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The spectrum of the supercondensate photons in a semiconductor laser is obtained at a large excess above
threshold. The supercondensate photons are the result of an interaction between the condensate photons
(via the electron system). This phenomenon is analogous to the “pushing out” of particles from a non-ideal
Bose condensate. In contrast to the case of an equilibrium non-ideal Bose gas, however, the number of
supercondensate photons increases with time. The instability of the photon condensate in the laser is due
to the fact that the processes of production of supercondensate photons from the condensate are real.

PACS numbers: 42.55.Px

It is suggested in a number of recent papers (see,
e.g., ")) that a definite analogy exists between phase
transitions in thermodynamic-equilibrium systems, on
the one hand, and the transition that occurs in lasers
when the generation threshold is exceeded, on the other.
In fact, the electromagnetic field generated in a laser
above threshold is a Bose condensate of photons with
frequency 2+#0. The Bose-condensate photons interact
with one another via electrons that move between bands
under the influence of the field.

The interacting-photon condensate in a laser is thus
analogous in some respects to the interacting-boson sys-
tem considered by Bogolyubov.?!

Starting with this analogy, we can expect the interac-
tion between the photons to lead to the appearance of
above-condensate photons, with frequencies different
from the frequency § of the Bose-condensate photons.
To highlight this effect, it is natural to investigate the
spectrum of the photons in the laser at a large excess
above threshold, when the field is strong and the damp-
ing processes are inessential.

We consider in this case the limiting case of a loss-
less semiconductor laser. The photon lifetime in the
resonator is assumed to be infinite, and the pump cur-
rent infinitesimally small. A certain limiting field E,
is then established.®’

Our principal result consists in the following: Allow-
ance for the interaction between the condensate photons
leads to the appearance of supercondensate photons with
frequencies not equal to Q. This phenomenon is analo-
gous to the effect of “pushing out” the particles from a
non-ideal Bose condensate. ?) There is, however, an
essential difference, in that the number of superconden-
sate photons increases with time. This means that the
photon condensate in a lossless laser is unstable. The
reason for the instability is that the production of super-
condensate photons from the condensate in the laser is
a real process, since the energy and momentum con-
servation laws are satisfied for them, whereas in a non-
ideal equilibrium gas the production processes are vir-
tual.

It is also interesting to note that in the equilibrium
case the Bose condensation of phonons is not accom-
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panied by the effect of crowding out of the phonons from
the Bose condensate -(with zero energy), by virtue of the
symmetry properties of the crystal. This result is
natural, since Bose condensation of phonons corre-
sponds to a restructuring of the crystal, and in the new
phase only zero-point oscillations exist at 7' =0.

1. HAMILTONIAN OF SYSTEM

We consider a traveling-wave semiconductor laser at
T =0, in which an electromagnetic field

E=Ecos (Qt—kir). (1)

is established. The system Hamiltonian, which takes
into account the interaction of the electrons with the
electromagnetic field, is of the form

= Z (@1p*a1p—a2"a2) Ep +; (@x"—Q) ex*ex
P

+2 (a::,ﬂa‘,cg++a‘,+az,+.c;)Mrf—Him s
p.k

g,=zlm+%—23, o=clkl, My=- (:Tn) "oa=1 (@)
Here a3, and aj, are the electron creation operators in
the valence and conduction bands, respectively, c; is the
photon creation operator, v, is the interband-transition
matrix element, and Hy,, is a term that takes into ac-
count the interaction of the electrons with the phonons
and electrons. In the absence of losses, this term leads
to a renormalization of the gap A"***! (see below), which
will assume to take place. We note that in (2) we have
carried out the unitary transformation

iQt
U =exp {-l;}—[ E (ap*ap—axntas)+ E ck“m]} .
P k

We divide the photon operators into two parts
Ck=Cn5no+Ck',

where ¢,¢ corresponds to condensate photons with wave
vector kg, and c; to the above-condensate photons. The
Hamiltonian (2) can then be represented in the form
H=H,+H,,
) @
H, =2 Ep (a|D+alP_a2p+aZp) F+QuoCxot Crot Z My, (Ezunaml}n""*‘h.c.),
P P
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H, =Zkl Qer' ter +2J My (a:',.“a,,ck'*‘ + he.),
P

Q=a’—Q. (4)

2. DESCRIPTION OF PHOTON BOSE CONDENSATE

We assume that the number of supercondensate pho-
tons is small in comparison with the number of photons
in the condensate. To describe the condensate of the
photons and electrons we shall therefore take H, into
account. Averaging the equation of motion for the oper-
ator cyg, we obtain

<Cku)Qko=MloZGﬂ(pv P+kn, (l))v (5)
e

where G, is the electron Green’s function and describes
the transition between the bands:

G2 (p, ptko, t—t")=<(T{ay (t)ﬂ-;uo(f ).

To find Gy, we must write down the system of equa-
tions for the Green’s functions Gy, and Ggp:

Gaa(p, t—t') =—iKT{asp(t) azp* (£') 1,

‘which is analogous to the system obtained in™:
(0=8)Gus(p, Ptk 0) =iMrolcrdGa(ptk, @), .. ()
(0FEp+x0) Gaz (pHke, ©) +iMuo(Cro*>Ga (P, ptko, ©) =1. 7)

The solution of (6) is

" _ AR i )
Gy (P, P+kay 0)) = Det ) G, (P'Hta, (l’) = Det )
Det=(0—8,) (0+8) =A%, (8)
A=MyCcrodm (ev.E,) /2Q. 9)

It should be noted that the system (6) for Gy, and G,,
is closed if the field in the laser is a traveling wave.
Substituting Gy, in (5), we obtain

sum () ] o

In this equation, the field XA is regarded as a param-
eter and must be determined from the imaginary part of
{cyp) With allowance for the photon damping in the reso-
nator. In the case of a lossless laser (when the photon
lifetime tends to infinity), the field reaches its limiting
value, equal to half the photon frequency™ w.,:

A=0n/2.

The frequency § is obtained from the condition that the
laser gain be a maximum at the lasing threshold. The
values of A and Q are thus given, and k; is determined
from Eq. (10).

The results that follow hold also for the case when the
photon Bose condensate constitutes an electromagnetic
field incident on the semiconductor. The frequency
and the field amplitude E, are governed in this situation
by the external source.
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3. SPECTRUM OF COLLECTIVE EXCITATIONS
(OF SUPERCONDENSATE PHOTONS)

The properties of the supercondensate particles are
conveniently described with the aid qf the ordinary and
anomalous Green’s functions D and D, respectivelym:

D(k, t—t') =—iKT{cx’ (t) e’ * (')},
D(k, K, t—t') =—iT{c'* (t) cx"* (£) ).

Using the equations of motion for the operators

i6c./8t=[c.H] N
we easily obtain an equation for D:

(z%— g.‘)n(k, z-z')=-iZM.<T{a;;+.(z)a..(z)c.'+ E"HP.

To find the self-energy part (---) we use the device
employed in“], viz., we change over in {---) to the in-
teraction representation with Hamiltonian Hj:

{a*ac*>+{as*a,c,*S>, S=exp [ —i j H, (tl)dt,] .

Wick’s theorem holds for the operators aj and cy and we

can use the usual diagram technique. Neglecting the re-
normalization of the vertex part, in view of the weakness
of the electron—photon interaction, we obtain the system

of equations

(0—Q—Zu(k, —0))D(k, ©) —Z5(k, —0) D (2ke—k, k, 0) =1,  (11)

(0FQure-rt 30 (2ko—k, ©)) D (2ky—k, k, 0) +Zo:(—k, ©) D(k, 0) =0,

(12)
where

Sk, ”“’)="'M"Z G (p, 0,) G (pHk, 0,—0),
e,

20 (k, —@) =iMyMaxo-x Z'Gu (p, ptko. ©,) Gia (pHk—ko, ptk, 0,—0),

L0

Soz(—k, ©) =220 (2ko—k, ). (13)

The anomalous function D describes the production of
two photons with momenta k and 2k, -k from the con-
densate. The solution of the system (11), (12) is

D(k, ©) =(0+Raxo—x+Zu (2ko—k, ©) ) I (k, ko, ©), (14)

T (k, ko, ©) = (0—Q—Zs (k, —0) ) (0+Qexorx+Zu (2ko—k, 0) )
+30(—k, ®) Doz (—k, ©).

The excitation spectrum is given by the equation
T (K, ko, ©) =0. (15)

The functions T, (kg, 0) and Z,4(ky, 0) satisfy the impor-
tant relation

a0 (or 0) —Zis (Ko, 0) =Qo, (16)
which can be easily derived with the aid of (8) and (5).
Expression (16) plays the role of the condition imposed

on the chemical potential in Belyaev’s theory,'®! namely
that the number of particles be given.
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We confine ourselves to an investigation of the spec-
trum (15) in the region of low frequencies w<< A and at
k close to ky. In these regions of w and k, the self-en-
ergy part Z,5(k, — w) can be represented in the form

Bty 14 o B

PoMM xo®

Ty (ko, 0) = o’

mu:=Q—E,,

 where v, is the velocity on the Fermi surface. It is
easily seen that the terms with k make a small contribu-
tion compared with w. Indeed, bearing in mind the fact
that w= clk-kyl, we obtain for the ratios of the second
and third terms to the first

ko/me<d, vo/ck1

respectively. This gives grounds for setting the vector
k equal to ky in Z:

Zaa i, —0) #Zn (ko 0) ( 1+ 55)
o 17
211 (koy —0) =2y (ko, 0) — W}:w (k,,0).
Substituting (17) in (15) and taking (16) into account, we
obtain an expression for the spectrum (we assume k to
be parallel to ky):

1 b 20T T \2\'%
Mk=m [e(k—ko) £i(be* (k—kd)?*) "], (18)
b= (ko, 0) /A%

It is seen from (18) that w, contains an imaginary part
with two signs. This means that the state of the con-
densate is unstable, and that the number of supercon-
densate photons increases with time. The reason is the
following: The processes of production of superconden-
sate photons with momenta k and 2k, -k as a result of
the loss of two condensate photons with kg, turn out to be
real, since the energy and momentum conservation laws
are satisfied:

1£iVb

yE> (k\+k,—2k0) =0, Fk,tk.=2k,

Opt o=

(we recall that the photon frequency is reckoned from
Q). The process of photon production from the conden-
sate is equivalent to parametric conversion of two pho-
tons of like frequency into two photons that differ in fre-
quency. It appears that an instability of this type can
appear in a system of interacting Bose-condensed exci-
tons and photons.t™

It is of interest to compare the spectrum (18) with the
excitation spectrum of a non-ideal Bose gas,®! assuming
that the condensation takes place in a state with ky# 0:

or="/2(Esxo-x—Ex) £'/s[ (Ezxo-x+Ex)*+8a (Emo-rtEx) %,
a=Zy(ky, 0)=21(ko, 0), Ew=k"/2m.

In this case the imaginary part is equal to zero, i.e.,
the state with %, # 0 is stable. A similar result is ob-
tained for photons

wx='/, (ﬁ):ko—l"(lhn) EUAN (ﬂ):ka—k+03k°) ’+8¢(&):ko—k+mx°) 1%

if we put (as is done in®?)
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Zu(0) =Zx(0) =2(0)

and neglect the frequency dependence of ©. The insta-
bility is thus due to the disequilibrium of the system and
to the delay of the interaction between the photons.

CONCLUSION

It may seem at first glance that the instability ob-
tained above for a photon Bose condensate in a state with
momentum Kk, is connected with a choice of a non-opti-
mal state.

A similar situation takes place in superconductors
with internal magnetic field, when the homogeneous state
of the Bose condensate of Cooper pairs with a zero net
momentum turns out to be unstable to production of a
Bose condensate with a nonzero net pair momentum.!®®’

The condition (10), however, corresponds precisely
to the vanishing of the derivative of the free energy with
respect to kg in'®®3, i.e., it corresponds to the choice
of the optimal state. Therefore the instability of the
photon Bose condensate in a lossless laser is a funda-
mental fact.

It is natural to expect that allowance for the photon
loss in the resonator will lead to stabilization of the con-
densate and of the supercondensate particles, and hence
to a certain broadening of the laser line. It appears,
however that stabilization is possible also in a lossless
laser, if account is taken of the reaction of the super-
condensate photons on the condensate. This should re-
sult in the formation of several condensates.

The appearance of several condensates means the onset
of additional modes of the laser electromagnetic field.
The modes are produced in pairs on both sides of the
fundamental mode (the initial condensate) and at equal
energy distances from this mode (smaller gap in the
electron spectrum). It is interesting to note that in ex-
periment the modes appear in semiconductor lasers in
pairs, and this leads to a characteristic “ridge” of
modes."%
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