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Size-effect oscillations that are equidistant in the field were observed in the longitudinal magnetoresistance 
of thin (0.2 p m j a j O . 8  pm) cylindrical bismuth single crystals in fields such that the Larmor-orbit 
radius is r,> d .  The period of the oscillations as a function of the magnetic field is close to the flux 
quantum h c / e .  The thickness dependence of the resistance of the investigated samples at helium 
temperature is described by the classical Fuchs-Sondheimer theory. The value of the Fuchs parameter 
P = 0.9 points to a high degree of specularity of the surface scattering of the electron. Possible causes of 
the observed size-effect oscillations in a magnetic field are discussed on the basis of the current theories. 

PACS numbers: 72.15.Gd 

INTRODUCTION 

Size effects a r e  observed in cases when the charac- 
teristic lengths (the electron mean free path I, the dif- 
fusion length L, the Larmor-orbit radius Y,,, the de 
Broglie wavelength A) a re  commensufate with the region 
in which the carr iers  a r e  localized. C'*21 

In earlier theoretical papers devoted to the investiga- 
tion of size effect, the interaction of the electrons with 
the crystal surface was described with the aid of a 
phenomenological parameter SD (the Fuchs parameter), 
which characterizes the probat)ility of specular reflec- 
tion of an electron from the surface. C31 Detailed in- 
vestigations have shown that the character of the inter- 
action of the electron with the surface is determined 
not only by the state of the surface and by the distribu- 
tion of the field in the surface layer, but also by the 
shapes of the electron equal-energy surfaces in k 
space. 51 

It was established that the specularity coefficient de- 
pends strongly in the general case on the angle at which 
the electron arrives at the surface and is close to unity 
for "grazing" trajectories. C4 'I' This explains, in par- 
ticular, the existence of magnetic surface levels in a 
number of metals. 

Even the first  investigations of size effects in Bi have 
shown that the reflection of the! carr iers  from the sur-  
face of this material is close to s p e c ~ l a r ~ & ' ~ ~  (owing to 
the relatively large de Broglie wavelength of the elec- 
trons, A-1000 A). In perfect bismuth single crystals 
the carr ier  mean free path a t  helium temperatures is 
a fraction of a millimeter, s o  that a noticeable increase 
of the resistivity a s  a result of surface scattering is 
observed in samples having a diameter of several milli- 
meters. It should be noted that the strong anisotropy 
of the properties of Bi and its complicated band struc- 
ture hinder greatly the analysis of the experimental 
data on the size effects. It is obvious that in the gen- 
era l  case i t  is necessary to take into account several 
characteristic lengths that can differ appreciably in 
magnitude. In particular, the diffusion length L is sev- 
era l  times larger than the electron mean free path 2 in 
Bi (a diffusion size effect is observed at L "d"'121). 

In view of the foregoing, experiments that make i t  
possible to investigate the character of the interaction 
of the electrons with the surface by the most direct 
method a re  particularly valuable. Included among these 
experiments a r e  investigations of the effects of elec- 
tron focusing by a magnetic field in Bi, which have 
shown that the specularity coefficient of a smooth single- 
crystal surface varies with angle in the range from 
unity ("grazing" trajectories) to 0.8 ("head-on" in- 
cidence). 

The high specularity of surface scattering by bis- 
muth has led to observation of the quantum size effect 
(QSE)~'~-"] in Bi films with thickness d -  A. C'8'211 The 
size quantization causes thickness-dependent oscillations 
of the resistivity p, of the transverse magnetoresis- 
tance coefficient ~ p / p ~ ~ ,  of the Hall coefficient R,,,,, 
and of the thermoelectric-power coefficient; the period 
of the oscillations is equal to approximately one-half 
of the de Broglie wavelength of the electron, and the os- 
cillations take place in a wide range of temperatures. 
It should be noted that films a re  a s  a rule single crys- 
tals with mosaic structure, in which the block dimen- 
sions depend on the thickness and do not exceed several 
microns in size, s o  that an investigation of classical 
size effects in these objects is very difficult (at least 
at low temperatures). 

The theory of QSE for the case of thin wires (cylindri- 
cal symmetry) was developed incz2', but until recently 
no size-effect oscillations due to the QSE have been ob- 
served in thin wires. 

Classical size effects in a magnetic field were investi- 
gated in bismuth single with d>0.07 mm, 
a s  well a s  Bi filmsc241 and whiskers. A comparison 
of the experimental data with the corresponding theor- 
iesC26-281 turned out in this case to be a rather difficult 
task, since the size effects were observed in the mag- 
netic field against the backgfound of complicated field 
dependences typical of bulky bismuth. 

~a:dukov and ~ a n i l o v a ' ~ ~ *  301 have observed in investi- 
gations of the magnetoresistance of Bi whiskers a t  he- 
lium temperatures a new type of magnetoresistance os- 
cillations, which were taken to be of the size-effect 
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type. The oscillations were observed in fields for which 
rH > d/2, andYhad a rather complicated character. Sub- 
sequently Gaidukov and Golyalina observed size-effect 
oscillations of the magnetoresistance also in Sb 
whiskers. C3" In the opinion of the cited authors, this 
type of oscillation is a Shubnikov-de Haas (SdH) effect 
on an extremal section truncated by the two surfaces 
of the sample. C321 Size-effect magnetoresistance oscil- 
lations of another type were observed in Bi films a t  
helium temperature by Komnik. C331 

The theory predicts a large number of types of size- 
effect oscillations of various physical quantities in 
longitudinal and transverse magnetic fields, C34-381 some 
of which have been observed in experiment. Bogachek 
and ~ o ~ a d z e ~ ~ ~ ~  have considered the oscillations of the 
thermodynamic quantities in the case of a thin metallic 
cylinder of diameter d in a longitudinal magnetic field, 
when Y,, >d/2. They have shown that owing to the angu- 
lar dependence of the specularity coefficient, the am- 
plitude of the Dingle oscillationsc351 is negligibly small 
under ordinary conditions and the main contribution to 
the oscillations of the thermodynamic potential is made 
by magnetic surface levels corresponding to electrons 
localized in a narrow layer near the cylinder surface. 
The spectrum of these levels differs substantially from 
the spectrum of the magnetic surface levels on a flat 
boundary. It follows fromc3" that at Y, > d/2 the 
thermodynamic quantities oscillate when the magnetic 
field flux is varied and the period of the oscillations i s  
equal to the flux quantum hc/e. 

~eschanskir  and ~ i n o l i t s k i r ~ ~ ~ ]  have developed a theory 
of size-effect oscillations of the longitudinal and trans- 
verse magnetoresistance of thin plates and wires (dif- 
fuse scattering). The oscillation peaks of the longitudi- 
nal magnetoresistance of a thin cylinder appear when- 
ever the next Landau quantum tube i s  "inscribed" in the 
cylinder cross section. The oscillations a re  equidistant 
in the field, with a period equal to AH=hc/ea!d2, where 
a! i s  a factor connecting the area of the cross  section of 
the Fermi surface and the square of its diameter: 
S ( E ,  p,) = a ~ ~ ( p ~ ) .  In the case of a spherical Fermi sur-  
surface a = n/4 and the period of the oscillations, a s  a 
function of the magnetic field, is again equal to the 
quantum flux hc/e. The latter i s  an obvious conse- 
quence of the fact that the difference between the mag- 
netic fluxes through orbits corresponding to neighbor- 
ing Landau quantum tubes i s  hc/e. 

The present paper is  devoted to an experimental in- 
vestigations of size-effect oscillations, equidistant in 
the direct field H, of the longitudinal magnetoresistance 
of thin cylindrical single crystals with 0.2 pm c d 0.8 
p. The oscillations a re  observed at helium tempara- 
tures in the region of weak magnetic fields, where Y, 

>d/2. 13$] We obtain here also new data on the classical 
size effects in bismuth. 

EXPERIMENTAL PROCEDURE. SAMPLE 
PREPARATION 

The investigated cylindrical Bi single crystals were 
obtained by casting from the liquid phase by Ulitovskii's 

method. C401 The source material was 99.9999% Bi. 
The technology employed made i t  possible to obtain 
bismuth "wire" of various diameters in glass (Pyrex) 
sheaths, the outside diameter of the glass capillary 
being much larger than the "wire" diameter. The glass 
sheath was not removed during the measurement. The 
glass coating provided the necessary mechanical 
strength and reliably protected the sample surface from 
the action of the ambient. Examination in an electron 
microscope has shown that the cross section of the 
samples with diameter d<20  pm was an ideal circle. C401 

That the cylindrical Bi samples used in our study were 
single crystals was reliably established by x-ray dif- 
fraction. It was observed that at d<  1 km the samples 
increase in only one orientation, and the cylinder axis 
coincides with the rL direction in the reduced Brillouin 
zone, a direction situated in the bisector-trigonal 
plane and making an angle 19.5" with the bisector. At 
thicknesses d >  5 pm, the single-crystal character of 
the samples was checked also by etch figures. The 
high perfection of the investigated thin bismuth single 
crystals is attested by the sharp rotation rosettes of 
the transverse magnetization and by the good Shubnikov 
oscillations in strong magnetic fields H(rH <d/2). 

The sample diameter was calculated from the resis-  
tance at room temperature (measurements made on 
films show that the classical size effect a t  room tem- 
perature is negligible at thicknesses d>0.2 pmC2'I). 
Special control measurements with an electron micro- 
scope have made i t  possible to establish that the method 
described above for the determination of the sample 
diameter is accurate enough (10-15%) at d>0.2 pm. 

The current and potential leads of tinned copper wire 
(100 pm diameter) were secured to the end faces of the 
samples with gallium solder. This was done immedi- 
ately before the measurements to prevent the gallium 
from dissolving the end sections of the sample. The 
sample length was chosen such that its resistance did 
not exceed 20-30 kilohm (the minimum sample length 
was - 1 mm). 

The magnetoresistance of the thin cyc1indrica;l Bi 
single crystal was measured in the field of an FEL-2 
electromagnet (H s 12 kOe) or  in the fietd of a super- 
conducting solenoid (H s 55 kOe). The FEL-2 electro- 
magnet was provided with a rotating unit and a rotation- 
angle pickup. In the investigation of the angular depen- 
dences of the periods of the size-effect o r  Shubnikov os- 
cillations, the substrate with the samples was secured 
in a cryostat placed on a second rotating device, SO 

that the sample placed in the plane of rotation of the 
magnetic field could be rotated about i ts  own axis. 
When the magnetoresistance p(H) was plotted, the volt- 
age from the potential leads of the sample was fed to the 
input of a V2-15 microvoltmeter. An adjustable volt- 
age from an IRN-64 divider and a signal from an analog 
computer that generated a voltage proportional to UH 
& @f2E4i1 were applied to the input of the V2-15 in series 
with the signal from the sample. This made i t  possible 
to cancel out both the dc component of the investigated 
signal from the sample, and the monotonic variation of 
p(H) (the latter was of particular importance when the 
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FIG. 1. Reduced tempera- 
ture dependences of the 
resistivity of bulk Bi (basal 
plane)c81 and of cylindrical 
single crystals with dif- 
ferent diameters d .  

size-effect or Shubnikov oscillations were recorded on 
the sensitive scales of the ~2-15) .  The current through 
the sample was chosen such as to exclude overheating 
effects. The magnetic field and the current through the 
sample were monitored with digital voltmeters. 

The derivative Bp/8H was recorded a s  a function of 
H by a standard modulation technique. The signal from 
the sample, at the modulation frequency 33 Hz, was 
amplified with a low-noise narrow-band amplifier with 
a phase detectorc411 (the noise level, referred to the 
input, was -5 X 10" V). The temperature in the interval 
1.9 K < T< 4.2 K was determined from the pressure of 
the saturated helium vapor. 

The temperature dependences of the resistivity p(T) 
of the investigated samples a t  T >  4.2 K were plotted 
while the container with the samples was moved in the 
vapor over the liquid-helium level. The temperature 
was measured with a copper-constantan thermocouple. 
The signals from the thermocouple and from the poten- 
tial contacts of the samples were measured with a two- 
c h a n ~ e l  digital measurement mlitc411 and printed with 
the EUM-23 digital printout unit. 

MEASUREMENT RESULTS 

Our measurements have shown that the resistivity p 
of thin cylindrical Bi single crystals increases strongly 

FIG. 2 .  Field dependences 
,of the magnetoresistance of 
a cylindrical single crystal 
of Bi of 0 .76  pm diameter 
at T =4 .2"K and at different 
orientations of the magnetic 
field H relative to the cylin- 
der axis (0 = 0  at H II J ) .  
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FIG. 3. Field dependence of the longitudinal magnetoresis- 
tame of a sample of 0 . 4 2  pm diameter at T = 4 . 2  K. The 
insert shows the initial section of the Ap/p =f ( H )  curve in an 
enlarged scale (the monotonic component is suppressed). 

at helium temperatures with decreasing diameter d 
(Fig. I), this being a manifestation of the classical 
size effect. Ci*21 The plots of the resistivity against 
temperature have maxima that increase in magnitude 
and shift towards higher temperature with decreasing 
d (Fig. 1). 

In all the investigated samples, the field plots of the 
longitudinal resistivity p(H) have a t  helium temperature 
a negative-magnetoresistance section (Fig. 2) that shifts 
towards the stronger fields with decreasing d. It must . 
be noted that the form of the p(H) dependences is very 
sensitive to the orientation of the field H relative to the 
current J (Fig. 3, HI1 J at  8 =0). 

At helium temperatures and in fields H > H,, (H,, is 
the field corresponding to the maximum on the p(H) 
plot), all samples revealed normal Shubnikov oscilla- 
tions against the background of the monotonic variation 
of p(H) (Fig. 2). At the same time in fields H< H,, the 
p(H) curves revealed oscillations that attenuated rapidly 

FIG. 4 .  Field dependence 
of the magnetoresistance 
derivative of a sample with 
d = O . 8  gmat T = 4 . 2  K .  
The magnetic field is di- 
rected along the bisector 
(angle between H and J is 
19.5"). The insert shows 
the initial section of the 
curve in an enlarged scale 
and the dependence of the 
number of the extrema n on 
the plot of Bcp/aH = f ( H )  
against the field H .  

17 2 4 6 8 H, kOe 
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FIG. 5. Size-effect oscillations 
on the derivative of the longitu- 
dinal magnetoresistance as func- 
tions of the quantity lId2 for cy- 
lindrical Bi single crystals with 
different diameters at T =  4.2  K 
(the monotonic component is sup- 
pressed). For convenience in the 
analysis, the curves are shifted 
vertically by arbitrary amounts. 

with increasing fields and whose parameters depended 
strongly on the sample diameter d (Fig. 3). In most 
cases these oscillations had the character of beats of 
two frequencies with periods that were constant in the 
direct field (Fig. 3). The oscillations in weak field 
a re  particularly pronounced on the field dependences 
of the derivative Bp/BH. In some cases one frequency 
predominates in the region H<H- (as in Fig. 4), and 
i t  i s  clearly seen that the plot of the number of the os- 
cillations against the magnetic field is a straight line 
(insert in Fig. 4). With decreasing sample diameter 
d, the period of the oscillations in the weak field in- 
creases strongly. 

The oscillations observed in the present study a t  
H < H,, had good reproducibility. The shape of the os - 
cillation curves and the period of the oscillations were 
independent of the current through the sample and of 
the amplitude of the modulation of the magnetic field 
(when Bp/BH was plotted a s  a function of H). Lowering 
the temperature from 4.2 to 1.9 K causes a strong 
increase of the oscillation amplitude. 

Increasing the measurement current through the sam- 
ple above a definite limit led to the onset of overheat- 
ing effects. The amplitude of the oscillations in the 
weak field decreased in this case much more rapidly 
than the amplitude of the normal Shubnikov oscillations 
in a strong field. 

In the investigation of the angular dependences of the 
periods of the oscillations in a weak field, the mag- 
netic field was rotated in most cases in the bisector- 
trigonal plane. The crystallographic axes of the sam- 
ples were oriented relative to the plane of rotation of 
the magnetic field with the aid of a second rotating de- 
vice located in the cryostat. When the magnetic field 
was turned away from the direction HllJ towards the 
bisector, in an interval 20-30°, the quality of the 
oscillations in the weak field did not deteriorate 
( ~ i g .  4), but at large angles between H and J the am- 
plitude of the oscillations decreased, and this hindered 
greatly the investigation of the angular dependences of 
their period. In the angle range indicated above, the 
picture of the beats a t  H< H,, varied explicitly with 
angle, whereas the average oscillation frequency (in 
the antinodes of the beats) remained constant within 

the limits of the experimental errors .  Shubnikov os- 
cillations were observed in the entire angle interval. 

It was established in our present study that at Hll J the 
oscillation curves obtained in weak fields (H<H-) for 
samples with different diameters d exhibit a noticeable 
similarity if the oscillations of the magnetoresistance 
a re  plotted a s  functions of ~d~ (Fig. 5). A clear-cut 
picture of the beats is observed in Fig. 5 for samples 
with 0.27 pm s d  4 0.53 pm (one frequency predomi- 
nates in the case of the sample with d =  0.80 pm). 

The Shubnikov oscillations of the magnetoresistance 
of a number of samples were investigated in fields up 
to 55 kOe, a procedure necessary for a correct deter- 
mination of the Dingle temperature TD. The oscillations 
were exactly of the same type a s  in bulky Bi. In the 
strongest fields, a t  T = 4.2 K, strongly pronounced high- 
frequency oscillations in T were observed from the hole 
ellipsoids, thus attesting to the high quality of the cy- 
lindrical Bi crystals investigated in the present study. 

DISCUSSION OF RESULTS 

The fact that the thin cylindrical Bi samples investi- 
gated in this study were single crystals was verified 
by x-ray diffraction and by a study of classical and os- 
cillator ( S ~ H )  effects in a magnetic field. An exception- 
ally favorable circumstance was the fact that the orien- 
tation of the crystallographic axes relative to the axes 
of cylinders with d <  1 pm was the same. The absence 
of a block structure in the thin cylindrical single crys- 
tals makes them favored over Bi films, where the block 
dimensions do not exceed several microns. The blocks 
in Bi films limit the mean free path in the film plane at 
low temperatures, and this leads to the appearance of 
another characteristic length (which is furthermore dif- 
ficult to control). The temperature dependences of 
p(T) of thin Bi cylinders ( ~ i g .  1) differ substantially 
from the analogous dependences for Bi films of the 
same thickness. C20s241 

The mean free path 1, which is determined by scat- 
tering from the defects inside the cylinders a t  helium 
temperatures, cannot be determined directly from the 
data obtained here. However, a correct estimate of 
the order of magnitude of 1 can be obtained from the 
value of the Dingle temperature TD, determined from 
the field dependence of the amplitude of the Shubnikov 
oscillations p(H) in sufficiently strong magnetic fields, 
where Y, < d. A certain difficulty i s  raised, to be sure, 
by the fact, shown inc4'], that the Dingle relaxation time 
7 , =E/r  ( r  is the broadening of the Landau levels due 
to scattering by static defects) turns out to be several 
dozen times smaller than the transport relaxation time 
7 in pure Bi. Nonetheless, a comparison of TD of bulky 
single crystals and the investigated samples makes it 
possible to compare the corresponding mean free paths. 
It was established in the present study that TD of cy- 
lindrical Bi single crystals amounts to -1 K, which is 
comparable with TD of perfect bulky Bi single crystals 
(T, -0.7 K ' ~ ~ ' ) .  It follows therefore that the mean 
path 1 in the investigated samples at helium tempera- 
tures amounts to a t  least 1 - 100 pm. CB1 The foregoing 
pertains to the average electron mean free path. Ac- 
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FIG. 6. Relative resistivity 
(T = 4.2 K) of cylindrical Bi 
single crystals vs. the 
reciprocal diameter,. 

cording to Friedman's data, ''I the hole mean free path 
is comparable with the electron mean free path. 

At nitrogen temperatures the mean free path 1 of pure 
Bi is determined by phonon scattering and equals 1-2 
pm. C'2J There a r e  appreciable divergences in the esti- 
mates of the value of 1 at  room temperature. The most 
probable value of 2 at  T=300 K is apparently 2=0.2-0.3 
pm. L433 In the diameter interval investigated in the 
present study, d>O. 2 pm, the classical size effect at 
T = 300°K is negligible because of the high specularity 
of the surface scattering, C211 SO that the dependences 
of the reduced resistivity pT/p3,, on the sample thick- 
ness can be analyzed independently. 

It is seen from Fig. 6 that the dependences of pL2/ 
p3,, on the reciprocal diameter l/d a re  described a t  T 
=4.2 by the Fuchs-Sondheimer theory. "'" It appears 
that in the present case the existence of several groups 
of carr iers  and the anisotropy of the Fermi surface of 
Bi do not alter in fundamental rnanner the functions 
p =  F(l/df that characterize a simple metal with a 
spherical Fermi surface. L441 

At helium temperatures the investigated samples have 
I/d >> 1 and the dependence of the resistivity of the cyl- 
inder on the thickness is described by the formulac45J 

The Fuchs parameter P can be determined from Fig. 6 
with the aid of (1) by using the .value [ P ~ ~ / P ~ ~ ~ I -  1 
z1 m. Calculation yields 9 =O. 9, which attests to 
a sufficiently high specularity of the surface scattering 
of thin cylindrical Bi single crystals a t  helium tem- 
perature. 

In the present study we obtained no data on the exis- 
tence of the QSE in thin cylindrical Bi single crystals. 
tale. Q21 This question remain3 therefore open. 

The dependence of the maxinnum field H, in the 
longitudinal magnetoresistance of the investigated sam- 
ples (Fig. 2) on the reciprocal diameter l/d (Fig. 7) 
makes i t  possible to identify the onset of negative mag- 
netoresistance on p(H) with the classical size effect in 
a longitudinal field. C2$271 It was established in the 
present study that the field H,, coincides with the "cut- 
off" field He,, of the Shubnikov oscillations, which is 
determined from the condition He, = D,, c/ed, where 
D ,  is the maximum diameter of the extremal section 
of the Fermi surface. c271 The value Dm= 2.2 x 10'~' 
g cm/sec calculated from Fig.. 7 with the aid of the 
relation H, =He, = Dm, c/ed agrees well with the val- 
ue of D, for two electron ellpsoids of equal cross 

section, located symmetrically relative the bisector- 
trigonal plane containing the cylinder axis (we recall 
that HIIJ). c46J It should be noted that the contribution 
made to the conductivity by these ellipsoids should 
exceed significantly the contribution from the third 
electron ellipsoid located in the bisector-trigonal plane. 

When the magnetic field is rotated in the mirror- 
symmetry plane (H is perpendicular to the binary axis), 
the angular dependence of the periods of the Shubnikov 
oscillations due to the electron ellipsoids of Bi con- 
tains two branches. C421 If the angle between H and the 
bisector is equal to 19.5", the periods of the Shubnikov 
oscillations a re  equal to A,(l/H) =8.1 lom5 Oe" (el- 
lipsoid in the mirror-symmetry plane) and h2(l/H) 
= 3.6 lom5 0e" (the two other ellipsoids). C431 In the 
samples with d>O. 4-0.5 km investigated here, the 
Shubnikov oscillations of the longitudinal magnetoresis- 
tance contain at H >H, two frequencies with periods 
A,( l /H)=(8.0~1.0)*10 '~ 0e" and A,(l/H)=(3.8*0.4) 
10'~ Oe", which agree well with the data given above 

for bulky Bi samples in the same orientation. For thin- 
ner Bi samples, Shubnikov oscillations with only one 
period A2(l/H) a re  observed. The values of the periods 
Ai(l/H) and A,(l/H) do not vary with the sample thick- 
ness within the limits of experimental error .  

The parameters of the oscillations of the longitudinal 
magnetoresistance of thin cylindrical Bi single crystals 
in fields H>H, reveal a strong thickness dependence, 
so  that these oscillations can be attributed to the size 
effect. The characteristic features of the size-effect 
oscillations a re  the following: 

1) The oscillations a re  observed in fields H weaker 
than the "cutoff" field ("H,), where there a re  no 
Shubnikov oscillations. 

2) In most cases the oscillations a re  superpositions 
of two frequencies (Fig. 5) whose periods a re  constant 
in the direct field; the latter i s  particularly clearly seen 
in the case when one frequency predominates (inserts 
in Figs. 4 and 5). 

3) The oscillation frequency increases with the sam- 
ple diameter (Fig. 8). 

4) The oscillation amplitude decreases with increas- 
ing magnetic field and vanishes by the instant of ap- 
pearance of the Shubnikov oscillations. 

5) Lowering the temperature from 4.2 to 2 K leads 

FIG. 7. Dependence of the maxi- 
mum field H , , , ~ ~  on the longitudinal- 
magnetoresistance curves A p ( H )  
of the investigated samples (see 
Fig. 2) on the reciprocal diameter 
at T = 4 . 2  K. 
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FIG 8. Dependence of the 
number of the extrema of the 
size-effect oscillations of the 
derivative @/OH of the longi- 
tudinal magnetoresistance on 
the magnetic field for samples 
with different diameters. 

to an increase of the size-effect oscillation amplitude. 
The period of the oscillations is independent of tem- 
perature. 

6) The amplitude of the size-effect oscillations de- 
creases rapidly when the magnetic field deviates away 
from the direction HI1 J. 

As indicated above, the size-effect oscillations of the 
magnetoresistance at helium temperatures, in fields 
weaker than the "cutoff" field, were observed earlier 
in and filmsc331 of Bi. Unfortunately, 
the cited papers do not contain a detailed analysis of 
the thickness dependences of the parameters of the 
size-effect oscillations, so  that it is impossible to 
compare the data ofC29*30*331 with our present data. 

The distinct beat pattern in most investigated sam- 
ples ( ~ i g .  5) has enabled us to determine with good ac- 
curacy the periods of the frequency components of the 
size-effect oscillations. It i s  seen from Fig. 9 that the 
periods of both frequencies of the size-effect oscil- 
lations of the longitudinal magnetoresistance depend on 
the sample diameter d like A,=d". It follows there- 
fore that the change that takes place in the magnetic 
flux through the cross section of a cylindrical sample 
when the number of the size-effect oscillations changes 
by unity, A* = SAH = ~ ~ , ( n d ' / 4 ) ,  is  constant for all the 
samples. This rule i s  the most important characteristic 
of the size-effect oscillations observed in this study. 
For the lower branch of on Fig. 9, A@ amounts 
to (4.3 * 0.3) X 10'' G cm2, which coincides within the 
limits of e r ro r s  with the flux quantum hc/e = 4.14 
x 10" G cm2. 

As indicated in the Introduction, size effect oscilla- 
tions of the longitudinal magnetoresistance, equidistant 
in the direct field, were predicted in a number of 
papers. C37~47,48,381 

To observe oscillations of the "flux-quantization" 
typec37*47*481 it i s  necessary that the quantum-coherence 
length for electrons moving on a closed trajectory in a 
narrow layer near the cylinder surface exceed appreci- 
ably the perimeter of the electron orbit. This condi- 
tion is satisfied for perfect thin single crystals at suf- 
ficiently low temperatures in the case when the colli- 
sion of the electrons with the surface is close to specu- 
lar (as is almost always the case for grazing trajector- 
ies). Dingle oscillations from "volume" electrons may 
become superimposed on size-effect oscillations of the 
"flux-quantization" type, C351 but the amplitude of the 

Dingle oscillations turns out to be small even if the 
surface scattering is not very diffuse. C471 

The thin cylindrical Bi single crystals investigated 
by us have I >>d at  helium temperatures, and the char- 
acter of the electron scattering by the surfaces is close 
to specular (9' = 0.9), making quite probable the ob- 
servation of size-effect oscillations of longitudinal mag- 
netoresistance with a period that is a function of the 
magnetic flux hc/e. c37* 471 481 

It must be noted, however, that in the thinnest sam- 
ples the electron wavelength (1000 A) is comparable 
with the cylinder diameter. This casts doubts on the 
possibility of applying the theory developed inc37147*481 
to our case without some stipulations (the distinction 
between surface and volume electrons becomes quite 
arbitrary). 

It i s  shown inc4" that the period of the size-effect 
oscillations of the "flux-quantization" type does not 
depend explicitly on the concrete carrier-dispersion 
law. At the same time, we have observed here be- 
sides the periods A,, for which A@ -hc/e also periods 
with A@ - 1.4 hc/e, which could be seen in the entire 
range of cylinder diameters 0.2 pm c d  0.8 pm. The 
reason why the size-effect oscillations in cylindrical 
Bi single crystals have two frequencies a re  still inex- 
plicable from the point of view of the theory developed 
inC37, 47,481. 

~eschansk i r  and ~inolitskic, in a theoretical paperc381 
based on a quasiclassical analysis, have predicted 
size-effect oscillations of the longitudinal magneto- 
resistance of thin metallic cylinders in the case of 
diffuse scattering of the electrons from the surface.. 
They note that the character of the surface scattering 
for a given size effect is of no fundamental significance. 
It can be assumed, however, that in the case of specu- 
l a r  scattering the picture becomes much more com- 
plicated because of the quantum size effect (WE) and 
the onset of magnetic surface levels. 

FIG. 9. Dependences of the 
periods of the size-effect 
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The oscillations predicted in':381 are close in their 
characteristic features and parameter thickness depen- 
dences to those observed in the present study. It fol- 
lows fromL381 that in the case of a complicated Fermi 
surface one can observe simultaneously size-effect os- 
cillations with several periods. The oscillation period 
proportional to the flux quantum hc/e depends on the 
concrete form of the Fermi surface via the coefficient 
o! (see the Introduction). In our case the values of the 
coefficient o! for the two frequency components of the 
size-effect oscillations ( ~ i g .  9) are a, = 0.53 (upper 
branch) and az = 0.76 (lower branch). i s  equal to 
lr/4 within the limits of error, and this corresponds to 
a circular electron trajectory in the magnetic field. At 
the magnetic-field orientations used in our study, how- 
ever, no circular electron trajectory can be realized 
in Bi. 

It follows from the foregoing that an unequivocal theo- 
retical interpretation of the effect observed in our study 
encounters certain difficulties. Additional research is  
necessary to ascertain the extent to which the character 
of the surface scattering and the anisotropy of the Fermi 
surface influence the form of tlie size-effect oscillations 
of the longitudinal magnetoresistance of thin cylindrical 
single crystals of Bi. 

In conclusion, we take the opportunit~y to express 
sincere gratitude to S. D. Byeneslavskii, L. A. 
~al'kovskic and Yu. P. Gaidukov for exceptionally 
useful discussions. 
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