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We use an expansion of the collisionless kinetic equation for a plasma in a non-uniform magnetic field B
to obtain a set of equations for a two-fluid anisotropic magnetohydrodynamics, taking into account terms
of order 1/B?, in particular, for the magnetic viscosity tensor and the thermal currents.
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1. INTRODUCTION

We evaluate in the present paper corrections to first
and second order in the parameter 1/Qgz=mc/eB to the
well known Chew-Goldberger-Low equations for a mag-
netized anisotropic collisionless plasma.

We showed in®? that in the framework of the one-fluid
magnetohydrodynamics (MHD) one must describe a plas-
ma in a strong magnetic field B in the collisionless ap-
proximation by the anisotropic MHD equations with a
magnetic (collisionless) viscosity tensor that takes into
account effects due to the finite Larmor radius. We re-
tained then only terms of order 1/B and ignored
“oblique” thermal electron and ion currents which in the
one-fluid approximation cancel one another. However,
it was shown in‘?}, where a strongly colliding plasma
was considered, that in a number of cases an important
role is played in the viscosity tensor by the spatial de-
rivatives of the thermal currents which in the method
of 3 are formally contained in the terms of higher or-
‘der in 1/B. We do not assume the single-fluid approxi-
mation in the present paper and we use an expansion of
the kinetic equation taking into account terms of order
1/B% which enables us to make the set of equations of
the collisionless anisotropic two-fluid MHD for a plas-
ma in a non-uniform magnetic field more precise; these
equations generalize the equations obtained earlier in®33,
Up to first order similar results have been obtained in
a recent paper.!

2. ZEROTH AND FIRST APPROXIMATION

EQUATIONS

The collisionless kinetic equation for charged parti-
cles of kind « is of the form

£f¢+(vV)fa+ ’: (B+[xB ) 5‘1_,¢=0,

(2.1)

Dropping the index a for the sake of simplicity we put
v=V+u, where V is the average and u the random ve-
locity. Introducing instead of f, the distribution func-
tion F(t, r,u) and assuming the magnetic field B to be

strong we rewrite Eq. (2.1) in operator form:

oF 9 d a

Qg[hxu]W=93£F=(E+uv+(A—(uV)V)5)1’, (2.2)
where A= (e/m)E+[VxQgz]-V, h=B/B, Qz=(B/mc)h,
a point indicates the total derivative d/dt= 8/at+ (V- V),

¢ is the azimuthal angle in velocity space with the z-
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axis directed along B. Assuming Qg to be a large quan-
tity, we look for a solution in the form of an expansion
F=Fog+F;+Fy+..., where F,~ Q5 (see, e.g.,'%)). In
zeroth approximation we have Fy=Fo(u?,u?, r,t), where
uy=u-h, u =u-hy,. For the first correction F,=Fy®,
we get

o -9 (AW 8
g,%ot_mnpa, —dt+(uV) (A@ (uV)V)au, (2.3)

and, requiring that the density n, the velocity V, and
the pressure tensor components p,,=p,8,4+ (P —p,)
xXh,hg are completely determined by F, alone, we find
the MHD equations in the zeroth approximation:

AN (2.4)

0—"- +divaV=0, A®=
at mn

0

B = (Pi)ag=—py(div V+2h(hV) V), 51" =(p,),, =P, (h(bV) V=2 div V),

thereby determining A‘”. For the integration of Eq.
(2. 3) it is necessary to make a definite choice for Fy.
For restrictions on the choice of F, follow from the
requirement that &, must be periodic in the angle ¢ and
are found by averaging Eq. (2.3) over ¢:

7

d Lu?
[E;+u|,(hV)+(hA<“)-r-E"'—dxvh—u"h(hV)V)a—uu

—%‘L(aa,*v“v,w" divh)-aih ]F°=O, (2. 5)
where 6,=06,,—h kg, Solving this equation is not less
complicated than integrating the original equation. One
can note, however, that Eq. (2.5) can be considerably
simplified in the case when the motion of the plasma is
independent of the coordinates along the magnetic field.
This assumption enables us to use for F, a two-temper-
ature anisotropic Maxwell function—the simplest dis-
tribution which takes into account the evident anisotropy
of a magneto-active plasma without collisions. We note
that if we take for F, the usual isotropic Maxwell func-
tion, we would get from Eq. (2. 5) an additional restric-
tion on possible plasma flows:

div V=3h(hV)V. (2.6)
We assume in what follows that F, has the form of an
anisotropic two-temperature Maxwell distribution and
we restrict ourselves to plasma flows which are inde-
pendent of the longitudinal coordinates.

We look for the solution of Eq. (2.3) in the form &,
=&,(¢)+®,, where &, is independent of ¢ and is neces-
sary for finding the higher approximations considered
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in Sec. 3. The function &,(¢) was found in*? and is
equal to &,= &, + &,,,, where

On = —;2';[1., (1—2%) (%}Ti(w)h— %V In Tu)
“{-s)oun]. @
4

mugly

82T,

T
D5 =- { { (Bayt3hahy) €5yt (=) ] ( Wty TTL

H,w) hy

r,—T, ] ,
At ‘[hae,,‘,+(a.——'ﬁ)]h,(h“VvI',.+uu(hV)hv—hv)}'
i}

eno=muy /2.
=V,V,+V,V,-3%5,,divV is the shear veloc-

an analogous tensor formed from the
is the antisymmetric unit

Here W,
ity tensor, H,,
components of h, and €.,
pseudo-tensor.

We now consider the second correction F,. Substi-
tuting F, into the right-hand side of (2. 2) we get for F,
the equation

@ d
Qs —Fy=LF+A" —F,, (2.8)
o Ju
and, integrating it over the velocities u, with weights u,
2¢,, and g, we find the first corrections to Egs. (2.4):

A =—divg —2n" +2l, pfY =—divq” —/ungy Waptal'—II
T
A= T bt (ha ViVt (2.9)
mn '
Here 7V is the magnetic viscosity tensor:
ndy'=m [ d'wuauF ———[ (Suut3hahs) epnvt (@ ==B) Il
(2. 10)

1;(‘:)=I;..V+PunVan+PvnVnVu-

The thermal currents q{", are described by the ex-

pressions

q'=2 .f d’u “5||Fa=qn+h‘7u» ‘Ii" = I d’'uue F,=q,+hg,,

=T —2
Gi=2 f d'u e, Fody, §.= J'dﬂu we  Fo @y (2.11)
and, finally,

o= —; Ha j &*u uaupu,Fi=q, (hV)h. (2.12)

Using the definitions (2. 10) to (2.12) we can write the
first two equations of (2.9) in the form

A= = diva+20, VB2 2 5= —aiv o —q,(aVn+E,
(2.13)

where

1

Te

1. - . .
=g ChhX [(h-V)V+h]V)V+[hXh](hV)V} .

In fact, all results obtained so far are contained in®?
written in the one-fluid approximation.
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3. SECOND APPROXIMATION

To find the second order corrections we must solve
Eq. (2.8), determining &, beforehand. Using the equa-
tion for the third approximation

9

)
O FrmLF+AW ——F+A% —F, 3.1)
Ju

’.H+

and integrating it over the velocities u with weights u,
2g,, €,, as before, we find the second corrections to the
moment Eqs. (2.4). It is clear that they have the same
form as Eq. (2.9) which holds also for further approxi-
mations. It is only necessary to use in the definitions
of q?,, 7?, n? F, instead of F, in Egs. (2.10) to
(2.12), 1t all thus reduces to the determination of the
function ;. The equation for ®,, like the restriction
on Fy, follows from the condition that the second ap-
proximation be periodic. Integrating Eq. (2.8) over ¢
and using the independence of the longitudinal coordi-
nates we get

d_ n" @9 KN 9
° ‘ : _
(dt 3T, You, | 2T, “ou. )‘b trupu)=—y  (3.2)
where
1% S vaw g
Z=?S‘. d(p{Ldil J—mFo} (3.3)

We have assumed that initially &,=0. We note that ow-
ing to the assumed independence of the longitudinal co-
ordinate terms with q,,, drop out of Egs. (2.9) of the
first approximation. Therefore, if we had restricted
ourselves to terms « 1/Q,, as was done in*'’, we could
not evaluate &,. As the corrections < 1/9% have for-
mally the same form as Eqgs. (2.9), for the same rea-
son we need not consider the symmetric part of &,.

But in the second-order correction &, occurs necessari-

ly.

Taking this remark into account, it is sufficient to
determine solely the transverse components of the ther-
mal currents q'?,. As for our purposes it is sufficient
to calculate only the moments of the functions &, and F,,
there is no necessity to solve the equations which de-
termine them. We show in the Appendix that the second
order corrections in the moment equations are deter-
mined by means of the function &,, obtained earlier,
and Eq. (3.2) and they can be written in the form

ﬂ?’—T[wm 3hahy) egrit (=) 11 b, 3.4

=[hS, _1/Qs. (3.5)

=g h¥)h — Z.“L_T;D,BG“. (3.6)
where we have used the notation

D=t DT At Btk (=) I 3.7

49, 1

Retaining in Eqs. (A. 5) only terms which do not drop
out identically when substituted into Eqs. (3.4) to (3. 6)
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we find

I =g +nly) div Vs VoV, +ald VoV /8 +61,.,

8= (@ —*/:05" ) V) byt (BY) (8uabisH0unh) (gua—"/2g5")
+Va(hDuwth DythD,,).

(3.8)

Here q” =q{"’ + G h, and the tensor Z,, is similar to
w,, and formed from the vector ‘. This tensor takes
into account the contribution from the derivatives of the
thermal currents in the viscosity tensor. We have split
off in the tensor (3. 8) the part 6/, which in an important
way depends on the derivatives of the magnetic field.
One can show that 6I,,=0 for a uniform field. For the
vectors 8,,, of (3.5) we find '

d .
Su=n, Tsz‘ +(q}" V) V+(§—2§.) h+2§,ha V.V,
nll

— —(hV)h+2D..(h VyVa—hy)

T
+r [m‘."v.ln Ty+2he (BV) 2+ 2hanly (V.h; —-T—*-H., )]
" ! (3.9)

Symnrtd x 1

L3t T, — q_La(3V Vit+ViVe)+2 —(hV)h+2——

+Di (ig+ (0V) V) + _[ éa,*V,n(.;) Fhyrl Vbl Vo mn;] ,

(3.10)

and for the tensor G,, we get the following expression:

wd Dy T, 1
Gumnly -2t LWV + Wt {[ itV V) s
I
T,-T P ma
+q,.(hV)V,+D.GV.V,+—!—'n—n£’Vah,+;*h.V. ]+[u=v]}
(3.11)

The functions ¢,,,, I*'", and ® which occur in Egs.
(3.9) to (3.11) are determined in terms of the function
®, (see also (2.11))

H“-'"’—ZId‘uF@.eu'(u» 28!)1 e-'i?j dsu'l;“'ﬁwleJ-z (3' 12)

they satisfy, as one can easily prove by using Eq. (3. 2),
the relations

d _@n d g :
s D yer el A 6
" nT* bSy, n o S
m wd I+
- — R m— 3.13
n L nT} ¥, n'Ty at nil," ¥, ( )
d ©
J! AT T e

where the index (... ) indicates the evaluation of the
quantities neglecting &, .

Explicitly the right-hand side of the equations can be
written in the form

bS,'=3¢, {4« (bV) V— [(h + (AV)V) X h] V InT },

bS,'=a, { [(h+ WO)V)X b (v mTT:;—s(hV)h)

+ o
T.L zTﬂ(h( V)V— ”h)} pJ'T'Lh.;Vg"’
m Py
. Py
= ——div T,q,—4 <
¥, 6T.,{T. div 7yq,—4q, (hV)h + 1'}, (3.14)
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1
Y, =T, {T_ div (27 ,q;+Tyq,)
2T,—3Ty Ty VnPu Py
(L g+ Y -
2( T, G Tq"')(hv)h i Py +1.'.}

Yo=T, {3 div q_,_+3—q,, (bV)h

3 T (1) P\—PL
2T T, Helirites 127 T. }

To simplify the notation we have in Eqs. (3. 14) intro-
duced the notation: x%=[hx (baV)h], a,=T,p,/mQg, a,
=T,py/mQpg; 7, is given by Eq. (2.13). In deriving
Egs. (3.14) we have used Egs. (2.10), (2.11) which de-
termine 734, q,,, and the identities

=3 Phi—P. ,

Wasnds -=-2 (h¢+ (bV) Vo) hynly

rp (3.15)
Lﬂa(:)aawlv'hﬂ-

D,,n;;’-—z
We note moreover that in Eqs. (3.9) to (3.15) we must
use for the calculation of the total derivatives of T',,,
the moment Eqs. (2.4) in the zeroth approximation.
Moreover, bearing in mind the remark made for Eq.
(3.2), we must determine the solutions of Eqs. (3.13)
with the zeroth initial conditions. This means that if
for some reason or other the functions (3. 14) are iden-
tically zero, the corresponding moments are also equal
to zero.

The complete set of MHD equations is obtained by
summing the corrections of all orders obtained above;
together with the Maxwell equations it describes the ion
and electron components of the plasma taking into ac-
count terms « 1/0% in the case where collisions may be
neglected. The only restriction which allows us to ob-
tain the simplest solution which is explicitly expressed
in most terms in terms of the first moments of the dis-
tribution function consists in the requirement that the
plasma flow be independent of the longitudinal coordinate.

To compare the equations obtained here with the re-
sults oft? in which the collisionless MHD equations were
obtained by the moment method with a consistent assump-
tion about the symmetry of the higher moments we con-
sider the particular case T,=const, B =const, V,=0.

The complete set of equations then simplifies consider-
ably and becomes

n=—ndivV, mnA,=V,p,+Vailey,

(3.16)
pi=—divq—na VoV +2p n/n,
where
Tap=[ Sayprvt (a==p) 1oL,/ 4R,
Tyy=p Wu + ni_n_ + a@V.V, + alV.V, + 5 B o
=[hXS8]/Q , (3.17)

' 1
S=q, +— { (@ V) V4, divV +—g..V, V,}

n T2
Vo—a
mT, n

+2liyr, 4+
m

We have omitted in Eqs. (3.17) terms with V@ and VII*,
which drop out of Eqs. (3.16). One sees easily that up

S. K. Zhdanov and B. A. Trubnikov 258



to terms < 1/Q} Eqgs. (3.16), (3.17) are the same as the
corresponding equations of ©*7.

4. ONE-FLUID APPROXIMATION

Inthe one-fluid approximation the set of MHD equations
simplifies. Putting e;=-e,=e,, n,=n,=n, p,=p,=%p
we consider a single-charged neutral plasma with equal
ion and electron pressures. Changing in the electron
equation of motion to the limit m ,~ 0, we find Ohm’s
law:

E+[—XB]= —-—{lq'ﬂ——i- GXBI}, V=V, j=en(V.-V.),
c r4

(4.1)

which takes into account the anisotropic pressure and
the Hall effect. It is clear from Egs. (2.10) and (2.11)
which determine the viscosity tensor and the thermal
currents in first order that q(%,= - q{¥, and #{¥ ~0 as
m,~0. Adding the ion and electron equations of motion

we get therefore

nMV=—V.(p+a)+ [j XB]/c+Mng (4.2)

where 1= 7" = 1V L 72 s the total ion viscosity tensor.
We have added to the right-hand side of Eq. (4.2) a
term taking into account the gravitational acceleration
g. We can derive similarly the equations for the longi-
tudinal and transverse pressure components. We as-
sume that the relative velocity of the plasma components
is small compared to the mass velocity and then

(2)

p=(p )ag—div g —21.+21I;. (4.3)

p.=(p- Yaa—div q. * = Wepra.—1II;,
where

q = Z‘Iﬁ, II;= Z 0%, m=hau (kN V—h).

We shall not write down expressions for the right-
hand sides of (4. 3) as the summation does not lead to
an appreciable simplification of the notation. We note
merely that the currents qF are given by Egs. (3.5),
(3.9), (3.10) in which we need take into account only the
ion terms and instead of IT1*'" and © use the difference
between the ion and electron contributions to these func-
tions.

If we neglect displacement currents, we must add to
the set (4.2), (4.3) the equations

rotB=—461]-, div B=0. (4.4)

Hence, when we neglect the Hall effect and the contribu-
tion from the pressure gradient we get the freezing in
equation:

B=—BdivV+(BV)V. (4.5)
Using the continuity equation
n=—ndivV, (4.6)

one can show that the energy conservation law is satis-
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fied in the set of Eqs. (4.2), (4.3),
=0);

(4.5), and (4.6) (g

2 Vi opt2p, | B
< e (o B 4 )
a 2

2 8

B B !
—— §dS. (= V- h V) TV ratpu) FaE Foal) . (4.7)

81
The integral is here over the volume occupied by the
plasma.

We show that the set of Eqs. (4.2), (4.3), (4.5), and
(4. 6) satisfies the entropy conservation law

s=—[duFF. (4.8)
Let

so=—[duF.mF,
be the entropy density in zeroth approximation. Expand-

ing F in a series in the corrections, we find s =sy- 6s,
where

1 3.
6s=7_[d u F,0,.2>0. (4.9)

It follows from Eq. (4.9) that the correction 6s is of
second order in 1/Q, and we must therefore in the sys-
tem of moments, taking into account the first approxi-
mation, retain s,, as in that case

s,/ 0t+div s,V=0. (4.10)

We consider second order terms. Evaluating the total
time derivative of 6 s and using the equations for the
functions F,,,, we find

dds

-d—t+ 8s-div V=—divA—I, (4.11)

where

a
r=[duvk0p,  I={du QBF.«a—q; 0, (4.12)

Using Eqs. (2.3), (2.8) we can express the integral I in
terms of 7%, q?, and 1'”. Using then Egs. (4.3) and
(4.10) one can easily show that the combination obtained
can be brought to the form

’ 2 1
—I=Eso+d1v(sov+-T—L-q¢'+-T"qu') (4.13)'
independent of the actual expression for 72, q, and

n'?. Combining Eqs. (4.11) and (4. 13) we find the en-
tropy conservation law:

is+div(sv+ 2 gt groi)=0 4,14
at T, q. T, qy *)— . ( . )

The vector XA in Eq. (14) describes the total contribu-
tion from the ions and electrons. By using the identities
(A.1) and Eq. (2.3) we can find the actual expression
for A for each of the components.

In conclusion we use the set (4.2), (4.3), (4.5), and
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(4. 6) to consider drift waves of aplaneplasma layer. Let

in the equilibrium state T%=T)=T(x), 7=n(x), B"= B(x)e,,
g=ge,, ©° II,. 1 q,. .=0. Using p*=1p for the ion ther-
mal currents (2.11) we then have

q,'="/2q,’=e.q, g=—nT"(z)/m, (4.15)

where n=p/4Qp; is the magnetic viscosity coefficient.

From Eqgs. (4.2) and (4. 5) we find the equilibrium
condition

d B
q) =08, o=Mn, P=pto— (4.16)

d 11

E(P+ 2 Qp dx
If we now consider small perturbations of the form
f(x)exp(-iwt +ikz), we can show that for slow waves,
satisfying the condition w?/k* «2P/p (see™?) it follows
from Egs. (4.2), (4.3), (4.5), and (4.6) (using the fact
that w/Qg; «< 1) that

d k* q 1y’
1-2 +__( ] }
dx{p[ o @ p QB,-) v

k* .
—k’pV,[i—Za + 29 (L) - ] =0,
o' p \Qp o p

| (4.17)

where we have put a=kn’'/wp. If T'=0, the current
terms in (4.17) as should be expected, drop out and we
arrive at the well known equation from the theory of
drift waves.!” As the current terms occur in combina-
tion with derivatives of the magnetic field, they will
clearly be unimportant when g=8mp/B? «1.

The authors are grateful to A. B. Mikhailovskil for
. discussions of the results of this paper.

APPENDIX: THE DERIVATION OF THE SECOND
ORDER CORRECTIONS FOR THE VISCOSITY TENSOR
AND THE THERMAL CURRENTS

For the derivation of the second-order corrections it
is convenient to use the following directly verifiable
identities for arbitrary velocity-independent tensors
Cau Maﬂ, PaBr:

9
ustCo=—u[hXC],
I

190 ,
uagJ'Mue = T a—(puaug (ﬁapJ‘Epyv+5uv‘€Mu) h1 uvs

(A.1)
i}
Pogiug ugtut = %T(p {2atzgtr (SauEpnvtOav Eom) FnPuvy

+u,*ueumalin (8s-Parst 8y Prar) }»
utut+ [h Xu] u [h Xu], =u} &L

uv >

where ut,=ulut— 36-,4%. When evaluating q\2,, 73,

NI it is necessary to consider integrals which are sim-
ilar to Egs. (2.10) to (2.12) with the function F,. Us-
ing Eq. (2. 8) for F, we can reduce them to combinations
of integrals of the function F;,. For instance, for the
calculation of the transverse components q‘z’ we use

the transformation

e a a
o= fdue,CutFym [ a'u eufagou[hX c1‘=cj due, (hXu) o F.

(A.2)
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Consider Eq. (2.8) we find then
=[hXS$,1/Q , (A.3)

where

(A.4)

Von @
s.=| d’uuaJ_[LF,+ ”i; o]

Using similar transformations for q(2, 73, M? we

can write down the second corrections to Egs. (3. 4) to
(3.7). Transforming integrals such as (A. 4) we find
expressions for the functions occurring in them:
I =l +a div VHad VoV +a8 VoVt VaZvis,
Sy=—0"+2ReQui— Valllat2ha VoPist (g V) V
T
+a1"div V+2QhaViVa = — Vo',

S11m 0 ) e ) Vs VuLi L )
L dt L il ada mn a plal a a i

—haVsPiast (gL V) VH" div V+ (Sas—heQua) Va Vp-Z—Va o

Gov=hoZ vt Zuvahs Vo Vet Qu div VHha VeBuvas
1 -
“mn [ (Buahsnny + (u==v)) (VB at (Buabiappt (=) ) (V-2 o]

+[85Quat (v==p) VoV

In Egs. (A.5) we have written

Bopv =m Id’u uaupuyt Fy, Py = h\Basyv,

1
Iopt = 7 81 Oapry,

Qap = hyZapy.

a" = hyPogy, (A. 6)

Zapr=m jd’u .U, F,,

As the periodic part of F, is known (see (2.7)) the con-
tribution from it to the tensors (A.6) can be completely
calculated as it reduces to moments of the function F,.
When evaluating these integrals we use the identities

AGY = Tll - TJ. (m T.L Suc A 1(n-1)
t T" Ay, z,. LU LT NI PP PR P

IT,—-T 2T 9 T -
A (zn)=hl( I L4000 2 J.) 2(n-1)
! “1 T, m T, A Btz
T - (A.7)
+TL.2 6""A"z(" “‘- [RUPER R PP
' A11ﬁ+l)50,
where we have put
A =Cug, - oug ), A=y gD,
(.= Id’u(. .)F., A=1T,VT,
We then have
T T,—-T
A= —*p ) [Guh, o Barhy + Byrha + 32 h,h,h,] . (A.8)
L
T,—-T
Ac(:x)u hy : = Ajasr + (5-|uPM + 8mpPar SarPas) -

]

The components of the tensors (A. 6), determined in
terms of the function Fy®,;, reduce to moments of that
function satisfying the equations given in the text.
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Interaction between a beam with a supercritical initial

velocity and finite-amplitude waves
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Results are presented of an investigation of the instability of finite-amplitude waves in a system consisting
of an electron beam with a supercritical velocity and a bounded plasma. It is shown that the beam with
the supercritical velocity (v,> v.~ w,/k,) can transfer up to 60% of its energy to the wave. Results are
presented of a computer simulation of the amplification process and compared with the results of

experiment.

PACS numbers: 52.40.Mj, 52.35.Py

The instability of waves of finite amplitude in a sys-
tem consisting of an electron beam with a supercritical
velocity and a bounded plasma was discovered theoreti-
cally inf'? and then observed experimentally in'?’, The
theoretical analysis shows that beams with supercritical
velocities, in the course of their interaction with an
amplifiable wave, transfer to the wave a considerably
higher energy than do beams of the same density, but
with subcritical velocities, as a result of which beams
with supercritical velocities are more efficient means
of wave amplification. Therefore, the investigation of
the development of the instability of waves with finite
amplitudes in such systems is of interest both for plasma
physics and for practical application.

The present report contains the results of a further
study of the process of interaction of finite-amplitude
waves with beams whose initial velocities exceed the
critical velocity, which is equal to the maximum phase
velocity of the wave in the bounded plasma.

1, It is well known that waves with infinitely small
amplitudes are not intensified by a beam in a bounded
plasma if the initial velocity of the beam exceeds the
maximum possible phase velocity of the plasma waves.
This can easily be seen from the dispersion equation
for the waves. In the case of magnetized electrons (wy
>w,, where wy is the electron cyclotron, and w, the
electron plasma, frequency), the electron motion can
be assumed in the description of the potential oscilla-
tions to be one-dimensional. In this case the dispersion
equation has the following form (see®®?):

mbz m,z kL'
T (1)

(0 —kw)?* o ke
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where v, is the beam velocity; w?=4men, /m, n, being
the beam density; e, m are the electron charge and
mass; k, and k,=7/d are the longitudinal and transverse
components of the wave vector, d denoting the trans-
verse dimensions of the plasma.

This equation does not possess complex solutions
when v, >v,~ w,/k,. This meansthat waves with infinite-
ly small amplitudes are not intensified by a beam in a
bounded plasma if the initial velocity of the beam exceeds
the maximum possible phase velocity, v., of the plasma
waves.

As shown in™?, the system, which is stable in the lin-
ear approximation, loses its stability if the amplitude
of an initial perturbation exceeds some critical value at
which the wave begins to capture the beam electrons.
The value of the critical amplitude depends on the veloc-
ity of propagation of the bare wave in the system.

As is well known, the characteristic time, 7, during
which the velocity of a particle can change significantly
under the influence of the field of a wave with amplitude
@, is equal in order of magnitude to

T~k (ego/m) ", (2)

if the initial particle velocity is not very far from the
phase velocity of the wave. Therefore, if the ampli-
tude of the bare wave in the course of the wave’s excita-
tion increases for a period of time much shorter than 7,
then the particle velocities do not have time to change
appreciably during this period, and the beam can be
considered to be monoenergetic. Since the velocities of
the beam particles at the initial moment exceed the
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