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A theory of magnetic resonance in a rotating coordinate frame is developed by the method of the 
. noneqyilibriupl statistical oFrator. I t  is shown that, not only for systems whose behavior is described 

satisfactorily by the Bloch equations, but also for systems for which the Bloch equations are certainly 
incorrect, the resonance in the effective field can be studied using the z-component of the magnetization 
in the laboratory coordinate frame, since this component experiences a resonance and modulation 
dependence at the frequency of precession of the spins iq the effective field He = ((H,, 
- u / ~ ) ~ + H : ) ' ' ~ .  

PACS numbers: 76.20. +q 

INTRODUCTION 

I t  is well known that the action on a system of spins 
I of a radio-frequency (rf) field H,(t) rotating with fre- 
quency w in  a constant magnetic field H, (llz) leads to 
coherent precession of the spins in  the field H, if w is 
equal to the resonance frequency w,= yHo (y is the gyro- 
magnetic ratio). In the coordinate frame rotating with 
frequency w about H, the spins experience the action of 
an effective field, constant in  time, 

H . = g i + k ( H o - d ~ ) .  

which makes an angle 

e=arcteI H,l(H,-oly ) 1 

with the z axis (cf. Fig. 1). In this field, however, the 
precession is not coherent, a s  is revealed by the ab- 
sence of a component of the magnetization of the system 
perpendicular to &. To introduce coherence into the 
motion of the spins in  the rotating coordinate frame 
(RCF) or, in other words, to excite a magnetic reso- 
nance in the effective field &, we can, for example, ap- 
ply a second rf field, varying with a frequency 52 close 

To study the transitions a t  the frequency 52 =we in sys- 
tems whose behavior in magnetic-resonance conditions 
is described satisfactorily by the Bloch equations, in  
our earl ier  papers[" we proposed a new principle, 
based on the observation of the z-component of the mag- 
netization in  the LCF, modulated a t  frequencies that a r e  
multiples of 52. In Refs. 2 we also reported the realiza- 
tion of this principle in a system of optically oriented 
C S ' ~ ~  atoms, the z-component of the magnetization being 
measured from the light absorption. The object of the 
present paper is to investigate theoretically those re-  
sonance phenomena in the spin systems of solids in the 
RCF for which the Bloch equations are,  in general, in- 
applicable. 

1. THE HAMI LTONlAN OF THE SPIN SYSTEM IN  THE 
EFFECTIVE FIELD 

We suppose that a system of spins placed in a strong 
, 

constant magnetic field H,(llz) is acted upon by an rf 
field H,(t), rotating with frequency w and amplitude HI 
about H,, and a field Hz cosD t, oscillating parallel to 
H,. The frequency w may be the resonance frequency 
in the field H,; i t  belongs, therefore, to the high-fre- 
quency band, while 52 belongs to the low-frequency band. 

to the spin resonance frequency we = yH,, in the plane The Hamiltonian of the system has the form 
perpendicular to &. In practice this can be achieved by 
modulation, with frequency a, of the amplitude of the %=ooZ,+ ' I2w, (I+e-'mt+ZIe'.') 

+ o J ,  cos Qt+%d, 
rotating field H,(T), o r  by modulation of the field H, by a (1) 

field H2(t) =lrH, c o s a  t (cf. Fig. 1). where wJ=yH, ( j = O , 1 , 2 ) ;  I,=2,iiZyand 4 (i=x,y,z) a r e  
the components of the total spin; z, is the dipole-dipole 

Basing his approach on the spin-temperature hypoth- 
esis, ~&eld["  attempted to detect magnetic resonance 
in the RCF by saturating the rf transitions by a second 
field Hz(t). As is well known, in an ordinary resonance 
(in the laboratory coordinate frame (LCF) the absorp- 
tion of the rf energy by the spins is detected directly. 
In  a resonance in the RCF, we falls in the region of very - - - - - - - 
low frequencies and the energy absorbed by the spins 1% 
from the field &(t) is extremely small. However, these 
transitions can be detected from the change in  the dis- n\,CtI 

,/ '. 
persion signal a t  the high frequency w of the field H,(t). 

I ,  8 ntll j 
This is due to the fact that this signal depends on the 
magnitude of the projection of the magnetization on the 

x' 

direction of He, and this projection changes substantially x w  
when S1= w,, in  conditions of saturation. 9' 

FIG. 1. 

114 Sov. Phys. JETP 46(1), July 1977 0038-5646/77/4601-0114$02.40 O 1978 American Institute of Physics 114 



interaction energy, In  (1) we have not taken into account 
the influence of the lattice. which will be assumed to be 
weak in  comparison with the spin-spin interaction and 
will be taken into account phenomenologically in the fol- 
lowing. 

In the coordinate f rame rotating with frequency w 
about H, the energy of the spins is described by the ex- 
pression 

%.=AZ,+o,Z.~+o~Z, cos Qt+%ao, 

where A = w, - w and 8; is the secular part of the dipole- 
dipole interaction; we neglect the effect of the nonsecu- 
l a r  parts, since they vary in time with frequencies w 
and 20. 

Performing the unitary transformation T = exp(iZ,, 0), 
which is equivalent to a rotation of the RC F through an 
angle 0 about the y1 axis (i. e., the z!' axis will point 
along H,), we obtain 

%, =0clz..+02 cos Qt(Z . , f  cos 0 - I .  sin B)+k%2, 
(3) 

I t  is clear that in the rotated coordinate frame (x", 
z".) the field Hz(t) has, with respect to He, a trans- 

verse component Ha (Hz sin0 cosS2 t) and a longitudinal 
component Hz, (Hz cos0 cosS2 t). ~edfield'" disregarded 
the effect of the longitudinal component, and attributed 
the appearance of the resonance in the effective field 
entirely to the action of the component H,. However, 
although the longitudinal component Hz,, (unlike the field 
Ha) does not induce resonance transitions of the spins 
in the field He, i t  does exert an important influence on 
the character of the interaction of the spins with the 
field Hz,, leading to a number of interesting effects. 
With the aim of taking this influence into account we 
shall carry  out aVunitary transformation using the oper- 
ator U= exp(i1, a s in0  t), where a = (w,/Sl)cosO. We 
then obtain 

Here the third term is the energy of the interaction of 
the spins with an infinite se t  of rf fields that have ampli- 
tudes S2qJe(a)tan0 and rotate with frequencies qS2 about 
the direction of %. 

If $2 is greater than the linewidth of the magnetic r e -  
sonance in the field &, then, obviously, the greatest in- 
fluence on the state of the spins is exerted by the field 
with frequency pa;.! w,. To take this into account we 
transform by means of the unitary operator R =exp 
R =exp(ipSlZ,t) to the coordinate frame rotating with f re-  
quency pS2 about H,: 

If 1 qJ,(a)tan01 c< 1, we can retain only the zeroth har- 

monic (the secular approximation) in  the second term of 
this relation and%, goes over into the expression 

ad', ( o , - p ~ )  z . + ~ Q  tg 0  I-, ( a )  z .+kado .  (6 1 

(The primes on z and x have been omitted for conven- 
ience. ) 

The quantity 8:' is a static Hamiltonian, which per- 
mits us, in principle, to analyze the behavior of the spin 
system in the doubly rotating coordinate frame by the 
methods familiar in  the statistical theory of magnetic 
resonance. 

2. THE MAGNETIC-RESONANCE SIGNAL IN THE 
ROTATING FRAME I N  THE CASE OF A WEAK RF 
FIELD (PROVOTOROV'S CASE) 

Depending on the relative magnitudes of the energies 
described by the separate terms in  (6), substantially dif- 
ferent physical situations can be realized. In this sec- 
tion we consider the f i rs t  of these possibilities, when 
the sezoild term in  (6) is small compared with the others 
and can be treated a s  a perturbation. In this case the 
spin system can be approximately decomposed into two 
subsystems (reservoirs)  - the Zeeman and the dipole 
reservoir, the internal equilibrium of which can be 
characterized by the inverse temperatures P, and Pd, 
respectively. 

The evolution of the spin system can then be described 
by Zubarev's method of the nonequilibriurn statistical 
operator (NSO). c31 Denoting this operator by p, for our 
case  we write 

where 

By means of calculations analogous to those given 
inc3], we obtain from (7) in  the high-temperature approx- 
imation the following. equations for the inverse tem- 
peratures (in the absence of spin-lattice relaxation): 

where 

and w, is the frequency of precession of the spins in the 
local field. 

The equations given enable us  to find the rate 1 / ~ ,  of 
equalization of the temperatures of the Zeeman and di- 
pole reservoirs: 
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take their maximum values when the conditions 

FIG. 2. 

I t  can be seen from this that the rate of equalization of 
the temperatures is a resonance function of the frequen- 
cies, with resonances occurring when the conditions 
we =pS2 a r e  fulfilled. On the other hand, the value of 

a 1 / ~ ,  can be varied within wide limits by varying the 
parameters of the field Hl(t) and Hz(t), and can even be 
made to vanish when a takes a value coinciding with a 
zero of the Bessel functian. 

When the spin-lattice relaxation is taken into account 
the inverse temperatures of the subsystems a r e  found 
from the equations 

where f3, is the inverse temperature of the lattice and 
T, and Tdp a r e  the spin-lattice relaxation times of the 
Zeeman and dipole reservoirs in the RCF. 

The stationary solution of Eqs. (10) has the form 

Using these relations we can find the average values of 
the components of the magnetization of the spin system 
in the LCF. We cite a s  an example the expression for 
the z-component of the magnetization: 

where 

Thus, the magnetization of the spin system in the di- 
rection of the z axis contains an infinite se t  of harmonics 
with frequencies that a r e  multiples of 52 and amplitudes 
that have a resonance dependence on the frequency and 

a r e  fulfilled, corresponding to observation of the p-th 
resonance in the effective field. 

Thus, on the basis of the analysis given, we can con- 
vince ourselves that a resonance and modulation de- 
pendence is intrinsic to the z-component of the magne- 
tization in the LCF on excitation of magnetic transitions 
a t  the frequency we, not only in gases, liquids and solids 
whose behavior is described satisfactorily by the Bloch 
equations but also in  systems for which the Bloch equa- 
tions a r e  certainly incorrect. I t  is interesting to eluci- 
date the role of Hz, and Hz,, in  the formation of the reso- 
nance signal. This is done most simply by turning to 
the expression for the transition probability W, (8). Us- 
ing the ser ies  expansion of the Bessel function, we find 
the asymptotic values of W, for  p = 1 and p = 2 when 
wz/52<< 1 (a<< 1): 

I t  follows from this that for the fundamental resonance 
(52 = we), for any value of the angle 19, the greatest con- 
tribution to the transition probability is given by the 
component of the field Hz perpendicular to He. The char- 
acteristic feature in  the excitation of the resonance a t  
the frequency 52 = w,/2 ( p  = 2) is the fact that the transi- 
tion probability (w;) is determined by the joint action of 
H2, and Hz,,, their relative contribution depending on the 
value of the angle 8. An analogous situation obtains in 
the excitation of the resonances at the frequencies w,/p 
for p>2. 

Since, as follows from the relation (l3), MY' = 0 when 
I9 = 0, n/2, observation of the resonance from the z-com- 
ponent is possible only when O< B<n/2. This means that 
both components of the field H2 take part  in shaping the 
resonance signal. Even some features of the behavior 
of the fundamental signal ( p  = 1) cannot be fully explained 
by taking into account only the effect of the transverse 
component Hz,, a s  was done in Ref. 1. 

The analysis of the dependence of MY' on I9 and Hz is 
carried out more conveniently using the examples of 
M:" and M?', which a t  exact resonance (we = 52, w, = 252) 
have the form 

M!') - sin2 e lo  ( a ) ] ,  ( a )  
I+ (n /2)" 'TZp(Q tg e l , ( a )  )2 / (1  klo,) ' 

MiZ' -, sin2 01, ( a )  I, ( a )  
i+4(n/2)" 'TZp(Q tg  8 1 2 ( a ) ) 2 / ( l k l o L )  ' 

Figure 2 shows the dependences of M:" and Mi2' on 
the quantity a a t  I9 =45". In the first  case (for MJ") 
saturation of the resonance signal se ts  in a t  a<O. 01 
(curve 1). In  the second case (curve 2) the resonance 
signal has no appreciable tendence to become saturated, 
even a t  as 0.25, i. e. , at  amplitudes of the field Hz that 
exceed the value of the saturating field for the f i rs t  case 
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by a factor of 25. This behavior of the resonance sig- 
nals a t  frequencies we = 52 and w, = 252 becomes under- 
standable if we take into account that, according to (6), 
the energy of the interaction of the spins with the rf field 
is proportional to J,,(a) and falls sharply with increase of 
P. 

Thus, the theory given has confirmed the idea we put 
forward earl ier  about using the resonance and modula- 
tion dependence of the z-component of the magnetization 
in the LCF to investigate the magnetic resonance phe- 
nomena in the RCF in gases, liquids and solids. The 
idea has been experimentally confirmed for gases in 
Refs. 2, and for liquids and solids in  the work of Mefed 
and Atsarkin, '41 who proposed an induction method for 
the observation of Me. 

3. MAGNETIC RESONANCE I N  THE ROTATING 
FRAME I N  THE CASE OF A STRONG RF FIELD 

We shall consider now the experimental situation in 
which the second term in (6) i s  greater than the spin- 
spin interaction energy. In  this case we cannot distin- 
guish spins of a Zeeman and a dipole subsystem in the 
system, and in  the doubly rotating coordinate frome a 
spin temperature T, is established, to which corre- 
sponds the magnetization 

M(r)' =M,O ( 0 . - p 8 ) ~  
P (o.-pQ)2+ (pQ t g  81, ( a )  ) '+kZoLZ ' 

where M: is the initial magnetization in  the direction of 
the effective field. 

Transforming to the LCF, we obtain the following ex- 
pression for the component Me of the magnetization: 

(0 . -pa)  = 
M(I) =M, cos 8 

(me-pQ)'+(pQ t g  8  ] , (a)  )"khLZ 

where for the initial value M: we have taken the quan- 

tity Mo C O S ~  (Mo is the magnetization of the spins in the 
field H,). 

In the magnetization (17) there a r e  both constant terms 
and terms modulated a t  frequencies 952, the latter terms 
being of special interest from the point of view of the 
detection of the resonance. The amplitudes of all the 
harmonics contain a resonance dependence on the fre- 
quencies of the applied fields and take their maximum 
value when the condition we - p52 = 0 is fulfilled. The 
term with the denominator (p52J,(a) tang)' describes the 
rf broadening of the resonance, due to real transitions 
induced by the component Ha of the field Hz(t). This 
broadening becomes negligibly small a t  small angles 
9, since in this case  Ha becomes a small quantity and 
H,,, plays the main role. 

Also characteristic is the fact that in  the resonance 
denominator of (17) there appears the term p w i ,  where 
k = 1/2(3 cos29 - I) ,  which is responsible for the dipolar 
broadening of the resonance line in the effective field. 
When the angle 9 = arccos(l/J3) we have k =0, which 
leads to the effect, well known in magnetic resonance, 
of narrowing of the resonance line. 

The authors express their deep gratitude to A. Mefed 
and V. Atsarkin for discussions on the results  of the 
work. 
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