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Analysis of Fabry-Perot modes in CdS crystal plates has been used to determine the group velocity v, of 
light and its dependence on frequency in the region of exciton resonances. These modes can be clearly 
seen in reflection, transmission, and luminescence spectra at dierent temperatures in a broad spectral 
range. Excellent agreement has been achieved with the theoretical values of v, calculated for normal 
waves (polaritons) in the crystal. Some of the v,-dependent properties of Fabry-Perot cavities are 
discussed. The dispersive properties of the crystal are found to depend on exciton concentration, and this 
is explained in terms of the exchange interaction between the excitons. 

PACS numbers: 71.35. +z, 71.70.Gm, 78.20.Dj 

1. The group velocity of light is the velocity of ener- 
gy transport, s o  that i t  determines the cross  section for 
the scattering, amplification, and absorption of light, 
the cavity mode losses, and so on. In the general case 
of a medium with small absorption, the group velocity 
of light is given by (see, for example,   in stein'" and 
Agranovich and ~ i n z b u r ~ [ ~ ' )  

Iv,l =cl (n-hdnldh), ( I )  

where n is the refractive index which is a function of 
wavelength A. This formula is based on the following 
definition of group velocity: 

v,-doldk, (2 ) 

where k = (2 n/X)n(X) is the wave vector of the normal 
light wave in the crystal.c21 The expression commonly 
found in the literature is 

vpvj-hdvj/dh, v,=cln. (3) 

It is readily seen that this expression is obtained when 
the dependence of k on n(X) is neglected in (2), so that 
it is valid only in the limiting case when 

However, it is precisely the opposite case, i. e., n 
<< Xldn/dXI, that corresponds to the propagation of light 
in a crystal in the neighborhood of exciton resonances 
where photons in the crystal (normal waves, o r  polari- 
tonscg"') differ appreciably from photons in vacuum, and 
the group velocity of light (polariton) can be written in 
the formc4' 

where co is the dielectric constant, Aw, is the exciton- 
photon coupling energy which depends on the oscillator 
strength, and wo is the frequency of a transverse exci- 
ton (the effective mass of an exciton is assumed to be 

infinite). One of our aims was to obtain an experimen- 
tal verification of (4). In addition, we investigated some 
of the v,-dependent properties of Fabry-Perot cavities, 
both experimentally and theoretically. 

2. The simplest and most natural way of determining 
the dependence of v, on w is to analyze the frequency 
distribution of the Fabry-Perot modes in a crystal with 
resonating properties. Thus, the spectral interval AX 
between neighboring longitudinal modes (standing waves) 
is 

h' 
Ah = 

21 (n-hdnldh) ' 

where 1 is the thickness of the crystal plate. Despite 
the fact that (5) has been known for a long time,'51 i t s  
relation to the group velocity has not been considered. 
Instead of (5), we may write 

3.   he experiment was performed a s  follows. The 
DRSh- 500 mercury lamp and a hot filament lamp were 
used to record the reflection, absorption, and lumines- 
cence spectra of plane-parallel plates of CdS at 1.4" 
and 77 OK. The plate thickness for which the results 
a re  given below was 0.001 cm. Figure 1 shows the re- 
flection spectra in the region of transparency for two 
excitation levels. The emission of the mercury lamp 
was not cut off at the top by filters, s o  that we could 
investigate the influence of exciton concentration on 
these spectra. 

Clear Fabry-Perot interference was observed. For 
E 1 c, the mode lines converge to the position of the 
exciton line A (n = 1) whilst, for E I I  c, there is a se t  of 
modes converging to the position of the exciton B (n = 1). 
Two important features can be noted in both cases: (1) 
the reduced line spacing is accompanied by a reduction 
in their widths and (2) the interference structure is 
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shifted (and this depends on frequency) toward the red a s  
the excitation level i s  increased in the region of funda- 
mental absorption. 

The Fabry-Perot mode structure i s  also observed in 
the luminescence spectrum of the CdS crystal excited by 
the mercury lamp (Figs. 2b and 3). In this case, we 
used a filter that confined the spectrum of exciting ra- 
diation of frequencies smaller  than the gap width. The 
mode frequencies in the relation spectrum obtained un- 
der exposure to radiation from the mercury lamp a r e  
equal to the corresponding mode frequencies in the lu- 
minescence spectrum (Fig. 2). 

4. We must now proceed to a more detailed analysis 
of the experimental data. As noted in Sec. 2, measure- 
ments of the intermode spacing enable us to determine 
the dependence of the group velocity of light on frequen- 
cy w. The corresponding results for c/u,(w) a re  given 
in Fig. 4, in which the theoretical curves a r e  obtained 
from (I), taking into account the contribution of the A 
(n = 1) and B (n = 1) exciton resonances for E L C .  Good 
agreement between theory and experiment is obtained at 
T = 1.4 "K for fiw,= 0.072 eV (this value corresponds to 
the observed transverse-longitudinal splitting of 0.002 
eV for the exciton A), wOA = 20 584 cm-l, wOB = 20 706 

FIG. 1. Reflection spectra of a CdS crystal a t  
T = 1 . 4  "K illuminated by light from a mercury 
lamp (a, c) and a hot-filament lamp (b, d) with 
E I c (a, b) and E Ilc (c, d). The emission and 
reflection spectra are complementary. The 
designations are the same as in our previous 
paper. C61 

cm-', &A/'= 3, and the oscillator strength for the exci- 
ton B (n = 1) 

The above value of fB(E Il c )  was obtained by fitting the 
theoretical expressions to the experimental curves for 
E Il c .  The ratio fB(E 1 c)/fB(E Il c), reported by Reyn- 
olds et a ~ . [ ~ '  was used to determine fB(E LC). It is im- 
portant to note that the effects of spatial dispersion a re  
negligible in this case. 

The values of the refractive index n can be determined 
from the interference order in the region of weak dis- 
persion and by counting the number of modes in the fre-  
quency interval in which we a r e  interested. We have 
used this method to show that n = 3-4.5 throughout the 
interval under investigation. Consequently, the group 
velocity turns out to be much less  than the phase veloci- 
ty c/n. For example, at  the frequency of the bound ex- 
citon Z2,  the group velocity is lower by two orders of 
magnitude than the phase velocity. It i s  possible to ob- 
tain a very approximate estimate for u, for the much 
closer neighborhood of the exciton resonances if  we use 
the data of Fabry-Perot interference reported by Reyn- 
olds et a1 ., [I1 Kysilev et  a1 ., ['I and Voight et a l .  for 
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I, rel. units clear ly observed even in the region where  

n FIG. 3.  Luminescence spec- 
trum of a CdS crystal at 

CdS c rys ta l s  much thinner than our  plates. In this way, 
we find that v,= 1 0 - ~ ~ - 1 0 ' ~ c .  

Let us  now consider the observability of the mode 
s tructure.  It is c l e a r  that the condition f o r  the observa- 
bility of the s t ruc ture  is 

where r is the linewidth of a n  individual mode. In the 
c a s e  of a thin plane-parallel plate, we can neglect dif- 
f ract ion losses  and l o s s e s  due to  depar tu re  f rom paral- 
le l ism of,the two reflecting plates. In the t ransparent  
region, however, the  mode l o s s e s  a r e  determined ex- 
clusively by the escape of radiation f r o m  the crystal,  
and we can wr i te  

where E is the energy of the field corresponding to one 
mode, v,dt/l is the number of reflections undergone by 
the light energy in one of the progressive waves r e -  
flected f rom the sur faces  in  the t ime  interval  dt ,  R is 
the reflection coefficient, and 1 is the plate  thickness. 

Equation (7) d i f fe r s  f rom the usual expression f o r  the 
l o s s e s  (see, f o r  example, Basov et  a ~ . ~ ' ~ ' )  in  two r e -  
spects: f i r s t ,  i t  contains the group velocity v, instead 
of c o r  v and, consequently, the "extra" fac tor  4, 
which represen ts  the fact that the energy of the standing 
wave is shared  equally between two progressive waves. 
Integration yields 

E ( t )  =E(O) esp [-v,(i-R)t/21] 

Consequently, the relaxation t ime (photon lifetime in 
the cavity) is 

and this  corresponds to  

Condition (6) can now be rewri t ten in  the fo rm ~ u , / l  
>ITV,(~-R) / l ,  o r  

Thus, in  the region of relat ive transparency, the Fabry- 
Pero t  modes cannot overlap. We note that, if we use 
(7) without the above factor  of a, we obtain the condi- 
tion R >$ instead of (8), and this is in c l e a r  conflict 
with experimental data which show that the modes a r e  

Next, if we were  t o  use  the phase velocity instead of 
the group velocity t o  determine r, w e  would have a s t i l l  
g r e a t e r  conflict with experiment. The mode s t ruc ture  
should vanish in  the region of sufficiently s t rong ab- 
sorption because the additional l o s s  mechanism due to 
photon absorption leads  t o  a n  i n c r e a s e  in  the damping r. 
On the o ther  hand, when the absorption is strong enough, 
the very concept of group velocity l o s e s  i t s  meaning. 
When the temperature is increased t o  77 OK, the group 
velocity v, cannot b e  measured  in the region where  c 
> 100 v, because of the t empera ture  broadening of the w 

exciton absorption line. At frequencies  close to  the  
bound exciton l ine 12, population inversion is reached 
under illumination by the mercury  lampc"' (negative ab- 
sorption is produced) and we can observe  the mode 
s t ruc ture  in  the luminescence spec t rum (Figs. 2b and 
3). 

Let us  now consider the mode shif t  along the frequen- 
cy axis  a s  the level of interband excitation is increased.  
It is c lear  that, in  our  case,  th i s  shift  is due t o  a change 
in the refract ive index. If we use the above experimen- 
t a l  data, we may conclude that the change in the re f rac-  
t ive index n o c c u r s  a s  a resu l t  of a change in the con- 
centration of f r e e  excitons, and is not a t empera ture  ef- 
fect. In fact, a s  the t empera ture  increases ,  the f re -  
quencies of the exciton resonances  should shift  toward 
longer wavelengths, whereas  the observed positions A 
and B of the excitons a r e  shifted slightly toward shor te r  
wavelengths. Moreover, f o r  s o m e  of the specimens,  
we observed a change in the s ign of the shift  (shift to- 
ward the blue with increasing excitation) a f te r  specimen 
deformation leading to the suppression of exciton lumi- 
nescence. 

A change in the refract ive index n l eads  t o  a change 
in the frequency of the standing wave, given by the  ex- 
p ress ion  

FIG. 4 .  Dependence of n-Mn/dA on A: ( 1 )  for E 11 c ,  T =  1.4 " K ;  
( 2 )  for E c ,  T =  1.4 OK; (3) for E II c ,  T = 77 " K ;  ( 4 )  for E .L c ,  
T = 77 "K. o -experimental, A-calculated. The experimental 
points for c/v,  > 600 are taken from the paper by Reynolds 
et a l .  ['I 
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where m is an integer. This shift produces an addition- 
a l  change inn: 

where An is the change due to the exciton concentration 
(an algebraic quantity). Consequently, the concentra- 
tion shift for  a single mode is 

In agreement with experiment,  AX^- v,(&,). 

The shift is a maximum in the region of weak disper- 
sion: 

The observed shift for A,,= 5300 di (A&,= 12 A)  corre- 
sponds to 

We consider that this phenomenon can be explained by 
taking into account the exchange interaction of excitons. 
The exciton polarizability is usually described a s  the 
result of the elastic scattering of photons with momen- 
tum qh due to two phototransitions involving the partici- 
pation of the exciton state with Kl,,= I$,. In our model 
of the effect of exciton concentration on dispersion, we 
take into account the exchange interaction between this 
(virtual) exciton and one of the excitons that really p'opu- 
late the exciton band (with exciton momentum Kzex), in 
which case the population of the exciton states is con- 
served. 

We thus obtain 

where n,,(w) =n(w) - E;'~,  Me,,(p) is the matrix element 
of the exchange interaction which is similar in form to 
that given by ~ i i t tne r , "~ '  and p is the average separa- 
tion between the excitons. The shift calculated with the 
aid of (9) is in agreement with the observed value if the 
exciton concentration averaged over the volume of the 
crystal is of the order of 1016 ~ m - ~ .  We note that, if 
these excitons were in the state of a Bose condensate, 
we would have An and A X <  0 because of the negative dis- 
persion produced by excitons with K,= 0. We thus have 
a new possibility for the investigation of the character 
of the change in the population of different exciton states. 
It would be particularly interesting to investigate the 
mode shift a s  a function of the level of interband excita- 
tion for polarization E Il c, since the superlinear de- 
pendence on the level of excitation is predictedC61 for the 
population of the exciton subband B (n = 1)  and for other 
excited exciton states. 

The mode shift due to a change in the plate thickness 
is also determined by the group velocity v , .  The con- 
dition for the observability of mode structure in a crys- 
tal with an absolute thickness variation A1 is 

Finally, let us consider how the usual expression for 
the number of modes in a volume V in a spectral inter- 
val z w  should depend on the group velocity. We have 

where we have used the expression 

We a r e  greatly indebted to  Academician V. L. Ginz- 
burg, V. M. Agranovich, S. M. Ryabchenko, and A. I. 
Khizhnyak for fruitful discussions of some of the ques- 
tions considered above. 

APPENDIX 

Optical properties of bound exc'itons 

We shall now consider the absorption (amplification) 
of light and the radiative lifetime of bound excitons. It 
follows from the foregoing discussion that, a t  the bound- 
exciton frequency, the main contribution to dispersion is 
provided by f ree  excitons (states), and absorption is rel- 
atively weaker. There is then no doubt a s  to the validity 
of the concept of group velocity, and we have to consider 
how existing expressions describing the interaction be- 
tween two-level molecules (in our case, bound excitons) 
and light in a highly dispersive medium have to  be modi- 
fied. 

It is well known that the absorption coefficient K is 
given by 

where W is the probability of absorption of a photon in 
a mode with frequency w per unit time. The amplifica- 
tion coefficient @ can be expressed in a similar way. 
Quantization of the light field in a dispersive medium, 
i. e., a medium characterized by ~ ( w ) ,  can be carried 
out by analogy with the situation in a nondispersive me- 
dium if we use the well-known classical expression for  
the mean field energy 

1 d 
ii = - [- (su) E:+~H~'] , 

an do 

where Eo and Ho are, respectively, the electric and 
magnetic field amplitudes. If we suppose that p = 1, 
we have Ho= E " ~ E ~ .  Since the normalizing !actor in the 
expansion for the vector potential operator A over the 
modes is 

we have 

Consequently, according to (l l) ,  the amplification 
and absorption coefficients a re  independent of v,. Be- 
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fore we can directly calculate the absolute values of 
these coefficients, we must know the damping of the 
bound exciton state (homogeneous linewidth). However, 
in the case of bound excitons, this cannot be known be- 
cause the line broadening is radiative in character. In 
fact, 

where b ,  is the probability of emission of a photon by 
one bound exciton per unit time and 7, is the radiative 
lifetime. 

The total amplification coefficient p in the case of 
homogeneous broadening of the bound exciton line .is 

where N is the nuplber of bound excitons. 

The quantity /3 does not, in this case, depend on the 
parameters of the bound excitons. The amplification 
(absorption) - cross  section for  one bound exciton is 

i. e., this cross section depends only on the square of 
the wavelength in the medium. When w = 3 x 10" sec" 
and n = 4, we have 

which is roughly equal to the geometric cross  section 
of the bound exciton if i ts  "radiusJJ is estimated from 
the binding energy of the exciton-impurity complex. In 
the case of the homogeneously broadened bound-exciton 
line, the amplification or  absorption coefficients can be 
very high. For example, for N/V= 10'' ~ m ' ~ ,  we have 
p= 10' cm-' (it is assumed that all the corresponding im- 
purity centers a re  populated by excitons). The maxi- 
mum value of /3 can now be determined from the coeffi- 
cient K for the unexcited crystal. When the concentra- 

tion of neutral donors is about 1015 cm-', absorption a t  
the line Z2 does not exceed lo2 cm". In the above ex- 
ample, this means that the inhomogeneous width of the 
line Z2 exceeds the homogeneous width by an order of 
magnitude. The radiative lifetime is independent of 
both the magnitude and character of the line broadening 
and can, therefore, be calculated directly with the aid 
of (10): 

where f is the oscillator strength per bound exciton."" 
Estimates for I ,  yield T, = 2 x lo* sec. However, the 
expression given by (12) does not take into account the 
reabsorption of the emitted radiation nor the fact that 
the radiation can leave the crystal only within the solid 
angle -n-2. Inclusion of the last factor yields T, -n. 
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