that not only are E,,(¢) and P(¢) functions of time but
also the basis states |¢,) and |w). Equations (2. 3)
and (2.5) are then obtained by neglecting the matrix
elements of the operator 8/8f. This is valid when the
rate of change of the Hamiltonian is small, and the
above matrix elements are of the order of this rate of
change. In the lowest order of the adiabatic approxi-
mation with which we are concerned here, decay is
connected only with the fact that the levels have a finite
width I'(#), but a more general analysis of the adia-
batic approximation in its lowest order, which does
not assume the homogeneity of the continuum, has
been given in a recent paper by Solov’ev.!¥ The
next order of the adiabatic expansion for the ampli-
tudes contains in addition the dynamic effects con-
nected with the fact that the matrix elements of the
operator 8/t are nonzero in the adiabatic basis. We
note that the evaluation of the corrections to the sim-
plest adiabatic approximation is a complicated problem
which has not been solved even for the two-level sys-
tem.

In the special case of a single discrete term placed
in the continuum, Eq. (2.3) can be solved immedi-
a:tely[ﬂ:

a(t) =a(t,,)exp{ —ifE(t')dt'] , (2.6)
&
. T'( ') 1'% .’. % " 7
b(o, £) =—ia(ts) "j[,_z’;_.] exp[—z':‘l E@artior|ar.  (2.7)

In these expressions, E(t)=E,y(t) =il (#)/2 can be inter-
preted as the complex adiabatic autoionization energy.

§3. ADIABATIC CASE. STATE-ENERGY
EXTREMUM

When the collisions are not too fast, the change in
the Hamiltonian must be regarded as adiabatic and the
initial condition is specified for adiabatic states. It
‘is physically natural and mathematically convenient to
extend the time ¢, at which the initial conditions are
specified to — <. When this is done, the initial ampli-
tude a(t,) must be increased so that the amplitudes af(f)
and b(w, ) have finite values for finite ¢ (see also Os-
trovskiit*)), The amplitude b(w, ) then acquires a com-
mon undetermined factor which we shall denote by G and
which must be found from the normalization of the spec-
trum to the known total initial population of the quasi-

stationary state or by matching near the limit of the con-

tinuous spectrum. The final result is that, instead of
(2.5) and (2.7), we obtain the following expressions
which are the basic formulas in the present paper:

b(m)=—iGi| j: [—F’Z(RL) ]‘/’ a(t) e dt,

Jumi —o00

(3.1)

b(m)=0j° [ —l%-]' exp [—ij E(t’)dz’+i¢ot] &, 2

where £, in the last expression is simply a parameter
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whose choice is unambiguously related to the chbice
of G.

Let us begin by considering (3. 2) which describes
the case of a single autoionization state. The func-
tions E(t) will be assumed to be analytic (their analytic
properties are discussed by Demkov et al.®??). The
integral (3.2) can be evaluated approximately by the
method of stationary phase:

ta(@)
1 dE '» . N aerts
sw-ePglro /G ol [ perarien]
(3.3)
where t,(w) is a stationary phase point, i.e., the root
of the equation

E(t)=Eo(t)— 5T (t) =a. (3.4)

Summation is carried out over all points £, on the con-
tour of integration after it has been deformed in ac-
cordance with the method of stationary phase. This
approximation will, in general, correspond to a slow
variation of the Hamiltonian with time. Its validity
will be discussed in detail below for a number of spe-
cial cases. The approximation is, in fact, consistent
with the general adiabatic theory of transitions to the
continuum when the latter is not homogeneous, %! and
this allows us, for example, to carry out the above
matching with the results obtained near the limit of the
continuous spectrum (see Ostrovskii’*! for further de-
tails).

Among the points ¢,(w), we can choose those that are
close to the real axis of ¢, and reach the real axis as
'~ 0. This can be described qualitatively by saying
that the corresponding terms in (3. 3) describe classi-
cally the allowed population of continuum states in ac-
cordance with the Franck-Condon principle. This popu-
lation occurs in a resonant fashion at the instant of
time when the real part of the autoionization term be-
comes equal to w (to within I'), In general, there are
several such instants of time [when E(¢) is nonmono-
tonic] and the arguments in (3. 3) describe different
phases assumed by the emitted electron. These phases
are complex, and this takes into account the reduction
in the population of the autoionization state due to de-
cay. Coherent emission of electrons with the same
energy at different instants of time produces interfer-
ence. Since the phase difference is a function of w, the
spectrum is found to contain oscillations.

There are also other points £,(w) that remain complex
as I' - 0. This corresponds to the classically forbidden
subbarrier transition to the continuum, and usually
produces a fast (exponential) decrease in the spectrum
with w.

Let us illustrate this picture by considering the exam-
ple of a parabolic energy term!’ Eo(¢) = = af® + wy(a > 0).
In this case, the spectrum can be expressed in a closed
form in terms of the Airy function Ai(z):

b(0)=GAi [a"" (A(n +-%—i1")] ., Ao=0—a. (3.5)
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When w > w,, the continuum states are populated by
the subbarrier mechanism (the root of (3.4) is near the
imaginary axis):

b(m)=—;—GA"’(m)exp(—-—;—A(m)) ’

1 LI
4 A(m)=a"”(Aa)+—§—iI‘) (Re 4 (0)>0).

(3.6)
The form of the leading exponential which describes the
fast fall in the spectrum in this region [|5 | ~ exp(- 2a"V2
xAw¥?)] does not depend on I'. States with w << w, are
populated in, a classically allowed fashion at two differ-
ent instants of time [roots of (3. 4) near the real axis:
t=xa'%law|V?

b(0) =GB-"(a)sin [%B(b)+-£—u] ,
. 3.7
B(o) =q"" (—A(n +%tl‘) ’ , (ReB(w)>0).

The phase of the resulting oscillations is ~2a™2(aw¥?)
and is numerically equal to the area of the figure be-
tween the Ey(¢) curve (in our case, a parabola) and the
horizontal line E = w. The amplitude of the oscilla-
tions decreases exponentially with Aw(Aw<0), i.e., .
~exp[- I'(Aw/a)"/?/2], because the population of the
state decreases due to decay. For the same reason,

the quantity (7"2, averaged over the oscillations,
increases in accordance with the same exponential, We
emphasize that the rate of this change is smaller than
in the subbarrier region and is independent of I'. In the
case of small ', there may also be a second intermedi-
ate asymptotic region of values of Aw. In this region,
the argument of the exponential is still small, and the
main feature is the preexponential factor. The quantity
1517 decreases as |Aw!™1/2,

A formula analogous to (3.5) was introduced by
Miller*!¥ in the theory of Penning ionization with a
quantum-mechanical description of the motion of the
nuclei, In the time-dependent theory, a similar result
was obtained by Gerber and Niehaus.!!” However, both
papers ignore the imaginary part in the argument of the
Airy function, i.e., the reduction in population due to
decay.

§4. BROADENING OF AUTOIONIZATION LINES

Consider the situation where the decay of the auto-
ionization states occurs mainly for large internuclear
distances R. The problem of finding the spectrum then
reduces to the problem of broadening of the autoioniza-
tion lines of an isolated atom (this atom is characterized
by the position of the level E,, and its width I}.) due to
the long-range part of the potential®’

Eo(R)=E,+C./R". (4.1)
The behavior of this function for large R is frequently
determined by the limit of the continuous spectrum be-
cause the interaction between the atomic particles after
the emission of the electron is usually stronger than in
the initial state.

When the autoionization state is populated in the
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’ b(w) ’= Ca

course of the atom-atom collision, the impact param-
eter p may be regarded as small in comparison with
the internuclear distance determining the broadening
(§1). We can then substitute R(¢) =v(¢ —t,), where v is
the relative velocity of the atom at infinity, The initial
time ¢, then corresponds to a close approach of the
particles for which the state (4.1) is populated adia-
batically:

r(" 4.2)

[—: f E(t')dt'+imt] dt.

If we evaluate this integral by the method of stationary
phase by analogy with §3, using (4.1) and I'(t) =T, we
obtain the following expression for the spectrum;

'b(m) :
y a(t,),
cye r 2n C‘/‘ %) (s=1)/zn
= LR 4.3
v (Ao +T5/4) e P [ v (A“’ + 4). (4.3)

n—1 r
Xsin (—n—arctg—zA—m)]. Ao=0—E,.,

which is valid for

(nt1)* v

. 3n/(n—-1)
iy >( n C‘/")

. (4.4)

We are assuming that »>1 and C,>0; for C,<0, the
amplitude 5(w) is obtained by reversing the sign of Aw
and taking the complex conjugate.

For the line wings (law|> I'/2), Eq. (4. 3) yields

i/n i/n
r Ca

xp( -I‘——A(n""") ,
v

T

>
ww (Ao'+IV/E) meonn Ao>om
l blw) I* c” r ct

= I -i/n
a(5) o (Am’+["/4)"‘+””"exP[ o A0l

a(ty)

X(I‘cos%—+%lAmlsin—:—)] , Am<——;—. 4.5)
Thus, when C,>0, the line is shifted toward higher

energies, since the corresponding wing is formed

through classically allowed population, The wing

w <E, decreases exponentially. For the line center,

we can neglect

_‘: Co dt,
R @)
in (2.7) in the case of sufficiently fast collisions, and

this yields the Lorentz profile corresponding to the
autoionization of an isolated atom:

Ib(m)" r

a(t) l T on Ao+ T4 (4.6)

A closed expression for the line profile in terms of
the Macdonald function can be obtained for » =2, which
is important in practice and corresponds to the charge-
dipole interaction between the particles after ioniza-
tion:

b(w) = —iV*alty) [Zﬁmﬂw
by [- SAOR /2]

v

It is a simple matter to take this expression to the
limiting cases of (4. 3)-(4.6).
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The case of ion states, which is important in prac-
tice when the two atomic particles carry charges Z;
and Z, (this is the so-called Stark shift), requires
separate analysis. In this case, n=1, C;=-2,Z, and
(2.6) yields

b(0)=Va(ts) (—Am ———Ei- r )—-C-/v— r (i - %) exp (.;—%-+ unto) ‘,

(4.7

b p_ T ¢ & G T\’
I a(to)l = Ao'tT4 2vshaCi/v ell"(" L ETY™ )
: (4.8)
In the case of fast collisions, we obtain the Lorentz
profile (4. 6) but, for slow collisions, the line becomes
strongly broadened and, in its wings,

I b(w) ) I _ xp(— 2Cn _ cr
a(tu) v Am‘+I‘*/4 v

b(w) |* _ _ c.r
Ia(to) | v Am’+I‘Z/4 p( vA®

)  Ae>T/2. (4.9)

vAo

), Ao<—~TI72, =aC/v>1.

(4.10)

The last expression (without the term I'?/4 in the
denominator) is, in fact, the Berry formula'™ which is
commonly used in the analysis of experimental
data.'®'1 1t can be obtained on the basis of simple
phenomenological considerations.'® It is important to
emphasize, however, the limited range of validity of
(4.10), which is connected with the fact that this ex-
pression is obtained by summing the decay probabilities
(and not the amplitudes), and the contribution of inter-
ference to the spectrum is not taken into account. The
Berry formula cannot, therefore, be taken to the limit
of the horizontal term (C;/v = 0), and does not describe
the line center, or the classically forbidden wing for
sufficiently small C, /v, although it does provide the
correct position of the line maximum Awg,, =-C,I'/2v.
The figure shows that, when G /v <5, calculations based
on the exact expression (4. 8) are not very different
from those obtained from the approximate expression
(4.10). In particular, the width of the spectrum calcu-
lated from (4. 8) for C,;/v=5is smaller by a factor of
two than the width calculated from the Berry formula,

A closed expression for the line shape in terms of the
incomplete gamma function y can also be obtained for
the exponentially varying energy term, which physically
corresponds to the overlap of the atomic shells at small
and intermediate interatomic distances. In this case,

E(R)=E,,tCe*"
~E,,+C exp[—av(t—t) 1,

where AQ=Aw+il'/2. (4 .1 1)

where y(a, x) is the incomplete gamma function.

5. CONCLUSIONS

We have confined our attention mainly to the various
features present in the electron spectrum emitted dur-
ing autoionization, Direct comparison of the formulas
given in §§3 and 4 with experiment would, in general,
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FIG. 1. Stark broadening of
autoionization lines [T 16(w) 1],
\ Solid curve—calculation based

|

04 -l('\\
i
|
\

\ on (4.8), dashed curve—calcu-
\ lation based on (4.10); I-Cy/v
"-Zl* \\ =10, O~Cy/v=5.
| \
|
] e I
|
| I
|
1 1 1 1 - 1
S0 1z 3 4 9
-dw|T

require the use of the coincidence method in which the
spectra would be measured for a fixed angle of scat-
tering of the heavy particles. However, in most experi-
ments, the scattering angle is not held constant, so

that the corresponding formulas for the spectrum must
be averaged over the impact parameter p.

In general, this averaging tends to smooth out the
oscillations, but the spectrum, nevertheless, retains
a certain structure. The position of this structure is
determined by the difference between the autoionization
molecular state and the limit of the continuous spec-
trum, at the point of its extremum. The characteristic
scale of the structure along the energy axis should,
as a rule, occupy an intermediate position between the
relatively narrow autoionization lines (§4) and the
broad maxima appearing due to the vanishing of [5(0) £
for non-Coulomb potentials, (%3

The persistence of the oscillations may be connected
with the population of states during close collisions
(small p). When the state populated in this way has a
extremum, the oscillations remain in the spectrum even
after averaging over p. On the other hand, if the state
interacts with another, the oscillations may persist in
the total cross sections'®? (for example, in the case of
excitation of a given autoionization line).

Interesting spectrum features may appear during an
interaction between several autoionization states. The
simplest case (interaction between two states) can be
described by the Landau-Zener model. Interference-
type oscillations connected with the population of states
in the continuous spectrum at two different instants of
time are found to appear in a certain range of electron
energy. At other energies, only single population
takes place, and the corresponding amplitude contains
the Landau-Zener transition amplitude as a factor. A
more detailed analysis of this problem will be given

‘elsewhere.

In addition to the oscillations discussed above, which
appear during the initial population of one autoionization
state, there may be other oscillations connected with
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interference between electrons of the same energy but
emitted at different instants of time from different
states when several autoionization states are excited
during the collision.*™ These oscillations can also be
investigated by the method outlined above.

There are also other properties of the spectra such
as inflections, which appear when a new autoionization
channel is opened, '*®! but these are difficult to observe.

In the analysis given above, the motion of the nuclei
was described classically. A quantum-mechanical de-
scription is required for small relative velocities of the
colliding particles and for the description of the scatter-
ing of light particles (an example of this is given by
Ostrovskii1sl),

The authors are indebted to Professor Yu. N. Demkov
and Professor N. P. Penkin for their interest in this
work.

DThe quadratic approximation to the state energy was used
previously by Ostrovskiit¥ to investigate spectrum features
due to the turning point in the radial motion of the nuclei.

D As already noted, Ey(R) is the difference between the energy
of the discrete term and the limit of the continuous spec-
trum.
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Theory of excitation of a quantum nonlinear oscillator by

a harmonic force

M. V. Kuz’min and V. N. Sazonov

P. N. Lebedev Physical Institute, U.S.S.R. Academy of Sciences
(Submitted December 8, 1976)
Zh. Eksp. Teor. Fiz. 73, 422-429 (August 1977)

The first quantum corrections to the classical equations of motion of a nonlinear oscillator are derived.
Experiments on the excitation and dissociation of molecules by laser radiation are discussed. It is shown
that a molecule can be excited to considerably larger quantum numbers than is indicated by elementary
theory: for typical values of the parameters this difference amounts to one and one-half orders of

magnitude.

PACS numbers: 03.65.Ge, 33.10.Cs

Experiments on the excitation of molecular vibrations
by laser radiation pose problems in the theory of vibra-
tions whose solution requires that quantum effects must
not be neglected. Even in the simplest case, however,
that of a one-dimensional nonlinear oscillator, inclusion
of quantum effects is an extremely complicated problem,
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There have been many papers'™?* on attempts to solve

this problem using various simplifying assumptions.
Although a number of interesting results have been ob-
tained in these papers, there still exists no consistent
theory of such excitation, so that in many experimental
researches on excitation of molecules the results are
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