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The effect of a radio-frequency (RF) magnetic field (R- lo6 HZ) on the parametric excitation of spin 
waves in yttrium iron garnet has been investigated theoretically and experimentally by the parallel- 
pumping technique (0,- 10" Hz). The theoretical and experimental dependences of the parallel pumping 
threshold on the frequency, R, and amplitude, H,, of the RF field coincide. It is shown that the RF 
field, in accord with theory, increases the imaginary part of the nonlinear susceptibility and, as a rule, 
decreases the real part. A new phenomenon, called double parametric resonance and consisting in the 
parametric excitation, in a system of SHF magnons (0,- 10" Hz) parametrically excited with the aid of a 
RF magnetic field ( 0 -  106 Hz), of collective oscillations of frequency R/2 when the amplitude of the RF 
field exceeds some threshold value H,,,, (of the order of 0.2 Oe), has been theoretically predicted and 
experimentally observed. Qualitative agreement between the theoretical and experimental dependences of 
H,, on R is demonstrated. 

PACS numbers: 76.70. -r 

Collective excitations in a system of parametrically 
pumped magnons were discovered and investigated in 
experiments performed by the present authors. C"21 

These excitations, which a r e  normal oscillations of the 
length of the magnetization vector, can be excited by a 
radio-frequency (RF) magnetic field of small  amplitude 
at some resonance frequency, 51, coinciding with the 
natural frequency, 51,, of the collective mode. Also 
well studied a r e  the auto-oscillations of the magnetiza- 
tion, which ar ise  a s  a result of the development of in- 
stabilities in the "soft" modes of the collective oscil- 
lations against a background of the steady state of para- 
metrically excited magnons (see, for example, [']). 

In the present paper we investigate theoretically and 
experimentally the nonlinear properties of the collective 
oscillations of magnons excited by a large-amplitude 
R F  field. As shown below (§2), the intense oscillations 
exert an appreciable influence on the steady state of the 
system, leading to changes in the mean excitation level, 
the magnon distribution in k space, and the nonlinear 
susceptibilities X' and x". I t  should also be noted that 
similar phenomena a r e  observed in the excitation of in- 
tense magnetization auto-oscillations. 

Naturally, before going on to investigate the above- 
threshold magnon state in the presence of a strong RF 
field, i t  is necessary to study the influence of this field 
on the threshold for parametric excitation. This ques- 
tion was first  considered by Suhl, who showed that 
upon the periodic modulation of the magnetizing field (or 
of the pump frequency) the parametric-instability 
threshold increases a s  a result of the violation on the 
average of the condition for parametric resonance. Ac- 
cording to Suhl, upon the proper choice of the modula- 
tion frequency and amplitude, the instability disappears- 
i ts  threshold becomes infinitely large. Suhl's idea was 
experimentally verified by Hartwick, Peressini, and 
Weiss. According to these authors, they did not ob- 
tain complete agreement with the results  of the theory; 
in particular, they could not increase the threshold above 
10 dB. 

In 61,  we develop a theory of parametric excitation 
of magnons in the presence of a RF field and present de- 
tailed experimental results  which support the theory. 

In the last section (§3), we report the observation of 
a new phenomenon-a double parametric magnon reso- 
nance, which consists in the following. At a sufficient- 
ly large amplitude of the R F  field of frequency 51= 51, - lo6 Hz there ar ise  collective oscillations of frequency 
51/2 in the system of parametrically pumped microwave 
magnons of frequency wk = w,/2 - 101° Hz. The excitation 
of the oscillations has a strongly pronounced threshold 
character. The threshold amplitude of the RF field 
(- 0.2 Oe) and the range of frequencies 51 in which the 
effect i s  observed agree with the results of the theoreti- 
cal  computations of the parametric excitation of the col- 
lective magnon oscillations carried out here. 

$1. THE INSTABILITY THRESHOLD 

Let us consider the parametric excitation of mag- 
nons in a magnetic field of the following form: 

H=II ,+H, , , ( t )  +h cos o,.t, (1 

where Ho is a constant magnetic field, Hm(i) is a modu- 
lating field, and hcoso,t is the microwave pump. 

The computation of the threshold for parallel pump- 
ing in the field (1) with arbitrary modulation law, Hm(t), 
is a rather difficult problem. Therefore, let u s  f irst  
consider the simplest modulation variant, i. e., modula- 
tion with the aid of rectangular periodic pulses (a 
"meander" type of regime with a period of 27). The 
equations of motion for the normal magnon amplitudes 
in the linear approximation have the formcs1: 

dcr  
--- + y k c r + 1 ( I L  i - lCkl l , , , )cr+i l~Vk( . -<=O (O<t<r) ,  
clt 

dcr 
(2 

- + y k r r + i  (Ar-zurfI,,,)crt-ihVtrCkL=0 (z<t<2?) .  
dt 

Here and below the notation is the same a s  the notation 
used incs1: 
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FIG. 1. Dependence of the 
threshold for parallel pump- 
ing on the amplitude of a 
modulating field of rectangu- 

2 lar  shape. In the f i rs t  re- 
gion the detuning 4 = 0; in 
the second section Ak 

Assuming ck, c_,- e"', we find from (2) that the incre- 
ment v in different time intervals is equal to 

Let us consider the case T>> y-l, when the damped 
solutions, corresponding to the negative sign in front 
of the square root in (3), can be neglected. Then the 
total increment of the growth over the pulse-repetition 
interval is equal to 

From the condition Rev = 0 we obtain the instability 
threshold: 

It can be seen that at  small modulation amplitudes, when 
the f i rs t  of the inequalities (4) is fulfilled, the minimum 
instability threshold is attained a t  A, = 0, i. e., for mag- 
nons whose wave vectors lie in k space on the resonance 
surface w, = w/2. The corresponding threshold is equal 
to 

At large modulation amplitudes there arise on the sur- 
faces A,=* 2 UkHm, starting from 4 1 UkHm I > I hVk I, ad- 
ditional local threshold minima symmetrically located 
relative to the resonance surface. The magnitude of the 
threshold on these surfaces is constant and i s  equal to: 

The complete picture of the behavior of the threshold 
a s  a function of the modulation amplitude H, is shown in 
Fig. 1. The critical modulation amplitude 

separates the two parallel-pumping regimes: the weak- 
modulation regime (H, < HmCr) and the strong-modula- 
tion regime (H> H, The weak modulation is char- 
acterized by zero detuning (A,=O) and a square-law de- 
pendence of the threshold on the modulation amplitude. 
In the case of strong modulation there arises detuning 

whose magnitude increases in proportion to the ampli- 
tude of the modulating field. 

Another characteristic effect of strong modulation is 
the freezing of the threshold a t  H, > H, .., an effect which 
is, generally speaking, peculiar only to the rectangular 
type of modulation. Thus, it is not difficult to show 
that, for sinusoidal and sawtoothed modulations, the 
quantity h ,, increases without restriction, although 
slowly, with increasing H,. For H, >> H, ,,, we have 
for sinusoidal modulation 

and for sawtoothed modulation 

Thus far  we have considered low-frequency modula- 
tion with a period less than the magnon relaxation time. 
Let us now discard this restriction and consider paral- 
lel pumping of magnons in a magnetic field modulated 
according to a sinusoidal law with arbitrary frequency 
a: 

The linearized equations of motion have the form 

Restricting ourselves to small amplitudes of H,, we 
write 

The steady-state solution to Eqs. (9) corresponds to the 
instability threshold. The substitution of (10) into (9) 
yields a system of equations for ciO' and from 
which we find to second order in cu the relation 

determining the threshold field. As was to be expected, 
the minimum threshold for the weak-modulation regime 
is attained at  A k  = 0, and i s  equal to 

At low frequencies the formula (11) is equivalent to 
the exact formula (5), obtained above for the rectangular 
type of modulation. This, apparently, means that the 
formula ( l l ) ,  which was derived in the framework of 
perturbation theory, is applicable with a high degree of 
accuracy right up to values of H,= H,,,. The reason 
for this is that the small parameter of the theory a t  
high modulation frequencies is 2~&l,/a, while at  low 
frequencies it is a/rk. 

In the most general case of modulation with an arbi- 
trary frequency and arbitrary amplitude a comparatively 
simple analytic expression for the instability threshold 
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FIG. 2. Dependence of the threshold for parallel pumping on 
the frequency of the RF field. The numbers on the curves a r e  
the amplitudes of the R F  field in oersteds. The constant mag- 
netic field H =H, - 100 Oe. Ui, i s  the field corresponding to 
k = 0). The arrows indicate the right-hand boundary of the 
low-frequency region in which the formula (11) i s  not appli- 
cable. 

is obtainable only for rectangular modulation. Let us 
give, without derivation, the equation determining h,,: 

In the case of low frequencies (large r )  i t  is simple to 
derive from this the formulas (5) and (6). At high f re-  
quencies (T - 0) we have 

Let us now consider the experimental data on the in- 
vestigation of the effect of sinusoidal modulation of the 
magnetic field on the threshold for parallel pumping. 
The measurements were carried out, using the standard 
procedure in the pulsed regime (the length of the pump 
pulses was 500 psec) at a pump frequency of 9400 MHz. 
The samples were YSFe,012 single crystals with a fer -  
romagnetic resonance curve of width 2AH = 0.4 Oe. In 
Fig. 2 we show the dependences of the threshold for 
parallel pumping on the frequency of the modulating 
field. In Fig. 3 we depict these dependences in those 
coordinates for which the formula (11) predicts a 
straight line: 

(hthrhthr 0-1)-'= (Q2+4y2) /4(UkHm) '. (13) 

FIG. 3. Dependence of the 
threshold for parallel pumping 
on the frequency of the RF 
field (H =H, - 100 Oe). The 
curves 1, 2, and 3 correspond 
to  Hm=O. 14, 0.21, and 0.28 
Oe. In these coordinates the 
theory (formula (11)) predicts 
a straight line. 

FIG. 4. a)  Dependence of the SHF threshold field on H a fo r  
a rectangular (curve 1) and a sinusoidal (curve 2) shape. The 
numbers in brackets correspond to the initial sections of the 
curves with the H scale increased by a factor of ten. H =Hc 
- 100 Oe. b) Dependence of the SHF threshold on the amplitude 
of the sinusoidal modulating field Hm in log-log coordinates. 
H =Hc - 100 Oe. 

It can be seen that the experimental points fall quite 
well on a straight line; the slopes of these straight 
lines and the intercepts the lines make on the ordinate 
axis coincide within the limits of the experimental e r -  
r o r s  (10%) with the theory. Deviation begins in the re-  
gion, lying below a certain frequency SZ,,,, to which the 
theory developed above i s  inapplicable. We, in fact, 
assumed that the RF field modulates the magnon natural 
frequency wk, not moving, however, the magnon packet 
in k space. It is clear that this condition i s  not ob- 
served a t  sufficiently low frequencies, and the packet 
will follow the changes in wk The condition, w, = w,/2, 
for  parametric resonance is then automatically fulfilled 
a t  each moment of time, and the modulation of the mag- 
netic field ceases to have an effect on the threshold. 

Let u s  estimate the characteristic frequency a t  which 
the center of gravity of the packet begins to follow the 
changes in the field. The characteristic time of growth 
of the magnons from the thermal amplitude NT to the 
amplitude N i s  equal to: 

and the time during which the natural magnon frequency 
changes by the quantity 2y-the packet width-is clearly 
equal to r, = yn/SZ UH,. For  T, 2 T~ the motion of the 
packet will be able to keep up with the changes in the 
magnetic field. From the condition 7, = 7, we find the 
frequency limit: 

The quantity N entering into the formula (14) is some 
minimum number of magnons that can still be recorded 
by the experimental setup (usually N- 1016 - 10" cm"). 
At room temperature the number of thermal magnons 
in the frequency band Awk= y - lo6 sec" near wk= w,/2 
is  equal to N, - 10' cm4, i. e., I~(N/N,) - 10. Taking 
Hm = 0.1 Oe, we find from the formula (14) that SZ,,, 
= 0.02 MHz, which, considering the approximate nature 
of the formula, i s  in quite good agreement with the ex- 
perimental result (see Fig. 2, in which Q,,, is indi- 
cated by 'an arrow). 'Experiment also indicates that 
a,,, is proportional to Hm, as follows from (14). 

In Fig. 4a we show the dependences of the threshold 
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field on the modulation amplitude H, for signals of rect- 
angular (meander) and sinusoidal shapes. For  H, 

0.3 Oe the dependence of h,, on H: is linear, in ac- 
cord with the formulas (5) and (11). At H, >0.3 Oe a 
transition into the strong-modulation regime occurs. 
The theory in this case predicts the excitation of two 
magnon packets with wave vectors k, and k, (w,, - w,, 
= 2 Ua,,,). As a result of the dependence y (k), the ex- 
citation thresholds for the packets k, and k, should dif- 
f e r  somewhat from each other. Indeed, a t  H,>o. 3 Oe 
we can observe in some frequency region two successive 
thresholds, the higher of them appearing considerably 
more abruptly: the instability r ise  time corresponding 
to i t  is much shorter. 

In the strong modulation regime the dependence 
h,,(H,) for the meander (the curve 1) reaches a plateau, 
in accord with theory. The limiting value of h,, de- 
pends on 52, and tends to the value 2hth,, with decreas- 
ing 52. For a sinusoidal signal the threshold mono- 
tonically increases. In Fig. 4b the dependence h,,,(H,) 
is shown on a log-log scale. It can be approximated by 
the function h,,= cH", with V =  0.35, which agrees with 
the formula (7). In our experiments the maximum in- 
crease in the threshold attained a value of 3.8 a t  H, 
= 5 Oe. At considerably higher H,, h,, ceases to in- 
crease. The point i s  that the formula (7) i s  applicable 
when 52> 52,,,. According to (14), the frequency limit 
increases in proportion to H,, and for a sufficiently 
high H, the inverse inequality 52,,, > 52 is fulfilled a t  
any frequency. In this case the theory should be modi- 
fied to take account of the effect of displacement of the 
packet during the modulation of the field. The maxi- 
mum increase in the threshold is attained a t  52% 2y. 
According to our estimates, max[(h~),,/y] = 4-5. A 
somewhat higher increase in the threshold is attained 
in the case of sawtoothed modulation of the magnetic 
field. The saturation of the threshold a t  large ampli- 
tudes of H,,, limits the possibility of using magnetic- 
field modulation a s  a means of suppressing the para- 
metric instabilities of magnons. 

82. THE STEADY STATE BEYOND THE THRESHOLD 
Let us briefly describe the physical processes which 

limit the development of the parametric instability of 
magnons and which lead the system into the steady 
state. Parametric pumping, a s  i s  well known, "pairs" 
the magnons, extracting from the thermal background 
magnon pairs with wave vectors k and - k for which the 
instability increment is a maximum. These pairs a re  
in resonance with the pump (w,= w,/2) and have with re -  
spect to i t  the optimal phase $,= %+ cp-, = n/2. Because 
of thermal fluctuations, up to the excitation threshold 
the pair phases $, vary in time in random fashion, so 
that the mean value (exp(iJI,)) = 0. However, there is 
established beyond the threshold a rigid phase correla- 
tion of the pairs: (exp(iJI3) =(c,c:)/(c,c_~, in spite of 
the fact that the individual magnon phases remain sto- 
chastic as before. In such an ordered state the magnon 
pairs exert on each other a strong influence describable 
by the interaction Hamiltonian of the S theoryL3': 

1 &..=C T , ~ l c k l ' l c k ~ l z  ~ . . ~ c ~ . c - ~ . c ~ ~ c - ~ , .  - 
k k '  Lk' 

Actually, such an interaction implies that each pair 
is in a self-consistent field consisting of the external 
pump hVk and the effective field of the system of pairs, 
C ,. SW cr c _ ~ .  In the steady state there occurs phase 
matching of the pairs with the total pump hVk 
+ 2 SWcr c-,, , and a mismatch with the external pump 
inevitably arises; the energy flux into the system de- 
creases to a level a t  which the energy inflow will be 
equal to the dissipation. From the condition of ener- 
gy balance we obtain the following expressions for the 
integrated (averaged over all the directions of k) inten- 
sity and phase of the packet"': 

In general outline, the character of the processes 
leading to the limitation of the parametric instability 
of the magnons is preserved during the modulation of 
the magnetic field. However, besides the considered 
processes of phase correlation, there arise a number of 
additional effects that can significantly change the val- 
ues of the steady-state amplitude Nand phase $. Under 
the action of the modulating RF field, there get excited 
collective magnon oscillations that interact nonlinearly 
with the initial parametric magnons and the RF field, 
a s  a result of which the attenuation of the magnons in- 
creases and their interaction with each other changes. 
Responsible for the additional damping a re  interaction 
processes of the type ~ , c a * ,  which a re  processes of 
fusion of a magnon with a R F  photon with the generation 
of a collective mode a. I t  i s  obvious that these pro- 
cesses lead to a correction to y proportional to the 
square of the modulating-field amplitude. Other inter - 
action processes of the type c*c*aa provide an addi- 
tional magnon-magnon coupling channel through the col- 
lective oscillations; these processes can be interpreted 
as renormalization of the four-magnon interaction coef- 
f icient SW . 

Let us write the equation of motion of the magnons 
with allowance for their interaction with each other, (151, 
and the interaction with the RF field: 

I t  i s  obtained a s  a result of the averaging of the equa- 
tions of motion for  the amplitudes c, and c?, over all 
the directions of the wave vector k. We can do this 
without loss of generality, since we a re  interested in 
the response of the magnons to a uniform RF field and 
we do not consider here the inhomogeneous collective 
oscillation modes. 

Setting 

H, ( t )  ='I, (H,e-'Q'+H,'e'"') , 

we seek the solution to (17) in the form 

e = ~ ~ + a + e ' ~ ~ +  a-e-'". (18) 

Here we restrict  ourselves to the case of small ampli- 
tudes of the collective oscillations: l a, 1 << I c, 1. Sub- 
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stituting (18) into Eq. (17), we obtain a system of alge- 
braic equations for the amplitudes a, and c,, from which 
we have to second order in a: 

The equation for the steady-state amplitude c o  has the 
form 

The position of the surface in k space on which the 
magnons a re  excited in the steady state i s  found from 
the condition of stability of the solution to (20) against 
small perturbations bc lying outside the stationary sur-  
face-the so-called condition for "external stability, " 
in the terminology ofC3'. Let us write down the steady- 
state equation of motion for  the perturbation: 

Let us seek the solution to Eq. (21) in a form similar 
to (18): 

After the substitution of the solution into (21), we ob- 
tain a system of equations for 6a, and 6c0, from the 
condition of consistency of which we find two surfaces 
in k space: A, = A, and Ak = ALL between which lies the 

0 
instability region. I t  i s  not difficult to understand that 
the external stability of the steady state will be guaran- 
teed only under the condition that AbO = Abl. Let us omit 
the tedious calculations and give the final answer: 

Substituting the steady-state detuning Ab0, determined 
by the formula (22), into Eq. (20), we represent the lat- 
ter in the form 

where 

Equation (23) coincides in form with the equation for the 
steady state in the S theorycs3 if the coefficients y and S 
in the latter a re  assumed to be renormalized in accord- 
ance with (24). Therefore, in the presence of a RF 
field we should in place of (16) write 

FIG. 5. a) Theoretical dependence of X '  on the microwave- 
pump amplitude h for H, = 0  (the solid curve) and UHm/2y = 0 . 3  
(the dashed curve); 2T =S, Q / 2 y  = 2  (H,=O. 15 Oe, i-2 = l .  6 
MHz). b) Theoretical dependence of X" on h for H, = 0  (the 
solid curve) and UH,/2y =O. 3 (the dashed curve); 2 T = S ;  i-2lZy 
= l  (H,=O.15 Oe, i-2=0.8 MHz). 

The nonlinear susceptibility x", averaged over the 
a time interval exceeding 1/51, is determined by the ex- 
pression: 

where W+ i s  the microwave-field energy flux flowing in- 
to the sample per second. Notice that in the presence of 
a RF field, W+ does not coincide with the total power 
absorbed in the sample. Defining W+ according to the 
formula 

and using (19) and (23), we obtain 

Similarly, for the real  part of the susceptibility we ob- 
tain the expression: 

In Fig. 5 we show the dependence of the nonlinear 
microwave susceptibilities, X' and x", on the excess 
SHF power over the threshold. AX' and AX" were cal- 
culated on an electronic computer from the formulas 
(26), (24), and (11) for different values of the amplitude 
and frequency of the RF field. As  can be seen from 
Fig. 5, the response of the system to the modulating RF 
field is quite sensitive to the supercriticality 5 = h/h,, 
and the modulation frequency 4. The maximum re-  
sponse, a s  was to be expected, is observed near the 
collective-oscillation resonance ( 4  = 4,). 

There exists on the curves Ax'(5) a characteristic 
point 4 = 2SN(L)at which AX' = 0. Both frequencies in- 
crease with increasing supercriticality: 
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FIG. 6 .  Experimental depen- 
dences of X' on the supercriti- 
cality for H  =Hc - 100 Oe. The 
curve 1  corresponds to Hm = 0  
and the curves 2 ,  3, and 4  cor- 

4 01 respond to Hm = 0 . 1 4  Oe; 52 
= 0 . 8 ,  1 . 6 ,  and 2 . 4  MHz. 
I 

1 2 3 4  

h/h thr  

In Figs. 6 and 7 we show the experimental depen- 
dences of X' and X" on the supercriticality for Hm = 0 
and H,,, =O. 14 Oe. 

We can speak of qualitative agreement between the 
theory and experiment. The theoretical order of mag- 
nitude of the effect coincides with the experimental val- 
ue; for example, for Hm =O. 14 Oe the RF corrections, 
AX' and AX", to the susceptibilities constitute 10-20% 
of xmU. The expressions fo r  AX' and AX" consist of a 
number of terms of different signs, but of the same or-  
der of magnitude, so that the net sign can be either plus 
o r  negative. In experiment the quantities AX' and AX" 
can also be of either sign, depending on the supercriti- 
cality. A more detailed comparison is made difficult 
by the presence of small-amplitude self-oscillations 
not taken into account in the theory. 

$3. PARAMETRIC RESONANCE IN  THE COLLECTIVE 
OSCl LLATIONS 

Besides the above-considered linear interaction of the 
collective magnon oscillations with the RF field, an in- 
teraction which leads to resonance at the frequency 
= a,, there exists a nonlinear interaction of the type 
H,,,P*P* that leads to parametric resonance in the col- 
lective modes in a RF field of frequency 52 = 251,. To 
the same effect, a s  i s  not difficult to understand, per- 
tains the instability with respect to decay into two modes 
p with frequency 52/2 of the initial mode a, with f re-  
quency 52, excited by the RF field. As a result of the 
action of both mechanisms, there arises,  when a cer-  
tain critical amplitude of the RF field i s  exceeded, the 
phenomenon of double parametric magnon resonance- 
the simultaneous excitation of microwave oscillations 
(of frequency w,/2) and RF oscillations (of frequency 
4/21. 

To find the instability threshold for the collective 

X" 

q/kf2&& dences cality FIG. 7. for of Experimental H  X" =Hc on - the 100 supercriti- Oe. depen- For 

- the curve 1 ,  Hm= 0 .  The curves 

q 01 2 ,  3, 4 ,  and 5 correspond to 
H m = 0 . 1 4  Oe; 5 2 = 0 . 8 ,  1 . 2 ,  1 . 6 ,  
and 3.2 MHz. 

1  2 3 4  

h l h  t, 

FIG. 8. Theoretical dependences (the formula (31)) of the in- 
stability threshold, Hmt,, for the collective oscillations on the 
frequency, 52, of the RF field. The numbers on the curves 
correspond to the values of the natural frequency (52,,/2y) of the 
collective oscillations. The region of applicability of the theo- 
ry is the region below the dashed line. 

oscillations, let us seek the solution to the equation of 
motion (17) in the form 

Using the relation (23) for  the ground state and linear- 
izing (17) with respect to the small amplitudes a! and P, 
we obtain the equation 

Let us recall  that the oscillation amplitudes a, a r e  
given by the formulas (19). 

The Eq. (29) can be written in a more symmetric 
form if from the variables P ,  we go over to the normal 
variables p, with the aid of the following u-v transfor- 
mation: 

Here 

Then for the variables p, we obtain the equation 

Assuming p,(t) =p, exp(i 4t/2 + vt ), and writing down 
the system of four equations for the amplitudes p,, p,*, 

FIG. 9. Dependence of the am- 
plitude (in arbitrary units) of the 
collective oscillations paramet- 
rically excited at the frequency 

I L g l  4 2  4 3  0.4 field 52/2 = 1 . 7  on pump. MHz. the amplitude H  =Hc - 100 of the Oe, RF- 52 

""7, oe 
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FIG. 10. The region of para- 
metric instability of the collec- 
tive oscillations. H =H, - 100 
Oe, S 2 =  1 . 6  MHz. 1) Region of 
strong signals of frequency S2/  - - 

2; 2) weak-signal region. 

p,, p?, we find the instability increment v from the con- 
dition of equality to zero of the determinant: 

v + y + i (no+ Dl?). iA+.  iB+. 
- A Y + y  - i (Qo+.l?/2), - 9,  -Y - IB, 

iB+*, - Y .  v f  Y +  i ( Q o - Q / 2 ) .  iA-  
- iB+. - id-' v f  7- i (Q, -R/2)  

- - 0. (3i) 

The instability threshold ( v  =0)  for given values of 52 
and 52, was computed from (31) with the aid of an elec- 
tronic computer. The results  of these computations 
a re  presented in Fig. 8. I t  turns out that the minimum 
threshold i s  attained a t  the resonance 52 =a,, and i t s  
magnitude weakly depends on 52,: 

The second threshold minimum a t  the frequency 52 = 252, 
appears only a t  sufficiently high Q of the collective 
oscillations, when 52, >> y. 

To observe experimentally the double parametric 
resonance, we applied to a spherical Y,Fe5Olz sample 
three parallel magnetic fields: a constant magnetizing 
field H, a microwave pump heiwt, and a RF pump 
~,e'"'; the RF field was produced by a miniature coil 
located at the center of the microwave resonator. The 
measurements were carried out in the radio-frequency 
range from 0.1 to 10 MHz. The parametric oscilla- 
tions at the frequency 51/2 arose  at some critical value 
of the RF field. The signal of frequency 51/2, induced 
in the coil, was amplified by a selective receiver and 
recorded on an oscillograph. The appearance of this 
signal has a strongly pronounced threshold character- 
see Fig. 9. As Hm i s  increased, the signal almost dis- 
appears in liminal fashion: i ts  amplitude decreases by 
a factor of more than ten. 

In Fig. 10 we show the instability region for the col- 
lective oscillations in the coordinates H,, h/hth, for a 
fixed frequency 52. As  the frequency i s  varied, the 
curve bounding the region of large amplitudes shifts 
primarily along the horizontal toward the region of 
stronger microwave fields. From the ser ies  of these 
curves for different R, we constructed the dependences 
Hm ,,(a) for h/ht, = const. One of such dependences i s  
shown in Fig. 11, where we also show the corresponding 
theoretical curve computed from the condition (31). The 
shapes of the two curves a r e  quite similar to each other, 

FIG. 11. The experimental (1) and theoretical (2) dependences 
of the collective-oscillation threshold on S2. In the experi- 
ment H =H, - 100 Oe, S = 1.6  (4 dB). The theoretical curve 
corresponds to  no = 3.4y (2y = 0.75 MHZ'~') .  

with the possible exception of the low-frequency re-  
gion, where the signal is very weak and it is not pos- 
sible to carry  out reliable measurements of the thresh- 
old. Notice that our theory, constructed in the second- 
order approximation in H,, predicts only one threshold, 
Hm ,,,, at fixed frequency 52 and supercriticality h/ht,. 
Meanwhile, we observe in experiment (Figs. 9 and 10) 
a second threshold: a threshold for the disappearance, 
a s  Hm i s  increased, of the intense collective oscilla- 
tions. Physically, this threshold is connected with the 
dependence of the natural frequency of the collective 
oscillations on H:, a dependence which leads to the 
violation of the condition for parametric resonance. 
However, i t s  actual computation is quite difficult, since 
it requires allowance for higher terms in H: and may, 
in general, be impossible in the framework of perturba- 
tion theory in UH,/Y. 

In conclusion, let us note that we have considered 
spatially homogeneous collective oscillations with a 
wave vector x = 0. Besides them, there exists a wide 
spectrum of collective oscillations in a system of para- 
metric magnons. ['' Individual sections of this spec- 
trum can, in principle, be excited in a parametric man- 
ner with the aid of a homogeneous RF field at a fre- 
quency satisfying the condition 52 = 51. + 52- .. These os- 
cillations with x # 0 a r e  poorly coupled to the resonator, 
and therefore the emission a t  half frequency will be 
strongly attenuated. It may be inferred that the weak 
radiation recorded by us  a t  the frequency 52/2 (the re-  
gion 2 in Fig. 10) precisely indicates the excitation of 
inhomogeneous collective oscillations. For  their re-  
liable indication, i t  i s  necessary to use some other 
method, e. g., the registration of the inverse effect of 
the excited oscillations on the pump. 
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