
positive C+(-=, +=) o r  negative c,(+=, -m) part  of the 
integration contour C. Since all the internal vertices 
of the diagram a r e  taken both on C+ and on C-, and the 
vertex lying on C, is assigned the factor - 1, the con- 
tribution of the diagram can be different from zero only 
if the extreme right vertex on the time axis is an ex- 
ternal vertex (over the index i of which no summation is 
carried out). If we denote by Pi, ,,(x, xl, . . . , x,,) the 
contribution of the diagram with external vertices x, 
xl, . . . , x,,, then at t > max {tl, . . . , t,} we have 

It follows from this, in particular, that expressions of 
the type (2.8) and (2.12) a r e  independent of the index i. 

Next, 

if a t  least one of the time-dependent arguments tl, . . . , t ,  
exceeds t. From this follows the retarded character of 
the contribution of any diagram to the kinetic coefficients 
defined by relations of the type (2.8) and (2.12). 

It follows also from the foregoing that the so-called 
vacuum loops a r e  absent in the Keldysh technique. In 
fact, the vacuum loop is not connected with any of the 

external vertices. Consequently, it corresponds to a 
zero factor. In the same manner it is easy to verify 
that only connected diagrams contribute to  the kinetic 
coefficients (2.8) and (2.12). 

'R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957). 
2 ~ .  Isihara, Statistical Physics, Academic, 1971. Chap. 13, 

0 5 1,5. 
3 ~ .  M. Ziman, Principles of the Theory of Solids, Cambridge 

Univ. Press, 1972L Chap. 5. i 1. 
4 ~ .  E. Dzyaloshinskii and L. P. ~ i taevsk i i ,  Zh. Eksp. Teor. 

Fiz. 36, 1797 (1959) [Sov. Phys. JETP 9, 1282 (1959)l; 
A. A. Abrikosov, L. P. Gor'kov, and I. E. ~ z ~ a l o s h i n s & ,  
Metody kvantovoi teorii polya v statisticheskoi fizike 
(Quantum Field-Theoretical Methods in Statistical Physics), 
Fizmatgiz, 1962, ! 28, 29  ergam am on, 19651. 

5 ~ .  B. Silevitch and K. F. Golden, Nuovo Cimento B63, 486 
(1969). 

6 ~ .  V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) 
[Sov. Phys. JETP 20, 1018 (1965)l. 

IN. Kroll, transl. of "Quantum Optics and Radiophysics. 
Lectures at the Summer School of Theoretical Physics, 
University of Grenoble, Mir, 1966. 

*D. A. Kirzhnits, Polevye metody teorii mnogikh chastits, 
(Field-Theoretical Methods of Multiparticle Theory), 
Atomizdat, 1963,b 27. 

Translated by J. G. Adashko 

Establishment of equilibrium between the nuclear and 
electron subsystems on dynamic cooling of nuclei 

L. L. Buishvili, H. Grupp,') and A. A. Davituliani 

Tbilisi State University 
(Submitted July 7, 1976) 
Zh. Eksp. Teor. Fiz. 72, 1873-1879 (May 1977) 

The dynamics of nuclear spins in conditions of nuclear dynamic cooling is investigated. The process of 
establishment of the stationary polarization is analyzed for various intensities of the alternating magnetic 
field. An equation describing the nuclear polarization process in the case of a strong saturating field at 
low temperatures is obtained. 

PACS numbers: 29.75. + x  

In recent years the introduction of the concept of a 
spin-spin interaction reservoir has turned out to be ex- 
tremely fruitful in the development of magnetic reso- 
nance in solids.['-31 According to this concept the spin- 
spin interaction energy (more precisely, i ts  secular 
part) is regarded a s  a separate energy reservoir, iso- 
lated, generally speaking, from the Zeeman energy of 
the spins in the external magnetic field H, and charac- 
terized by its own temperature, which, under certain 
conditions, can differ greatly from the Zeeman temper- 
ature. 

In Refs. 2 and 3, the existence of thermal contact be- 

tween the dipole reservoir of paramagnetic impurities 
and the Zeeman system of the nuclei[41 was predicted 
theoretically, and was'later confirmed in numerous ex- 
periments. In the presence of near-resonance satura- 
tion of the EPR the temperature of the dipole reservoir 
of the electron spins is lowered. The presence of the 
effective coupling with the Zeeman system of the nuclei 
leads to lowering of the nuclear Zeeman temperature 
too, and this increases the nuclear polarization. This 
method of polarization has been named the "method of 
dynamics cooling of nuclei." A number of theoretical 
and experimental papers[51 a re  devoted to the study of 
this method. The method of dynamic cooling of nuclei 
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has been investigated in Refs. 6-8 for the case of an 
inhomogeneously broadened EPR line a t  low tempera- 
tures, which is the case of greatest interest for the 
preparation of nuclei of high polarization. The depen- 
dence of the stationary nuclear polarization on the lat- 
tice temperature and on the alternating magnetic field, 
obtained in Refs. 6 and 7, is in good agreement with the 
experiments.c81 In addition, the time for establishment 
of the stationary polarization of the nuclei, which until 
now has not been studied theoretically in detail, has 
been measured in the experiments of Refs. 9 and 10. 

In the present work we investigate the dynamics of the 
nuclear spins in conditions of dynamic nuclear cooling. 

The Hamiltonian of a system of electron and nuclear 
spins placed in a constant magnetic field H, and an al- 
ternating field Hi(t) whose frequency O is close to the 
Larmor frequency of the magnetic ions has, in this 
case, the form 

where 

In (1) the first  two terms a re  the Zeeman energies of 
the electron and nuclear spins, respectively, W, is the 
spread in the Larmor frequency of the inhomogeneously 
broadened EPR line, %re is the secular part  of the di- 
pole-dipole interaction of the paramagnetic impurities, 
%,, is the hyperfine interaction of the nuclear spins with 
the magnetic ions, and the last term describes the in- 
teraction of the alternating field with the electron spins. 

In the rotating coordinate frame, in which explicit 
time dependence is absent and a thermodynamic descrip- 
tion of the spin system is therefore possible, the Ham- 
iltonian has the form 

If the alternating magnetic field is weak (wi << wd 
where o: = ~r (%Y)~/T~(s')~) and the spectral diffusion 
of the inhomogeneously broadened EPR line is fast, 
then, after a certain short time interval has elapsed, 
quasi-thermodynamic equilibrium, describable by three 
parameters-the temperatures of the Zeeman subsys- 
tem of the electrons @-,'), of the dipole reservoir  of the 
paramagnetic impurities (pi'), and of the nuclear Zee- 
man subsystem (&')-is established in the spin system. 

As was done in Ref. 11, it is not difficult to obtain 
equations in the high-temperature approximation that 
describe the subsequent evolution of the spin system2' 
that ar ises  from the interaction with the alternating field 

and from the hyperfine interaction of the electron and 
nuclear spins: 

Here W(w) = n ~ : ~ ( o )  is the probability of spin transi- 
tions induced by the alternating field, g(w) is the EPR 
lineshape, and 

I ca I 
-=-- , w 1 = - w 1 ~  1': 

T I a  cr T ~ I  
f 

where c, and c, a r e  the specific heats of the nuclear 
spins and dipole reservoir ,  respectively; q',: is the rate 
of relaxation of the dipole reservoir  of electrons to the 
nuclear spin system; T;: is the ra te  of relaxation of the 
nuclear subsystem to the dipole reservoir  of the mag- 
netic ions. 

If the saturating field is very weak, i. e. , W< ci, 
then, in the first  stage, a single temperature for the 
dipole reservoir  of magnetic ions and nuclear spins is 
established in a time (I/T,, + 1/~,,)". Next the spin 
system tends to a stationary state with rate W. There- 
fore, the rate of establishment of the stationary nuclear 
polarization is proportional to the intensity of the alter- 
nating field. 

In the opposite case, when W > q',:, a single tempera- 
ture is f i rs t  established in the electron system and then 
the nuclear system comes to equilibrium with the elec- 
trons in the time TI,, so that, in this case, the rate of 
establishment of the stationary nuclear polarization 
does not depend on the intensity of the field. 

In the presence of a strong saturating magnetic field, 
when the amplitude of the field is greater than the local 
magnetic field due to the dipole-dipole interaction of the 
impurities, the process of polarization of the nuclei 
changes radically. In fact, we shall derive an equation 
describing the nuclear polarization in the case of a 
strong saturating field in the low-temperature region. 
To simplify the subsequent calculations it is expedient 
to go over to an effective coordinate frame by means of 
the transformations 

SX+S,,' cos 0 , f  S,,' sin 0,, 

S,Y-.S.Y, S,:-+S,: sin 0 . f  8,' cos 0.. 

where 

c0s0,=A./8,~~, sinO,=o,/Q.,,, 

A,=os+o.-Q, 8,, ,= (A,=+orz)'h. 

In this coordinate frame the Hamiltonian is written in 
the following way: 
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where 

C ~ i ~ " ~ i ' ~ ~ ' c o s  Vi,,zaIiz(S,,++S,,-)sin 8, 
i n  z 

+'/Z C (Vin+'Ii-+Vin-'Ii+) IS,' cos ~, , - ' / r  (S.++S,-) sin 0.1, 
i n  

h(O,,) ='I2 (cos 0,cos 0,-2 sin 0,sin &+I), 

%(en,)  = i - ~ ~ ~ ( e , , - e , . ) .  

We shall assume, a s  is done in Refs. 6 and 7, that 
the strong saturating field and the spectral diffusion 
rapidly establish a single temperature in the electron 
spin system. In this case we shall not take into account 
the spin-lattice interaction of the impurities, for the 
following reasons. It is well known that the effect of the 
lattice i s  manifested in the appearance of the ratio 
a = TZL/TdL of the relaxation t imes of the Zeeman sub- 
system and of the dipole reservoir  of the electron spins 
in the denominator of the expression for the stationary 
temperature. In our case, however, when A* >> w, (A* 

is the width of the inhomogeneously broadened EPR 
line), this ratio is equal to unity: a =  1. Therefore, 
even in conditions in which the electron spins interact 
with the lattice, the expression for the stationary tem- 
perature of the impurities does not contain the relaxa- 
tion times.c6v71 Consequently, inclusion of the lattice 
does not affect the final temperature of the spins, or,  
by the same token, the time of establishment of the 
stationary polarization. Thus, after a certain short in- 
terval of time has elapsed the electron-nuclear spin 
system can be represented in the form of two thermo- 
dynamic subsystems: an electron subsystem with Ham- 
il tonian 

and temperature 02, and a nuclear subsystem with 
Hamiltonian 

and temperature 8;'. 

The electron-nuclear interaction, which we have 
treated a s  a perturbation, leads to equalization of the 
electron and nuclear temperatures. This process can 
be described by the method of the nonequilibrium sta- 
tistical operator,C12' by means of which i t  is not difficult 
to obtain the following equation for the inverse nuclear 
temperature 8,: 

where f(w) and p(w) a r e  the Fourier transforms of the 
following correlation functions: 

S,+ ( t )  =exp (t%dt)~,+ exp{-&,t). 

In the derivation of Eq. (6) we have gone over to a 
continuous description of the inhomogeneously broadened 
EPR line, i. e. ,  we have replaced the summation over 
the local Zeeman energies by integration, in the follow- 
ing way: 

In Eq. (6) the first  term describes the nuclear polar- 
ization due to the action of the alternating magnetic field 
and the second term determines the change in the nucle- 
a r  polarization by the spin-spin interaction with the 
magnetic ions. 

To simplify the following analysis we shall approxi- 
mate cp (w) by a 6-function.'' Then, near the stationary 
state, where (ps - fiI)wr << 1, T" is written in the fol- 
lowing form: 

where w, = ws -a* (w: - w:)"~. Since the correlation 
function f(wI) falls off rapidly (oI >> w,), the rate of es- 
tablishment of the stationary polarization for w, >> w1 is 
entirely determined by the first  term. 

The appearance of the singularity in (7) is connected 
with the approximation of ~ ( w )  by the function 6(w). In 
reality, cp(w) has a width of the order of w,,, and, there- 
fore, the minimum value of the denominator in (7) will 
be of the order of w,, a s  a result of which the increase 
in the ra te  ofmixing a t  w, = w, will be bounded. As can 
be seen from the expression (7), the rate of establish- 
ment of the polarization increases strongly a t  w15 w,. 
Physically, this is connected with the fact that in the ro- 
tating coordinate frame the regular part  of the energy 
of the electron spins is close to the nuclear frequency, 
and, therefore, strong exchange occurs. 

When wi> w, the first  term goes to zero; therefore, 
the contact between the nuclear spins and the dipole 
reservoir  of the paramagnetic impurities i s  very weak. 
The ra te  of establishment of the stationary nuclear po- 
larization depends on the lattice temperature through 
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FIG. 1. Dependence of the 
rate of polarization on the 
intensity of the alternating 
field. 

Bs. As follows from Refs. 7 and 9, a s  the lattice tem- 
perature is lowered ps reaches saturation, i. e . ,  does 
not change further. Therefore, the rate of establish- 
ment of the stationary nuclear polarization depends 
weakly on the lattice temperature. This fact was ob- 
served in the experiments of Refs. 8. 

When wi <<or, in the high-temperature limit, formula 
(7). for T-' goes over into the well-known expression for 
the rate of nuclear polarization obtained earl ier  in Ref. 
3. 

Thus, it follows finally that: 

1. If the saturating field is weak, so  that W <  Ti:, 
the time of establishment of the stationary nuclear po- 
larization will be proportional to the probability of tran- 
sitions caused by the alternating field, i. e. ,  will be 
proportional to the intensity of the alternating field. 
Estimates show that the experiments of Ref. 13 corre- 
spond to this case. 

2. With increase in the power of the saturating field 
the time of establishment of the stationary polarization 
becomes independent of the amplitude of this field. 

3. Further increase in the intensity of the alternating 
field can increase the probability of forbidden transi- 
tions, and then the coupling of the dipole-dipole reser-  
voir and the nuclear system will be due to the forbidden 
transitions. Once again the rate of establishment of the 
stationary nuclear polarization will be proportional to 
the intensity of the alternating field. Evidently, pre- 
cisely this case was realized in the experiments of 
Ref. 9. 

4. Oh further increase of the amplitude of the field 
the dependence of the rate of establishment of the nu- 
clear polarization on the intensity of the field increases 
sharply and the ra te  reaches a maximum a s  ol ap- 
proaches or, oil; or. Further increase of ol makes 
energy exchange between the dipole-dipole reservoir 
of the impurities and the Zeeman nuclear system more 
difficult, and the rate of polarization decreases sharply. 

The described dependence of the rate of establishment 
of the stationary nuclear polarization on the intensity of 
the alternating field is shown schematically in Fig. 1. 
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