We note in conclusion that taking the inhomogeneous
broadening into account can be done trivially in the
linear theory of the stability of a 27 pulse; the answer
is also given by Eq. (10).

The authors are grateful to A. M. Dykhne for useful
discussions. :

Note added in proof (March 31, 1977). Recently a
paper by Gibbs ef al. has been published (Phys. Rev.
Lett. 37, 1743 (1976)) in which the observation of the
instability predicted by us was reported for the case
where a resonant light pulse traversed a cell with so-
dium vapor.
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The change in the shape of a narrow undisplaced resonant-scattering line of a strong quasimonochromatic
field is investigated. At low field intensity it is known that the line duplicates the spectrum of the exciting
radiation. The change in the shape and width of a narrow undisplaced line depends essentially on the
statistical field of the exciting-radiation field. The dependence of the line width on the field intensity is
investigated for typical radiation statistics. The physical phenomenon in question can, in particularly,
serve as the basis of an investigation of the statistical properties of an electromagnetic field.

PACS numbers: 41.90.+¢

1. INTRODUCTION

In view of the progress made in the development of
tunable lasers, interest has greatly increased of late in
investigation of resonant scattering (resonant fluores-
cence) of a strong laser field. In the last few years
many theoretical papers'~1211’ have been devoted to the
analysis of the spectrum of resonant scattering of in-
tense laser radiation. The results of the first experi-
mental investigations in this direction have also been
published. '131%) The physical concepts developed
in'"=121 are based on simplified models, and it is there-
fore obvious that many more advances will be made in
the nearest future in the study of the spectrum of reso-
nant scattering, both theoretical and experimental.

The first theoretical analysis of the spectrum of the
resonant scattering of a strong monochromatic field
(analysis of the variation of the spectral density of spon-
taneous emission in the presence of a strong field) was
carried out by Rautian and Sobel’man. '8! They have
shown, in particular, that the resonant-scattering line
splits into three components, corresponding to the split-
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ting of the atomic levels into quasi-energy levels under
the influence of a strong field. "®? The analysis in"!¥!
pertained to scattering by atoms in excited states. In
the “classical” formulation of the resonant-scattering
problem one of the combining states is assumed to be
the ground state. ?*) Of course, in view of the funda-
mental character of the physical cause (level splitting),
the multiplet structure of the spectrum (three compo-
nents) and the position of the components on the frequen-
cy scale are valid also for the classical formulation.
However, the participation of the ground state leads

" to a redistribution of the intensity between the compo-

nents and to the development of a more complicated
structure within the individual components, this being
connected with the singularities of the relaxation pro-
cesses under the given conditions. The problem of res-
onant scattering in which the ground state participates
is therefore of independent interest.

The question of the spectrum of resonant scatter-

ing of a strong field in the classical formulation (the
only one dealt with henceforth) was first raised by
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already cited papers.

and was subsequently developed in the
[1-12)

In the general case, the resonant scattering takes the
form of a triplet (see Fig. 1). The widths of the
broad components of the triplet are determined by the
atomic relaxation constants. In addition, there is also

"a narrow component at the frequency w of the exciting
radiation, which is represented in‘!~1%! by the delta
function 8(w, ~ w). The presence of a narrow undis-
placed component is due to the fact that the atom in any
of the states (excited or ground) does not cease to inter-
act coherently with the field. The coherence can be vi-
olated only as a result of violation of the phase relations
in the exciting radiation itself. It is clear therefore
that the width of this component is connected with the
width of the spectrum of the external field. When the
intensity of the exciting radiation tends to zero, it is
precisely this component which goes over into the reso-
nant-scattering line investigated by Weisskopf, %% so
that its shape duplicates the spectrum of the external
field.

The dependence of the shape of the narrow undisplaced
component on the radiation intensity has not been studied
before, and the present paper is devoted to this ques-
tion. It will be shown below that the shape of the nar-
row component is sensitive not only to the intensity but
also to the statistics of the radiation.

2. RESONANT-SCATTERING SPECTRUM

The problem of the spectrum of the resonant scatter-
ing reduces to finding the spectrum of the spontaneous
emission on the transition m~n, where »n is the ground
state, in the presence of a strong quasi-monochromatic
field of frequency w close to the frequency w,, of the
transition m-n. The spontaneous emission will be de-
scribed, in accordance with the prescription of'!®!, by
introducing an effective classical field. The density-
matrix elements are described by the equations

(d/dt+Tn) Pmm=iV"Prmn—iVpmn",
dpan

- Popmm—i(V'+V,") pmnHi(V+V,) pmn”s

1)

(d/dt+T+i@mn) Prnn=iV (Pmm—puu) FiVpPoune
dm
V=G(t)e-™, V,=G.e~", 0<:>==2—,;E(t),

[

6=

E,.

Here T, is the relaxation constant of the level m; T is
the half-width of the luminescence line; d,,, is the di-
pole-moment matrix element; E(f) is the amplitude of
the electric field of the exciting radiation, which we as-
sume to be a slow random function of the time, corre-
sponding to smallness of the width y of the emission
spectrum in comparison with the relaxation constants I'
and I',,. The field E(t) is assumed given, i.e., we do
not consider the change in the radiation intensity in the
course of propagation. The classical-field amplitude
E, is the spectral density of the zero-point oscillations
of the vacuum, and w, is the frequency for which the
spectral density of the spontaneous emission is calcu-
lated. The reason why V, and V in (1) are not equiva-
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FIG. 1. Resonant-scattering triplet.

lent is that the effective classical field V, has a bearing
only on emission, whereas the genuine classical field
leads to both emission and absorption.

We seek the solution of Eqs. (1) in the form

pi=R;j+2Re[re~"™]. j=m. n.

@)

pma=[R+re-*+re'*] e, e=0,—0.

The line contour of the spontaneous emission is deter-
mined by the value of Im(r) averaged over the time. The
system (1) breaks up into the following two systems (cf.
also!™921)),

(d/dt+T) Rn=2Re[iG"R].
(d/dt+T—iQ) R=iG (Rn—R.),

R.+R,=N,

®)

Q=0 — @

G=G(t)

and
(d/dt+T,,—ie)r,=iG'r—iGr.
(d/dt—ie) ro=Tnrn—iG'r+iGr+iG,R".

@

(d/dt+T—iQ—ie) r=iG (rn—r.,) +iG,R..
(d/dt+T+iQ—ie) F=—iG" (rn—r.).
Equations (3) describe the interaction of the atom with a
strong field. We have used here the condition that the
particle number N be conserved; this makes it unneces-
sary to consider an equation for R,. The solution of
Eqs. (3) serves as the “right-hand side” for Eqs. (4).

We shall use next the condition that G(f) be a slow
function, or, equivalently,

y<T, T, (5)

-where y is the width of the spectrum of the exciting radi-

ation. Under this condition Eqs. (3) can be regarded as
local with respect to time, i.e., their time derivatives
can be discarded. As a result we obtain

N alGI? iGN 1 4T

¥ - - . 6
2 1+alGI*’ = 1+alclF T T+ ) ©)

m=

An analogous procedure of discarding the time deriva-
tives in Eqs. (4) cannot be employed directly, since the
second equation does not contain the relaxation term for
7n, and dr,/dt becomes the principal term at e=0. We
proceed in the following manner. As a result of adding
the first two equations in (4), we obtain a solution for
the sum 7, + 7,

Fotra=iG, Se‘"R'(t—r)dr= (1), 7

0
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Identity transformations reduce (4) to the following equa-
tions:

(d/dt+Tm—ie) rm=iG'r—iGF,
(d/dt+T—iQ—ie) r=2iGr,—iGf+iG,R, 8)
(d/dt+T+iQ—ie) F=—"2iG r,+iG"f.

It is obvious that £(¢), just as G(¢), is a slow function of
the time, so that in Eqs. (8), in analogy with Eqs. (3),
we can discard the time derivatives. As a result of
simple transformations we arrive at the following ex-
pression for the quantity Im(»), which is of interest to
us and in fact describes the spectrum of the resonant
scattering

I I'—iQ
2 e

R, 21Gl, 1
tm() =G Re{ 75— | ]
m(r)=G,Re rOToN— 1

In—ie I'tiQ—ie
X [1ta(e) |GI*]! +1Waf R(t)R*(t—1)e™ dr},

_ 4(P—ie)
(To—ie) [ (T—ie) T )

a(e)

The first part of Eq. (9) describes the broad components
of the spectrum. It is precisely this part of the spec-
trum which was investigated in'"='%2!1) and will not be
analyzed here. We note only that our result coincides
at this point, for example, with the result of'"’, and af-
ter reduction to equivalent conditions also with the re-
sults of. 2’ In this paper we investigate the structure
of the integral term in (9), which describes.the narrow

“undisplaced line and which is proportional to 6(€)= G(wu
- w) in the case of strictly monochromatic excitation
(R(#) independent of £), an assumption made before
everywhere except in Weisskopf’s classical paper,
where, however, the analysis was for the case of a weak
field.

(201

3. ANALYSIS OF THE SHAPE OF THE UNDISPLACED
RESONANT-SCATTERING LINE

Thus, the shape of a narrow undisplaced line is de-

termined by the expression

J(e)=-11v—Re j(R(t)R'(t—r) Ye'* dr

G(t) G'(t—1)

N =
- iev 10
o Reaj <1+alc(t)|z 1+a|G(t—r)|’> e, (10)

where the angle brackets denote averaging over the time
{. The quantity R(f) represents (apart from an inessen-
tial factor) the dipole moment induced in the atom by the
external field and corresponding to the local (in time)
field value. Consequently the shape of the narrow un-
displaced resonant-absorption line is determined ac-
cording to (10) by the Fourier transform of the correla-
tion function for the induced dipole moment; this has a
graphic classical analog. It might seem that this result
is obvious and applies not only to (10) but to the entire
spectrum (9). Analysis shows, however, that the com-
plete resonant-scattering spectrum (9) is in no way con-
nected with the correlation function of the induced dipole
moment. The point is that a strong field leads, in par-
ticular, to a dynamic transformation of the spectrum,
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on account of the level-splitting phenomenon, which has
no classical analog. The atomic correlation function
corresponding to the resonant spectrum (see, e.g.,™"?)
therefore does not coincide with the correlation function
of the induced dipole moment. Only for a narrow undis-
placed line does the classical analogy continue to hold,
and furthermore at arbitrarily large radiation intensity.
In order for (10) to be valid, it is important only that the
time of establishment of the stationary value R(¢) be
much shorter than the time of violation of the phase re-
lations in the external field, and this is ensured by the
condition (5).

If the intensity of the exciting radiation is not high
(@l G1? «<1), then we obtain from (10)

J(s)=——rﬁgz Re j (G(1) G (t—7)de" dr, (11)

i.e., J(€) duplicates the spectrum of the exciting radia-
tion in accordance with®", With increasing intensity,
the effect of saturation begins to assume importance for
R(¢#), and as a consequence the shape of the line J(g)
changes. It is typical, however, that this change is sen-
sitive also to the statistics of the external field; it is so
sensitive that nothing can be stated concerning the char-
acter of the variation of J(g) beforehand (without a con-
crete description of the statistics). In the subsequent
analysis of the effect of the field intensity on J(€) we
shall therefore bear in mind its statistics, and shall an-
alyze the cases that are most important in our opinion.

The simplest case corresponds to the statistics of the
radiation of an “ideal” laser, ??! i.e., when the radia-
tion is characterized by a random process with only
phase and frequency modulation. With such statistics,
|G(#)1? is practically independent of time. Consequent-
ly, the denominators in (10), which contain |G|?% are
affected neither by the averaging nor by the integration
with respect to 7. Consequently J(€) is described by
formula (11) to which there is added a factor that de-
pends on the intensity but does not influence the line
shape. Thus, if the exciting radiation is a process with
only frequency-phase modulation, then the shape of the
line J(€) duplicates the radiation spectrum at any value
of the radiation intensity.

The change of the shape of J(€) can occur, thus, only
in the presence of amplitude modulation in the radiation
field. A typical example of an amplitude-modulated
signal is random (Gaussian) radiation. ©?*' Let us con-
sider this example. To carry out the averaging in (10)
we need know the two-dimensional probability distribu-
tion p(Gy, G,) of the complex quantities G; and G;, which
in our case correspond to the values of G at the instants
of time ¢ and ¢- 7, respectively. For a Gaussian radia-
tion, p(G,, G,) is given by ‘%%

IGA_(PGzIz _ IG:Iz
I{(1—¢?) 71
e=0(1) =(G(t)G" (t—1)>/I.

1
P(Gn )= e [-
I=|G (1) |, (12)

Here I characterizes the average field intensity, and
@ (7) is the normalized correlation function of the radia-
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tion field. Consider the correlation function for the
quantity R(f). With (12) taken into account it reduces to

exp[—(z+y)/x]
[1+z+y+:cy(1—cp’) I

1) m - RO (t=1) = N q)jdx'[

x=4TL/T,, (I*4QY). (13)

We have -introduced here a dimensionless parameter »
that determines the degree of saturation. The entire
dependence of J on 7 is contained in the function .¢(7),
which enters, in particular, in the integrand of (13).

The exact calculation of J(7) and consequently of the
shape of the line J(g) entails mathematical difficulties;
we confine ourselves here therefore to an analysis of
the quantity

Be=1(1)lums [ {701, (14)

which characterizes the so-called effective half-width
of the line, i.e., the ratio of the total area under the

J(€) curve to the value of J(g) at the maximum (g=0).

For the sake of clarity we specify also the correlation
function ¢ (7):

@(v)=exp(—71), (15)
where vy is the half-width of the emission spectrum.

If we retain in (13) only the first nonlinear correc-
tions, then we obtain for A€ the relation

Ae=y(1+%/%?), =x<i. (16)

With increasing field intensity, the narrow undisplaced
scattering line broadens, and in relatively weak field
the increment of the width is proportional to the square
of the intensity.

We consider the inverse limiting case (strong field).
An approximate integration in (13) yields

Ae=yYInx%/2In2, x>1, (17)

i.e., the line continues to broaden, but now as a loga-
rithmic function of the intensity.

Thus, intense Gaussian radiation in resonant scatter-
ing produces an undisplaced line J(€) that is broader
thanthe spectrum of the radiation itself, and its width
increases with increasing radiation intensity.

One cannot exclude, however, the possibility of the
inverse process, namely line narrowing with increasing
radiation intensity., We shall demonstrate this possibil -
ity using the following model statistics of the radiation
field: the radiation constitutes a random set of pulses,
in which the slow amplitude G(f) is of the form

C(to, 1) =G (t,)exp (—q1), (18)

where {, is the instant of “turning on” an individual
pulse. For this model of the spectrum, the radiation
fields constitute a Lorentz contour with half-width y.
The contour of the narrow line of the resonant scatter-
ing is described by the formula
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Ie)= —;— Re( jf dr, I deR (to DR (to T 1) e )

iet e 1+%(to)
=78r Idre 1— e““‘ 1+x% (to)e‘”‘]> (19)
4T R
n(to)=m |G () 1%

The averaging is-carried out here over the instant of the
“turning-on” ¢). The effective half-width of the line
J(¢), defined by formula (14), is easily obtained by in-
tegrating in (19):

% (%) X

de={ Tty / arctg " @ 15 (20)

We assume that the distribution of %(f;) over the instants
of time ¢, is narrow enough, i.e., the variance is much
smaller than the mean value ». Then the averaging
over #, in (20) reduces to the substitution »(¢,)—~ %. For-
mula (20) then shows a monotonic decrease of A€ with
increasing saturation parameter x. At small values of
% we have

Ae=y(1-%/3);  =<A, (21)

i.e., the half-width of the line J(€) decreases linearly
with increasing  in comparison with the width y of the
spectrum. At a large saturation parameter we have

Ae='{%<1+%), 7> 1. (22)

The quantity A€ approaches monotonically the value 4y/
7%, i.e., for a given statistics of the radiation field the
line J(€) can become narrower by approximately a fac-

tor of 2.5 in comparison with the line of the radiation

itself.

The possibility of the narrowing of the J(€) line is due
to the saturation effect for the induced dipole moment R
(formulas (10) and (19)). When radiation of the type (18)
acts on the atom, R(¢), 7) saturates more strongly at
small 7. The time of coherent interaction (the charac-
teristic time of the variation of R(Ty, 7) as a function of
7) is therefore effectively lengthened, and the line J(g)
is narrowed as a consequence.

We have thus shown that a narrow undisplaced reso-
nant scattering line ceases in the general case to dupli-
cate the spectrum of the radiation field if the exciting
radiation is of high intensity. The changes in the shape
and width of J(€) as functions of the field intensity can
be quite appreciable. An analysis of the effective width
has shown that these changes are extremely sensitive to
the statistics of the radiation field. This uncovers the
possibility of formulating the inverse problem, namely
to investigate the radiation statistics on the basis of an
analysis of the resonant scattering. Of course, the
amount of information on the statistics increases if we
are interested not only in the line width J(€) but also in
the singularities of its shape.

In this paper, the external field G(¢) was assumed
specified. This approximation is justified under condi-
tions when the scattering is observed in a direction per-
pendicular to the direction of the incident radiation, or
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else when the optical thickness of the medium is small
(in the case of collinear observation direction). There
are, however, also other possible experimental condi-
tions. If the distance between the active particles of
the medium are shorter than the radiation wavelength,
then interference causes the coherent part of the scat-
tered radiation, corresponding precisely to the narrow
undisplaced line, to propagate collinearly with the ex-
citing radiation. At a'large optical thickness the follow-
ing will take place under these conditions: The external
radiation will attenuate as it passes through the medium
and will be converted into scattered radiation. The
scattered radiation, on the other hand, begins to act as
an excitation source with increase of its intensity, i.e.,
it experiences secondary scattering. Since, however,
the spectrum of the scattered radiation differs from the
spectrum of the exciting radiation, then a change of the
spectrum will take place as a result of the propagation
effect. We hope to deal with this interesting question
elsewhere.

The author thanks S. G. Rautian for useful discus-
sions and a number of valuable remarks.
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We consider weak turbulence of Langmuir and electromagnetic waves, the source of which is a beam of
relativistic electrons. We take into account the processes of induced scattering of the waves by the ions in
the plasma and the damping of the waves due to Coulomb collisions. We find for the case of a weak
magnetic field (wy <w,) stationary turbulence spectra and we calculate the power transferred from the
beam to the plasma. We show that the threshold heating power at which a condensation of energy into the
long-wavelength part of the spectrum begins increases linearly with increasing magnetic field.

PACS numbers: 52.35.Hr, 52.35.Ra

1. INTRODUCTION

We consider in the present paper within the frame-
work of weak turbulence theory!!™! the non-linear stage
of the instability of a beam of relativistic electrons in
a plasma with a weak magnetic field (wg, << w,,). We
are dealing with the excitation by the beam of Langmuir
oscillations (I) and of the restriction of their level due
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to induced scattering by ions. The role of the scatter-
ing consists in that it removes the oscillations from
resonance with the beam electrons. This occurs, first-
ly, due to an increase in the phase velocity of the Lang-
muir oscillations when they are scattered by one another
(Il process) and, secondly, due to the transformation of
Langmuir into electromagnetic waves (I¢ process).
Secondary waves arising in the scattering can be
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