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A study is made of the spectrum and angular distribution of the radiation emitted by a system of two
identical two-level centers, one of which is in an excited state B characterized by an integral spin L and
the other is in the ground state 4 with zero spin. The energies and widths of the collective excited states
are calculated for an arbitrary distance between the centers of 4 and B. The energy and angular
dependences of the cross section for the resonant scattering of photons by two identical 4 centers are
found. The spin structure of the resonant electromagnetic interaction between excited and unexcited nuclei
(atoms) is considered in the case of EL and ML transitions. The influence of a metal mirror on the
lifetime and spectrum of multipole radiation of an excited atom is estimated in a similar manner.

PACS numbers: 32.70.Jz, 32.80.—t

§1. INTRODUCTION

Coherent effects in the emission of radiation from a
system of excited molecules surrounded by unexcited
molecules of the same kind were first considered in the
well-known paper of Dicke.!!’ He assumed that the pho-
ton wavelength is considerably greater than the distance
between the molecules (A >R). The opposite limiting
case of A <R was then considered by Podgoretskii and
Roizen®! within the framework of the classical theory of
oscillators coupled by the radiation field. As shown
in®®-81 in the case of two identical centers (atoms or
nuclei), one of which is in the ground state of zero spin
and the other in an excited state of spin 1, the Dicke
problem has an exact analytic solution for arbitrary val-
ues of the parameter R/x. The spectrum of the radia-
tion emitted by such a system as well as the energy and
angular dependences of the cross section for the reso-
nant scattering of photons by two zero-spin centers'® "
are described completely by the energies and widths of
symmetric and antisymmetric two-particle states cor-
responding to the excitation of one of the centers. This
applies also to the spectrum of the radiation emitted
from two identical excited atoms considered in®’. Ex-
plicit expressions for the frequency shifts and spectral
line widths follow directly from the resonant interaction
theory (see'®%%)), The same results are obtained from
the purely classical theory of multiple scattering of
electromagnetic waves by two identical isotropic oscil -
lators. "™

In the papers cited above and in other treatments of
the various aspects of the Dicke problem (see, for ex-
ample, %131 it is understood that electromagnetic radi-
ation is of dipole nature. Our aim is to study the spec-
tral and angular characteristics of the emitted radiation
and resonant scattering of photons in the case when the
interaction between excited and unexcited centers is due
to electric or magnetic transitions of arbitrary multi-
pole order. We shall generalize directly the results ob-
tained for E1 transitions in® ). The analogy between a
system of two identical centers and a radiator located
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close to a flat surface of a perfect conductor **! makes

it possible to use the relationships obtained for the for-
mer case in estimating the influence of a metal mirror
on the nature of multipole radiation and on the lifetime
of excited atoms. Effects of this kind have been investi-

gated experimentally by the monomolecular film meth-
od,[15:161

§2. COLLECTIVE EXCITED STATES

We shall consider a two-level center (for example, a
nucleus) whose excited state has an energy Ey and a
spin L >1 and whose ground state has an energy E, and
zero spin. Depending on the relative parity of the B and
A states, the B~ A +y decay results in electric or mag-
netic radiation of 2 multipole order and frequency
wo=(Eg - E,)/h. We shall assume that two such centers,
one of which is in an excited state and the other in the
ground state, are rigidly fixed at points R; and R,. In
the absence of electromagnetic interaction between these
centers we have 2(2L + 1) degenerate states 1A(1))|B,(2))
and |B,(1))|A(2)). Here, m=0,+1,+2... +L are the
projections of the spin of the excited state onto the vec- ~
tor R:R1 —R,. The photon exchange transfers the ex-
citation from one center to the other and the degeneracy
is lifted. We can easily see that the axial symmetry
and conservation of the spatial parity impart the follow-
ing structure to the matrix elements of the resonant
interaction between the centers A and B:

CA(1)Bn(2) II;IB,,.' (1)A(2)>=<Bn (1)A(2) I’V[A (1)Bn(2)>
=AY U (2) S @

In Eq. (1), y. denotes the radiative width of an isolated
B center, which is independent of the quantum number
m (0<|m| < L); the quantities U}%) are complex func-
tions of the dimensionless parameter

2=k R=(Es—E..) | R,—Re| /fic. ()

We shall show later that the functions U%)(x) are identi-
cal for the EL and ML transitions.
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Allowance for Eq. (1) shows that quasistationary
states of the system AB corresponding to the excitation
of one of the centers should be symmetric or antisym-
metric relative to the transposition B= A"

n >=2""(14 (1) >|Bn(2) >£|Bn (1) Y| 4(2)). 3)
Their energies are

ESO=E, +Es=hy, Re U (z), 4)
and the radiative widths are

1 =1(F2ImUY (2)). (6)

In the relationships (4) and (5) the upper sign refers to
the symmetric collective states Iz/)(’)) and the lower—
to the antisymmetric states |y5’).

Deviations of the radiative widths from the value y,
are due to the coherent emission of radiation from the
two centers. This mechanism clearly has no influence
on the partial widths representing the nonradiative de-
cay channels. Therefore, the changes in the total and
radiative widths are equal and amount to

A‘YL,m=‘YL(,:|' _'YL=‘{L—Y£,-n). =_2'Y]_ Im Uf,f;? (I) (6)
According to Eq. (6), the average lifetimes of the col-
lective excited states are given by

W= 1/ (1T Ay ), (7
where 7°=1/y,,, is the average lifetime of an isolated
excited center. Clearly, a spectral line of frequency
wo and width y,,, splits into components of frequencies

OLn = 0oEA0L n=woy, Re Uk (z) (8)

and widths yit’,n(tot )=7Ytot £ A¥L,m. Since the degeneracy
in respect of the sign of the spin projection still re-
mains, the number of new spectral lines is 2(L + 1).
We shall now assume that the emission of a photon is

the only decay channel of the state B, i.e., that y,,; =v;.

The task is now to determine the explicit form of the
functions U{%)(x) representing the coherent properties
of a system of two identical centers. In the special case
of dipole transitions (L =1), the relevant expressions

are obtained inf1;V

W= (L Y g3 (L),
v @)= 4 ( $ z* )e » U @)= 2 (:«:i Fa )e ’ ©)
§3. RESONANT INTERACTION IN £L AND ML
TRANSITIONS

We shall calculate the complex functions U{%)(x) using
the well-known expression for the effective energy of a
retarded electromagnetic interaction between two cur-
rents concentrated in the vicinities of points Ry and R,
(see'™, §32.2):

B)4@)IVIAMBE)= ([ ¢-R)

xnn\r,—r,l
x]AB (Tz Rz)

o d’r, d’r,.

(10)
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Here, jAB={pA89 jag} is the four-vector density of the
current of transitions between stationary states B and

A which are separated by an energy gap Eg — E, = Iick,.
Going over to the Fourier components
j4s (x)——ffia’ (r,—R,)e~itn=Rogop,
(11)

18 00 = [ 18 Ry eonmigy,

we can rewrite Eq. (10) in the form of the integral

B(1)A@2)IVIA(1)B(2)>

[§)

f [psx (6o (0) =742 (1) 1.2 (%) ]
®2—ko:—i0

eiRi=R) g3,

(12)

In the problem of interest to us, we have jy(x)=j{ (»).

It follows from the relativistic invariance and conser-
vation of the current that when the ground-state spin is
zero and the spin of the excited state is L, the compo-
nents of the four-vector transition current for relative
parity n45 = (- 1) have the following structure (see‘!”,
§25.5 and"'®, §143):

prm<n)=(£_ii)”‘ELj;i)!TyLm( ) Qu 1 ki),
o ) B ) -
#(zrr) ()} et i
If nap= (- 1)E*, then
120, 1 1= (D
X-Q—L":T)Hyiz’( ) Qe ). (14)

In Eqs. (13) and (14), Y§)(%/«) and Y™ (/%) are the
normalized transverse spherical vectors (x=|%1);

Y n(%/%) is the spherical function; @3¢} and Q}_",;,’ are,
respectively, the electric and magnetic multipole mo-
ments of the transition governing the probability of
emission of a real photon (in the case under discussion,
the value of @, is independent of m); £’ (% - w?) and
f}"’"(k% - u?) are the form factors which allow for the
virtual aspect of the photon and satisfy the condition

fr0)=1.

We shall use the point center approximation and as-
sume accordingly that £’ (k2 — »?) =F ™ (k2 - x*) =1 also
for values of z= k% — «%, not equal to zero.”’ We shall
calculate the integrals (12) employing the expansion of

1Y) (x/%)1% and |Y{™ (%/%)1? in terms of the Legendre
polynomlals.

2 2
o2 (2)] = () 42
% 3 4m

L
X Z CLZA,;.u— lCLmL- P, (COS 9) N

ne=0

{_1)m+l

(15)

where C¥9,_. are the Clebsch—Gordan coefficients and

6 is the angle between » and the quantization axis of the
moment R=R;-R,. We know that
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j P, (cos e) ¢t €01 8 gin § d9=2;' ( oo (%R), (16)

ZR)

where »=|x|, R=|R|, and

jwv,(éé}—(?) (—1)! (R)l(_ﬁd_)’sian'

!
% RdR *R (16°)

Using Eq. (16), we can easily show that if R #0 and the
indices n and p are integers (p =n), we have

J'Pzn :';O_S:a)zi:;“' ° %P d®%
- (£)” () o a

It is understood here that after integration we can drop
terms which oscillate for infinite values of the argu-
ment; in a physical situation terms of this kind vanish in
averaging over any (no matter how small) scatter of the
distances R.

It readily follows from Egs. (13) and (14) that the in-
tegrands in Eq. (12) corresponding to the EL and ML
transitions differ by a term proportional to »?‘Z-1’(x?
-%3). It follows from Eq. (17) that the contribution of
this term to the integral is zero.’ Thus, the final re-
sult is independent of the relative parity of the states A
and B. Equations (15) and (17) give

1y . d \*e
U @)=Y (0 LA Gl (<o)

1 = 2m0 200 A\ 1

=—2-—12 (—=1)™*™(2L+1)Crir-Crmr-m (%) I1:n)+’/x(z)v (18)
where Hj!),,»(x) is a Hankel function of the first kind.
The radiative width (the probability of radiation of 2%
multipole order), which occurs in the structure formu-

las of §2, is

L4t 2(L+1)

1 2
te= 5 1Qunlke LeLFONQEL—Uu" (19)

In particular, if L=1, then

i

U;“‘(I)=[—;IZ(—1%)2 : u] U““)(I)=_[ (zdz) e—ri-*-f;—x]'

These formulas are completely equivalent to the expres-
sions in Eq. (9).

According to Eqs. (6), (8), and (18), the changes in
the widths of the spectral lines and the shifts of their
frequencies are oscillating functions of the parameter
x=FkyR:

Memm1e {222 - 2L+1) 2 ()OO () D)},
: (20)
AmL,m=—;ﬁ{— °°"+(2L+1)2( 1)mmce_CI (%)"’J_“_.,.(x)}.

Nemi

N

We shall now consider the limiting cases of short and
long distances between the two centers. We can readily
see that if R <) (x < 1), the widths of the symmetric
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excited states are doubled and the widths of the anti-

symmetric states vanish (ImU{%)(0)= - %). Simple cal-
culations give
L. 2 L 2L+1 s
'{L.m—”f(,l'( 6 +—_— 5 cLll.—chmL m(—1) )
=_L . 2[3m*~L(L+1)}[3—L(L+1)]
6 {i (L-1)L(L+1) (2L+3) } @1)

The frequency shifts in the x <1 case are proportional
to x~2*1; if the explicit form of the coefficients C3%%_,,
is taken into account, we find that

QL+1)1[2L)]?

—(—q)Ltm L et
A0un=(=1)""1 (L+m)!(L-—m)!(L+1)!(L~'1)!(2:) - (e2)

Then, |Awg,,/v.! > 1. This result can also be obtained
from the explicit form of the operator of the electro-
static (magnetostatic) interaction between two electric
(magnetic) 2%-pole moments:

V(BR)= ZL‘

m=—L

(2L)!
(L+m)(L—m)!

1

(_1)1.1-". .
R+t

*(1) 5(2)
QLm Lm

(23)

If x> 1, it is simpler not to use the relationships (20)
but introduce before integration the representation of the
spherical vectors in terms of the Wigner d functions
(see!'®, §16):

2 () -
Lm -
b4
2L+1

+(dm-1(8))? 1———— Ba ™ (cos 0)™. (24)

ne=0

ve ( yl) | =2 (@

The functions U}%)(x) can be specified*’ by means of the

coefficients gi&+™:

U @)= - LN yppem L), (25)

n=0

If x> 1, the integral in Eq. (12) is dominated by the
small angles, where

dimi 1 (8) ~ (sin 0) 10mI=V,

Hence, we obtain the following asymptotic expressions:

v @=-20 v @=L &
z z 26)
PO e 2 LEm e
men @)= = — =Ly T e

§4. PRINCIPAL EFFECTS

A. Angular distribution of the radiation. The ex-
pression (20) for the change in the widths can be ob-
tained by direct calculation of the probability of decay
of the collective states (3). In the caseunderdiscussion,
the helical amplitudes of the decay are

AS (8,9)=di% (8)e™b=(8), (27

A58, 9) =n4n (—1)*1dL5(8) emob*) (0), @7)
where
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2L+1\ "%
= (102 ) o () (- 22

Here, 6 is the angle between the vector R and the photon
momentum k; the factor 7,5(-1)**! is + 1 for the ML

transitions and -1 for the EL transitions. We can
easily see that
”{fn).=2n j W (cos 8)d cos 6,
where
Wim{cos0) =142 (8, ) I*+1450 (8, 9) I?
2L+1 ) 1oy 2 (g0 2
='TY‘[(‘Z"" (0))*+(d=im(8))*1[1 = cos (k.R cos 0) ]. (28)

It follows that the angular distributions of the electric
and magnetic 2X-pole radiation are the same. The
emission of a photon with a linear polarization vector
parallel to the (k, R) plane corresponds to the combina-
tion

27" (4,7 (8, ) +A5.(8, 9)), (29)

and the emission of a photon polarized at right-angles
to the (k, R) plane corresponds to the combination

27 (4 (8,9) =450 (8, 9)). (29")
Since the amplitudes in Eq. (27) can be factorized, the
interference between the radiation emitted from the two
centers gives rise to the angular dependence

cos(ky R cosf) but does not affect the polarization.

B. Resonant scattering. Knowing the energies,
widths, and amplitudes of the decay of intermediate col-
lective states, we can derive an explicit expression for
the amplitude of resonant scattering of a photon by two
zero-spin centers. Let 8, and 6 be the angles between
the vector R and the photon momentum before and after
scattering, respectively; let ¢ be the azimuthal angle
between the planes passing through R and the directions
of the momenta of the incident and scattered photons;
we shall use 7 and 7’ for the helicity of a photon before
and after scattering (» and 7’ have the values +1). Then,

2L+1 k.R 0 k.R 0
12 000,01~ EEL s (R (R

L

dls) (80)dira (8) ™
X 2 (8o) dr'm (8)

() _ gy
o) —o w2

m=—L

+ gin (k,R czos 6.,) sin( knR2cos 6) 2 ai) (8,)dirm(8) e } (30)

(=) oy jn (=)
=, o, —o—i7)/2

The total resonant scattering cross section can easily
be found by the optical theorem. In the case of unpolar-
ized photons, we have

4 1
oW =—=—Im (157 (8, 86, 0) +141-,(8, 6,,0))

0

_=n . koR cos 0, -
_k°2(2L+1)*{L{cos( » )Z

m=—L

Yom(din’ (80))?
(04 —0)*+ (1" ) /4

Lm

L

. { koR cos 8, Yom (dim (8:))?
+ sin ( 5 ) Z @) o) (1) 4 } (31)

me=—L
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We have allowed here for the fact that

YR @ @) = Y v @i 00

If L=1, Eq. (31) yields directly the results of'® for the
resonant dipole scattering.

According to Eqs. (30) and (31) if the vectors k and R
are parallel (9,=0 or §,=7), the contribution to the
resonant scattering is made only by the collective levels
with the spin projections of + 1 or -=1. This is due to
the fact that the helicity of a photon assumes the values
+1. In view of the degeneracy of the levels in respect
of the sign of m, we then only have two resonances
whose frequencies are w}f"l and w},"),, and widths are
y$) and y;}. On the other hand, if 6,=7/2, the terms
corresponding to the antisymmetric states lzp,(,,' ") disap-
pear from Eqs. (30) and (31); then, the resonance ener-
gies of the photons polarized parallel and perpendicular
to R are different. In fact, it follows from the proper-
ties of the d functions that if 6 =7/2, one of the ampli-
tudes (29) or (29’) vanishes. In the case of EL transi-
tions, the resonant scattering of the photons polarized
parallel to R is governed by the levels |35’) with odd
values of the sum L + m and the scattering of the photons
with the polarization vectors e LR is governed by the
levels |y%’) with even values of the sum L+ m. If the
resonant scattering is associated with ML transitions,
the reverse is true: the odd values of L + m correspond
to the polarization vector perpendicular to R and the
even values to the parallel vector.

C. Emission from two excited centers. The results
in § 3 can also be used to determine the emission spec-
trum of two identical excited centers B located at points
R, and R,. The levels |y3’) corresponding to the exci-
tation of one of the centers are then intermediate. The
actual relationships for the spectrum can be obtained
within the framework of a theory of cascade decay of two
excited atoms, which is developed in'®’ and which allows
for the interference of the two-photon amplitudes asso-
ciated with the initial equidistant nature of the system.
It is assumed in'®? that the excited states are nondegen-
erate and the radiation is of dipole nature. However,
the general structure of the spectrum is not affected by
these assumptions. If both centers are in identical
states B of spin L, the spectral distribution of the in-
tensity after integration over the angles of emergence
of the photons is

Rum(0) =R (0)+R{H (o),

where

(312 £AYLm) (1—arn) +bim (0—0eEA®Lm)
(m_maiA(ﬂL,m) -+ (3'1LiA’YL,m) /4

. 1
R (0) = — (Y2£AYm) {
4n

+

(1oAY (1+aE) +052 (00— EAwLn) }
(00— 0£AOLm)*+ (YEYLm) Y4 ’
() _ (YLiA’YL,m) Yo

(£)
Lm = =, bL,m =

Vi téde

4 ('YL:tA"{L,m) Aorm
Yt t4AO%

(+) (32)

The function R}, (w) describes a contribution of the
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symmetric intermediate state |y,’) and the function
R (w) corresponds to the antisymmetric state <),

It follows from Eq. (32) and the asymptotic formulas
(26) that if the distance between the centers is large
(¥ =kyR>1), the emission spectrum reduces—as ex-
pected—to a single Lorentz line of frequency w, and
width y;, i.e., the two centers radiate independently.
In the opposite limiting case of x <1, the spectrum con-
sists of two nonoverlapping lines of the same intensity,
one of which is of frequency wy—Aw;, . and width 4y,
and the other of frequency w)+ Awy,,, and width 2y,. In
this case we can ignore the contribution of the decay of
the system via the state |y ') and the interference—
caused distortion of the spectrum.®’

If the spin projections of the excited centers are not
equal (m;#m;,), the emission spectrum is governed by
four intermediate levels: |yn) and lz[;:,*z)).

§5. SPIN STRUCTURE OF THE RESONANT
INTERACTION

For arbitrary spins of the excited and ground states
the matrix elements of the operator representing the
2%_pole interaction of two atoms or nuclei can be ex-
pressed in terms of the functions U{%)(x) introduced
earlier. In the representation in which the quantization
axis of the spin is parallel to the vector R (m=m, - m,
= m; - mZ)s we have
(B, (1) Ay (2) IV | Ay (1) By (1) y=ysCoom,— Coome’

samy'Lm samaLm

Umi (z), (33)

where y; is the probability of the 2L-pole transition
B—A+vy per unit time, In particular, if the excited-
state spin vanishes and the spin of the ground state is L
(ss=0, s,=L), the frequency shifts and changes in the
widths of the collective and excited states [of the type
given by Eq. (3) and expressed in units of y;] are 2L +1
times smaller than in the case sy =L, s, =0 discussed
above.

Allowance for Eqs. (18) and (33) shows that the elec-
tromagnetic interaction between excited and unexcited
and unexcited centers has the general structure

f’=ﬁ~f f (z)e*Pan/z, (34)

where 13“, is the exchange operator that transposes the
states A and B'®? and y is the radiative width of an iso-
lated center; for transitions of mixed multipole order,
we have

Y=ZYL
L

and}(x) is the matrix in the spin space of the centers

A and B containing polynomials of order N<2(s4 + sp)

in the variable 1/x. Since the eigenvalues of P,p are
+1, the collective quasistationary states are always
symmetric or antisymmetric under the transposition
A=B. They correspond to a definite yalue of the pro-
jection of the total spin of the system 8=8, + 85 onto the
vector R, but if s, #0, s #0, they are generally not the
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eigenstates of the operator 8§2. The exception to this
rule is the case s, =s5=1/2 (see below).

We shall now write the explicit form of f(x) for pure
dipole transitions (y=y;). If sy=1and s,=0, we
have'®!

j(2)=F (2)+D(2) (Sn)?, (35)

where n=R/R,

F(z)=ze U (£) = _3 (L____‘) )

; : 3 3 (s6)
D(z)=ze~*(U{" () =US" (z)) = —7(1 +f‘7)'
If sp=0and sy,=1, then
F(z) =1sF (z) +1/sD (z) (Sn)™. (35")

In particular, in the long-wavelength limit the widths of
the spectral lines which follow from Eq. (35') are ¥{*}
=vil=4riand ¥{}=r{1=$r,.

We can show that if s,=sg=1/2, then
F@) =" {F (2) [1-2 (5n)*+57]+2D () [1— (8n)*]}. (87

Table I gives the eigenvalues of the matrix (37) cor-
responding to certain values of the total spin S and its
projection M, and also the frequencies and widths of
spectral lines corresponding to x = kyR <1. It should
be noted that when R <<1/ky=2, an antisymmetric level
with the quantum numbers S=1 and M =0 is long-lived
(‘Y::;o <yy).

If the centers are at rest and the frequencies v char-
acterizing their motion satisfy the conditions wy>v >y,
v < c¢/R, the expression (34) should be regarded as an
operator not only in the spin space but also in the coor-
dinate space of the two centers.'® Clearly, because of
the presence of an exponential function with an imaginary
argument in Eq. (34), all the collective effects should
vanish if the photon wavelength is much less than the
linear dimensions of the regions of spatial localization
of the radiators. In particular, a considerable change
in the lifetime of an excited nucleus in a crystal in the
presence of unexcited nuclei of the same type occurs
only on condition X 2a,,, where a, is the amplitude of
the vibrations. The suppression factor is the same as
in the Mdssbauer effect. An analogous situation occurs
also in the case of diatomic molecules with isomeric

nuclei whose properties are discussed in®’.

TABLE I.
s | Isx ) oy = Iv{,*,’s.v x< 1)’ RTE Y
|
L { +1 Vg F (2 @ F y,/22° Ya V1 371
0 F (z) +2%3 D (x) oy F 7,/27 2y, g v12?
0 0 [YsF(2)+2D (x) 0= /20 4371 s 1
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§6. INFLUENCE OF A METAL MIRROR ON THE
LIFETIME AND EMISSION SPECTRUM OF EXCITED
ATOMS

Morawitz pointed out the analogy between coherent
emission of radiation from a system of two identical di-
pole centers and the emission of radiation from an atom
located near the flat surface of a perfect conductor.
Using the method of images and basing his treatment di-
rectly on the results given in'>®, Morawitz investigated
the interesting effect of a change in the lifetime of an
excited atom under the influence of a metal mirror.
(The frequency shifts of the radiation emitted by a two-
level system obtained by Morawitz'4? are valid only in
the limiting case of large distances from the mirror—
see below.) This question (again in the dipole approxi-
mation framework) has later been considered by many
authors, 2022

[14]

We shall discuss the general case of electric and mag-
netic transitions of arbitrary multipole order. We shall
use the boundary conditions on the surface of an ideal
conductor!?:

E,=E—n(En) =0, H,=Hn=0. (38)
Here, n is the vector of the normal to the surface. It
follows from the Maxwell equations and the expressions
in Eq. (38) that an electromagnetic field created by a
conductor in vacuum can be regarded as the field of a
system of virtual radiators which is obtained from the
original system by specular reflection in the boundary
plane of the conductor and subsequent reversal of the
sign of all components of the four-vector current density
Consequently, the Fourier components of the current
and charge densities in the original system and of its
“image” are related by the following expressions (a
tilde above a symbol refers to the image):

(39)

;(k) =_j;eﬂ(kreﬂ) 1 p (k) =-p (kreﬂ) .

Then,

iren=j—2n(nj), kren=k—2n(kn). (39")
Subject to Eq. (39), we find that the 2¥-pole moments
of a radiator and its image in a coordinate system with
the z axis parallel to the normal vector n are either

equal or they differ only in respect of the sign:

= (—1) QL.

0= (—1)rm0l2, (40)
It follows from the correspondence principle that in the
case of quantum radiators the relationships in Eq. (39)
link the transition currents and the relationships in Eq.
(40) link the multipole moments of the transition. An
excited atom at a point R located at a distance D from
a metal mirror and its “image” located at the point R,
= — 2Dn + R, emit photons coherently. Hence, the effec-
tive density of the current representing the probability
of photon emission is

45 (K) =j a5 (k) +] an (k) €220 (41)
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We shall now consider a radiative transition between -
an excited state of an atom whose spin (total angular
momentum) is L and the zero-spin ground state. Let
m be the projection of the spin onto the normal vector
n. Then,

T o (k) =j 3 (K) [1+ (=) mrgriaan (42)
where )\ =0 refers to the ML transitions and A =1 to the
EL transitions, and the currents jrgm (k) and jf,oa)m(k) are
defined with the aid of Eqs. (13) and (14). We can see
that the situation is formally the same as in the case of
decay of the collective states of Eq. (3) when the distance
between atoms A and B is 2D. Allowing for Eq. (42),
we find that the probability of emission of a photon at an
angle 0 with respect to the vector n is given by an ex-
pression analogous to Eq. (28):

2L+1
4w

L'

'YL[ (dl(m

Wem(8)= ’(8))?

+ (a5 (8))2] [1+nas(—1) ™ cos (2koD cos 8) ]. 43)

Here, n4p= (- 1)£*!** is the relative parity of the ground

and excited states of the atom, and the angle has the
values in the range 0 <6 < 7/2 (cosé = 0).

Integrating Eq. (43) up to half the solid angle in ques-
tion, we find
x/2

(B) (L)

Aim=2n [ Won(0)sin0d0=1.[1+2(~1)"nas Im Ul kD)1, (44)

where the function U{%)(x) is described by Eq. (18)
[compare with Eq. (5)]. It is important to note that the
width y;Z), and, consequently, the lifetime of an excited
atom is a function of the projection of the spin onto the
vector normal to the conductor (mirror) surface. Thus,
the conductor (mirror) splits the excited level into com-
ponents with different lifetimes. The change in the life-
times is

To (’YL.m—'YL)
AT=—1y
' ' 1+Tc(Yn,m—YL)

For arbitrary values of sy and s, the probability of
emission of a photon along a given direction, corre-
sponding to the EL and ML transitions, becomes

2L+1
= spm 2
W.n(0) :rt 'YLE IC |
»

4 sam—uLu
X[(d?(8)) 2+ (451 (0)) 21 [1+m45(—1)** cos (2koD cos 0) 1. (45)

Hence,

Atém=2naste Y 1C7 L, H(=0)* Im UL (2K.D). 46)

In particular, if the excited-state spin is zero, we have

2 &
M =tar 5= 3 (~)*Im U (2kD). il

u==—3sa

We must stress that Eqs. (43)-(47) retain their meaning
also in the case when the lower state A is also excited
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provided v, , and y, are now understood to be the par-
tial probabilities of decay in the B,,~ A + v channel.

In the limiting case of very short distances from the
mirror, we find that

A (S IR L (48)

If then sp=L and s, =0, we find that y; ,=v.[1+ 745
x(=1)™1], i.e., the probability of a radiative transition
for the same components of the excited level is doubled
but for other components it is negligible [~y (&, D)2].
For example, in the case of an E1 transition'!4!

(B)

'Yl+t—'Yl(B)l =/, (2kD) <y, ’Yn 2.

In the case of magnetic dipole transition, we have the

converse situation:
‘Yf.x-:i:'h(.l?i:z'h, 'Yf,? =l/m'Y|(2koD)z<'Yt-

It should be noted that, in accordance with Eq. (48),

the change in the width of the level for the spins sz =0
and s,=1 is

he2

(B) — L4t
AY®I=n,5(—1) AL

Thus, near the surface of an ideal conductor the life-
time of a zero-spin level increases if the decay involves
a transition of the electric type [n45= (- 1)¥] and it de-
creases if the decay is due to a transition of the magnet-
ic type [nap= (- 1)**'].

It should be stressed that our analysis applies to a
mirror which reflects totally the incident electromag-
netic radiation and alters its phase by 180°. This cor-
responds to the limiting case of very high values of the
permittivity £(%)). For most conductors the condition
le (k)| > 1 is satisfied well up to infrared frequencies
and for silver it is satisfied also in the optical range.
However, in view of the finite conductivity of a metal,
we may expect a nonradiative B— A transition accom-
panied by the transfer of the excitation energy to the
conducting medium."”*! This process becomes predomi-
nant at sufficiently short distances from a mirror and
it reduces the excited-state lifetime.®’ Therefore, even
in the case of le(ky)| > 1 and [Ime(ky)| <1, the above
relationships do not apply to widths correspondmg to
very small values of D.

We shall now estimate the shift of the energies and
frequencies of the radiation. For these quantities the
corrections to the results obtained for an ideal mirror
in the le(ky)| > 1 case are small irrespective of the dis-
tance D. The level shift is described by a self-energy
diagram in which the vertex functions have the structure
of Eq. (41), The contribution to this diagram is made
by real and virtual intermediate states A. Therefore,
the results for a system of two identical centers (see
§ § 2—4) cannot be applied directly. The radiative shift
of a level independent of D is clearly identical with the
conventional Lamb shift. Allowance for the influence
of the conducting surface is represented by the product
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of the currents j,5(q) and j,5(q) for an atom and its
“image.” The application of a standard procedure al-
lows us to represent the part of the complex radiative
shift 2’ = AE® —ay‘®’/2 of interest to us in the form
of the integral

o™ = 1 ZJ‘ Be{[PAB(‘I) Pas (@) — ]AB(‘I)]AB (q) ]ezm(qn)}
2(2m)* (Iql k”“’ i0) Iql (49)

Here, k{24’ =(E‘®’ = E'A’)/lic; the summation is carried

out over all discrete levels A and integration over the
states with a continuous energy spectrum. According
to Eq. (49), the change in the width ay‘®’ is affected
only by the levels lying below B characterized by % 24’
>0.

We shall now obtain the explicit expressions for the
level and frequency shifts of the radiation emitted by a
quantum system located at a fixed distance D from an
ideal mirror and we shall use the two-level model with
a degenerate upper level. K the spin of the excited
state B is L and the spin of the ground state A is zero,
it follows from Eqs. (49) and (42) that

AED (s e 5:@/1)"“1’””'"' We™ 4, (50)

X et ) y—x

where x=2(E®’ - E“))D/%c>0. The power factor in
the integral of Eq. (50) is related to the energy depen-
dence v (q) = (g/k)***'y, [see Eq. (19)] and the factor
¢™® automatically removes the nonphysical terms which
oscillate at infinite values of the argument. The energy
shift of the ground state can be found by replacing x with
—x in Eq. (50) and summing over the projections of the
spin p of the level B, which is now intermediate. Ap-
plying the representation (18) to the functions U%} (x),
we find that integration gives

AERD ="/ inan(—1) "y [Re Ulnl (2) i (@) ],

: . (51)
AE W ==tz ) (—1)*[Re UR (2) 155 (2)],

p=—L

where

(L) 2L+1 = 2n0 2n0 d \*
) (2) = (—1)&+m 2 2 5 o
frmy (2)=(~1) in 2 Crit-iCimi-nT (zdz)

2(L—n)
X{i_d__{coszSiz—sinzCiz]}, (62)

r dz¥i-m

X . x
. sin y . cosy
Siz= dy, Ciz=-—|—=dy
= 35

Hence, it follows that the frequency shifts are given by

1
AQL,m= = (AE'("B)—AE(A)) =T’]ABYL("1)MHI1(:\) (z)
+—n,.,, M o Revn @) -1

m'%Em

(1. (53)

In this model the widths of the spectral lines are given
by Eq. (44).

It follows from the asymptotic properties of the func-
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tions of Six and Cix that in the limiting case of x = 2kyD
> 1, the difference is given by

Re Ul (z) —f 5! (&) ~z=13+2)
and, therefore,

AR, AEL Wb (—1) 1, Ro U (2). 54)
An analysis shows that if x <1, we can ignore the con-

tribution of the functions f}5)(x). Allowing for this fact
we find that at short distances from the mirror

L
AES = —h(—1) "' sl Aonml, AEW=EAE,9’

m'=—L

o -~

(55)
1 L
AQLm z"“—z rlAB(_l) E [Aﬁ!L,m'lr

m'm

where the quantity Aw , is found from Eq. (22). In the
case of EL transitions, we have 7,5 = (- 1)* and the fre-
quency shifts are positive; conversely, for ML transi-
tions, we have aQ; ,<0.

If L=1and n,5=—-1 (electric dipole radiation), the
relationships (51)-(53) give

1.
AQum=— (QED _ AEW),

where
3k in 3k
(8) (3) Yy (SinXT | cosx cosZ
ABs =AES =_"8—( P ©  z )*E”

1 1y 1 ' 1
x{[sin zCiz—cosz Si .'::](—3 - —)—-—2[ coszCiz+tsinz Siz]+ —z} 5
@ z/ & T

3hy, fcosz sinzy\ , 3hy
AES = — [ ( _ ) + 1
° 4 z* z* 2n
1 1 56
{? (sinz Ciz—cos z 8ix) ——- (cos z Ci z+sin 2 Si x)}, (56)
z
A .
AEW— — 3hy, [ 2sinz +cosx(—2——-—1—)] 3hy,
4 z* z° 4 4n
2 1
- {[sin rCiz—coszCi :c](—3 — —-) _E-(cos z Ci z+sin z Si 1)+_‘_}
X x IZ xZ
For values obeying D <1/k, we have
AQ, i =AQ, L~ AQ, o=y, (2keD) (57)

i.e., the frequency shifts are proportional to 1/D3,
This is in agreement with the general conclusions
reached by Barton.'??! On the other hand, for x$1, the
expressions (56) and (57) differ considerably from the
corresponding formulas of Agarwalm] which have the
following form in our notation:

AQLm=(—1)"fin! () 11

This is due to the fact that Agarwal uses an unrealistic
model with a nondegenerate upper level, In his model
the energy shift of the ground state depends on the direc-
tion of the dipole moment of the transition, which is as-
sumed to be always strictly defined. A critique of these
results can be found in Barton’s paper, ??!
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It should be noted that Morawitz'*? gives the shifts of
the frequencies of the dipole radiation in the form
(- 1)"ReU{L) (x)y;, which corresponds to our asymptotic
expression (54). This result follows from the classical
theory of an oscillator interacting with its mirror image
and it remains valid also in the case of a quantum oscil-
lator whose levels are equidistant., However, on going
over to a two-level gsystem, the approach developed by
Morawitz'4! becomes incorrect. The limited validity
of the analogy between an oscillator and a two-level sys-
tem is considered in a different connection by Gribkov-
skii and Stepanov., 2%

The author is grateful to V. G. Baryshevski; and M.
I. Podgoretskii for their interest and valuable comments.

DHere and later, it is assumed that the lifetime of the system
is long compared with the transit time of a signal between the
two centers: 7Yy R/c <1.

The energy dependence of the form factors on the variable
z =k§ - x? corresponds to the contact interaction which dis-
appears if the spatial distributions of the currents do not
overlap. Real atoms and nuclei do not have sharp boundaries
and, consequently, our analysis is valid for values of R which
are considerably greater than the effective size of the centers.

9 particular, in the case of zero-spin B centers [L =0, E(0)
transition], the resonant interaction does not appear for any
finite value of R.

1t is convenient to use Eq. 25) in the case of small values of

L, when the angular dependence of the d functions is simple.
In particular, if L =2, we have

(2) 5 d? a+ eix
v (z)=——(1+3———+4 hant
8 dz* dzt z

( 15 a? das eix 5 at eix
Ua”<z)=—( )=, 0= (1-—) .
4 dz*  dz* z 8 dr* T

S)Strictly speaking, if R <<A, a narrow peak is superimposed
on a line of frequency wy—Awy, , and width 4v;, inaccord-
ance with Eq. (32), and the amplitude of this peak is twice
the amplitude of the main peak. However, the narrow peak
representing the decay of the antisymmetric state makes a
negligible contribution to the integrated intensity (the order
of magnitude of this contribution is ‘Y},‘,,{/’YL ~xt1),

$We can show that in the koD — 0 case the width of a level as-
sociated with a nonradiative EL transition is proportional to

Im e (ko)

mz— (2koD) —f2L+1),
e(ko) +
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Recombination of an electron and a complex ion
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The recombination of an electron and a complex ion is investigated on the basis of two models. In the first
it is assumed that the complex ion interacts strongly with the electron in a certain region near the ion, so
that the landing of the electron in this region leads to recombination. In the second model, account is
taken of a large number of autoionization states that lead to recombination. The two models lead to the
same result at low electron energies. The cross section for the recombination of the electron and the
complex ion is inversely proportional to the electron energy, and the dissociative-recombination coefficient
is inversely proportional to the square root of the electron temperature. The experimental data are

analyzed.

PACS numbers: 34.80.—i

The purpose of this paper is to establish the depen-
dence of the coefficient of dissociative recombination of
an electron and a complex ion on the electron tempera-
ture. In the general case, the coefficient of dissocia-
tive recombination of an electron and a molecular ion is
determined by the character of the interaction between
the transition channels. An analysis of these relations,
with account taken of the experimental data, is the sub-
ject of a number of reviews and monographs. =4 A
distinguishing feature of recombination of an electron and
a complex ion is the strong interaction between them.
There are many channels for the transfer of the electron
energy to the internal degrees of freedom of the produced
complex, and it is this fact which determines the sought
dependence.

The mechanism of dissociative recombination of an
electron and an ion is connected with the change of the
electronic state of the ion when it collides with the elec-
tron, which leads to formation of a bound autoionization
state of the electron and the molecular ion. This auto-
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ionization state corresponds to repulsion between frag-
ments of the produced molecule, and the spreading of
these fragments leads to the formation of stable states
of the neutral particles. The singularity of the complex
ion is thus connected with the large autoionization levels
of the ion and the electron. Motion of the nuclei leads
to a smearing and overlap of the autoionization levels,
so that the resonant character of the process is lost in
dissociative recombination of the electron and complex
ion.

We consider the dissociative recombination of an elec-
tron and a complex ion on the basis of two models. In
the first was regard the incident electron as a classical
particle that collides with the electrons of the complex
ion and excites them. As a result, the incident electron
loses energy and goes over into an autoionization bound
state, which leads subsequently to recombination. In
accord with the mechanism of the process, we introduce
model assumptions, according to which the recombination
has a probability ¢ if the electron lands in a region of

© 1978 American Institute of Physics 731



