that the “nuclear phase” ¢, contains the contribution of
the left cuts from the rescattering graphs (which can
themselves lead to bound and virtual states, cf., %),
Together with the contribution from the exchange of
particles, as in the usual nuclear phase, there is also
present the contribution of the Coulomb forces.

We now discuss the application of our results under
conditions of phase-shift analysis as compared with
the unitarization procedure in the work of Ascoli and
Wyld. ™! As the authors themselves have noted, uni-
tarization in™! reduces to the summation of the rescat-
tering series with the propagators in Fig. 3 being re-
placed by 6-functions. Then, naturally, the analytical
properties of B(c, s) are violated and as a result of
this singularities appear at s=s,, s,, i.e., at those
threshold values of the energy s when the formation of
a resonance is possible simultaneously in two subsys-
tems (13) and (23) of three particles. Taking into ac-
count the width of the resonance, the singularities s,
and s, are shifted to the second sheet but there re-
mains a strong dependence of BY(g, s) on s in the neigh-
borhood of these points. The forcing of such an incor-
rect dependence on to the physical amplitude B7, ap-
parently, is what leads to the deterioration of the qual-
ity of the fit.

The results of our analysis show that unitarization
leads (in the single-channel case) to the appearance of
the additional phase ®,, which should not affect the pro-
cedure of phase analysis, in which the total phase &,
+®, is determined. At the same time the phase v, ap-
pearing in ¢, is determined by the real analytic solu-
tion of N/D equations taking into account arbitrary ex-
change mechanisms (arbitrary left cuts), and therefore
must pass through 7/2, if there exists a resonance in
the p7 system.

In principle the phase ¢, can cancel a part of the
resonance dependence of ;. For example, in the
state J¥ =1* of the pm-system, where the existence of
a Al-resonance is assumed, the phase &, is positive
and falls off with energy (while &, increases in the
resonance case). But the total change in @, over the
range 900 MeV < s'/2 < 1400 MeV is according to pre-
liminary estimates ~10° and therefore is not likely to
explain the absence of resonance behavior in the total
phase ®,+®;.
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The manifestations of heavy leptons in various characteristics of e *e

annihilation are examined. The

properties of the heavy-lepton decays and their contributions to R(s) and €(s) are discussed with
allowance for event-selection effects. The inclusive spectra of the secondary particles are also discussed. It
is shown that the characteristic properties expected for the heavy leptons are consistent with the data on

anomalous muon production.

PACS numbers: 14.60.—z, 13.65.+i

1. INTRODUCTION

According to current ideas (e.g. %) the reaction
e’ e"~hadrons is a rather complicated process in the
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energy region 2.4%s'/257.4 GeV, there being at least
two components:

a) In the region s'/222.4 GeV there is apparently a
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virtually steady quark-parton component (g component)

composed of the usual light quarks g=u, d, s. This

component should correspond to a logarithmic growth

of the multiplicity, to scale invariant structure functions

in the inclusive hadron spectra, and to hadron jets. It

is also assumed that the contributions from this com-

ponent to R and £, where
R=0(e*e~—~hadrons) /o (e*e-—+p*p~), e=(E.)/[s"

(E., is the energy of the charged particles), are almost

constant (R,~2-2.5 and £,~0.6 - 0.66). '

b) At s'/223.6 GeV there apparently comes into play
a second component associated with the production of
pairs of new heavy particles that cannot be composed of
light quarks alone. In particular, the production of
heavy meson pairs (DD, DD*, D*D*, etc.) is expected
(e.g. ™). Here the symbols D and D* represent
mesons of composition Q7 or @q, where @ and @ are the
quarks occurring in the  particle. In the accessible
energy region, this component is not so smooth as the
g component, but we can speak of it as a unified com-
ponent if we are unable (or for some reason do not
wish) to distinguish the contributions from the individual
channels.

The data on anomalous pe pairs®®! indicate that the
heavy component also contains heavy lepton pairs L'L",
with m;~1.8 GeV. The anomalous muon production‘®?
also seems to indicate the presence of such heavy lep-
tons. A substantial number of papers (e.g., %)
have already been published on the properties of pe
events®®! ynder the assumption that they are due to lep-
tonic decays of heavy-lepton pairs.

Even before the data of Perl et al.'® were published,

the production of heavy-lepton pairs was invoked to
provide an explanation (even though a partial one) of the
growth of R at s!/223.6 GeV (e.g., ™ ™'%; also see!'").
Also associated with heavy leptons were the normal ex-
pectations (e.g., "% of describing the fall of £(s) with
increasing s, ''%'" the appearance of hadron jets, and
the behavior of the hadron inclusive spectra (seem).
Rough estimates were made of the effect of hadronic
decays of heavy leptons and heavy hadrons on such char-
acteristics of the ¢’ e”~ hadrons reaction as the average
charged-particle multiplicity (n.,) and the average ener-
@Y (E\raey) Of 2 charged particle (e.g., ).

In this paper we present a detailed study of the mani-
festations of heavy leptons in e’ ¢” annihilation. With a
realistic selection of events, these manifestations turn
out to be not quite what is usually expected. Heavy-lep-
ton decays, especially the contribution of the hadron
continuum, are discussed in Sec. 2. It is shown that
the characteristics expected for a heavy lepton with
ton with m;~1.8 GeV agree well with the experimental
data.'®®! In Sec. 3 we discuss the contributions from
production and subsequent decay of heavy leptons to the
basic characteristics of the e* e” -~ hadrons reaction at
s'/223.6 GeV with allowance for event selection effects.
In Sec. 4 we discuss the inclusive spectra of particles
produced as a result of e* ¢~ annihilation into a pair of
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new heavy particles (in particular, heavy leptons) with
subsequent decay of the new particles. In Sec. 5 we
list the qualitative characteristics of pe events re-
sulting from L*L" decay.

As will be evident from an analysis of their proper-
ties, the heavy leptons and heavy hadrons differ sub-
stantially from one another. Hence it is now reasonable
to speak no longer of two components in the e* e~ had-
rons reaction, but of three components that differ in
nature: the g, heavy lepton, and heavy hadron compo-
nents.

2. REQUIRED PROPERTIES OF THE L* HEAVY
LEPTONS

We shall assume that the L* lepton is of sequential
type, [18] j. e., that it has a new lepton number and is
associated with a new neutrino v;. This hypothesis is
consistent with the properties of e events'®! and with
the apparent absence of L* particles in neutrino experi-
ments. 1'%2% The properties of such leptons have been
discussed in a number of papers!!®!&21:22] j, the context
of the universal weak interaction hypothesis, both for
massless v, neutrinos and for massive ones. Fujikawa
and Kawamoto''?? also examined a more general V, A
structure for the (L, v;) current, including the V+A
version which, for example, is possible in vectorlike
models, {23:24]

The calculations for the decays

L~—v,te~+%, (a)
vi+Hp~+9,. (b)
vita=(K-) (c)

vitp~ (d) (1)

are standard and reliable (e. g., !!®21+22)) For the
VA version with m; =1.8 GeV we obtain the ratios®

0.55:1.2:1

(L~ = vn~):T' (L~ > vp~):Te = {079. 165:4

(2

Here and below the upper (lower) value is for m,, =0
(my, =0.3m;) and T,=T(L" ~v,ev,), so that®!?!

G*m® , (ML
e = foom (K>
N(y)=(1-y") (1-8y*+y*)—24y'lny (3)

(all the L* partial widths are the same for the V-4
and V+A versions). As is evident from (2), the ratio
of the sum of the widths for decays (1) to the width T,
is ~ 3.8 for my,, = 0 and increases with increasing m,,,
reaching ~ 4.5 at m, =0.3 m . It follows from the
data of'® that I',,,/T, =61 for the L* leptons. This
means that decays (1) must be very important. We
note that only one charged particle (one track) is pro-
duced in each of these decays.

The calculations for the decays

L-—v,+A~ (a)
iK™ (b) (@)
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are less reliable!!%21221. they giyell0]

044:0.06:1

I‘(L"“‘4’):F(L"“K'):F‘z{o.zlszo.oz-?, 1" (5)

The greatest theoretical uncertainty arises in treating
the multihadron decay

L-->v,+hadron continuum. (6)
The spectral functions
Y <017 18> <Fi1.7(0)10 (27)* 8 (g—r)
T p (@) 0008 F 020 0 (7)

are introduced to treat this process. ?"*%! There is no
interference between V and A in these functions, 2!? so
that i

pi=p"+pit.

The following equations?®

region ¢% = 1 (GeV)?:

21,221 3re usually used in the

p.'(q’)z%(:z—), p" (¢ =0, pir=p". (8)
The first two of Eqs. (8) follow from the conserved
vector current hypothesis provided it is assumed, in
accordance with the quark model, that the I =1 state
accounts for 75% of the e* e~ -~ hadrons cross section.
The relation between p;‘ and p; is obtained from asymp-
totic chiral symmetry. Then for m;=1.8 GeV and

R 4¢~1.5 we obtain!®]

0.97
0.48’

2

/T, ~ { Tu/T, = { 55 < - (9)

For m;=1.8 GeV, however, the ¢® values are small:
{g®~1.5 (GeV)®. Hence we may suppose that the con-
tribution to p4 from the five-pion state will be de-
pressed on account of phase space considerations, while
the three-pion contribution is associated mainly with
A;. Then, after separating A, we may assume that

P1A<P|v. (loa)
In addition, the ww state with I =1 may play a consider-
able part in the e*e” = hadrons reaction in this energy
region (see, e.g., the discussion in'®®J), If this is the
case, then, neglecting the isoscalar contribution, we
obtain

p.¥ (") =R (¢") /612, (10b)
In this case
0.65 4.92
LW 2T b Tu/Tmf{ s - (11)

A comparison of (9) and (11) illustrates the magnitude
of the uncertainty in the theoretical estimates; however,
we feel that (11) is to be preferred.
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We note that the value I'y,,/T',~ 5 looks very natural
from the quark point of view, since L decay can give
rise to two lepton systems, ev, and pv,, and (including
color) three light-quark systems. 5+22

Let us consider the quantity €, the fraction of the
energy carried off in L decay by charged particles.
For decays (1) and (4), € can be calculated in a standard
manner (e. g. ®%?) and always turns out to be smaller
than €,; thus, the neutrino carries off a considerable
part of the energy, which increases with increasing my,-
The result for decay (6) is substantially model depen-
dent. For the usual assumptions (8) one obtains &,
=0.44 for m,, =0 and £,,~0. 38 for m,  =0.3 m;.""" If
the wr system plays the principal part in decay (6),
however, we have €,,~0.5-0.55 for my, =0.

The most characteristic property of the leptons with
m;~ 1.8 GeV is that they usually produce just one
charged particle (one track) when they decay. One can
obtain the following estimates, which depend on the
assumptions made concerning decay (6):

I'(>3)/T(1)= {gizoéz , (12)
5,=r(1)/r,,,,-~{g':4, (13)
r./r(i)s{(?'zzf. (14)

Here I'(n) is the total width for decay with the produc-
tion of n charged particles. The value of §; turns out to
be practically the same for both the assumptions con-
cerning decay (6) under discussion, and the inequality
(14) does not depend on them at all.

Relations (12) and (14) are in good agreement with
the experimental data, '®! which give

eyt L1 15
T e~ 3" Tl "3 (1s)

This a weighty argument in favor of the assertion that
anomalous muon production'®? is indeed due to heavy
leptons, and not to hadrons, for in the latter case one
would naturally expect I'(>3)/I'(1)>1 (see, e.g.t*="™),

3. THE HEAVY-LEPTON CONTRIBUTION TO THE
OBSERVED PROPERTIES OF THE e*e’-> HADRONS
PROCESS

The behavior of £(s), which has been investigated
experimentally for events with n, >3, 7! is deter-
mined by the formulas®* %1%

e()=ea(s)+ ), (er,—en(s)) Fu (5)/R (5),
' (16)
R@=Ri(&)+Y B (), Re,(6)="aw(3-v)Bs,,

where the summation is taken over all possible heavy-
lepton pairs, v§=1—4mj} /s, R, and ¢, are the contribu-
tions from purely hadronic events with n4>3, R, p and
€, are the contributions from events involving L*L"-pair
production and having »,> 3, and B,,‘ is the fraction of
such events in L*L" production.
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Since € 1, <Em the quantity €(s) begins to fall at the
heavy-lepton-production threshold. Under the usual
assumptions, €;~0.39 for heavy leptons with m;=1.8
GeV. This enabled Fujikawa and Kawamoto™® to de-
scribe the experimental behavior of €(s) for s!/256 GeV,
using the contribution from one L*L" pair with B, ~1.
Depending on the properties of decay (6), £, may be
larger, and this reduces the expected rate of fall of
€(s). Even more important, according to (13) selecting
events with n,> 3 gives By $1-06250.2-0.3. There-
fore, a single heavy-lepton pair cannot account for the
behavior of £(s) even in the region s!/2<6 GeV.

The heavy-lepton contribution to £,,,(s) is given by
the same formula as R, but with a different weight B,
corresponding to different recording conditions. 87 The
limitations 6,,,> 20° on the track coplanarity angle
6.5 Teduces the relative number of n,,=2 events, As
s!/2 increases, the contribution of two-track events
from L'L--pair decay falls. Rough estimates show that
we may expect this contribution to decrease by ~30% at
my=1.8 GeV and s!/2~7,4 GeV. If we then exclude ee
and ep events, we shall have By(s'/2~7.4 GeV)<0.75.
This is considerably lower than the value By =1 usually
assumed (e.g. %Y, According to the same estimates the
relative number of two-track events is lower by a factor
of ~2 at s'/2~11 GeV. Under realistic conditions with
1- <1 it falls by ~ (1 - v)/sin%,,,,, where 6., is the
minimum value of 8.,,. Of course these estimates are
merely illustrative. The actual situation depends on a
number of other conditions—in particular, on the pro-
cedure employed to deal with rejected events.

The average charged-particle multiplicity in the pro-
duction of L*L" pairs with m;=1.8 GeV is {(n,), ~2.5 - 3;
this is appreciably lower than the experimental value
{(n.,) ~4 -5 found for the e*e” -~ hadrons reaction at
s'/223.6 GeV. ™" Hence the heavy-lepton contribution
retards the growth of both (n,) and the average charged-
particle energy (E,,. in a certain energy region above
the threshold. ") To obtain quantitative agreement with
experiment, !!”? however, it will evidently also be nec-
essary to take the production of heavy-hadron pairs into
account in order to obtain an average heavy-charged-
particle multiplicity of ~4.%’ Because of the low value
of (n,,); it is evidently best to select events with n,=2
for investigating the properties of the heavy leptons.

For example, it would be interesting to find threshold
behavior at s'/2~3,6 GeV in these events. One may
also expect to find € ~0.35 - 0. 4 for these events.

Another characteristic property of the heavy leptons
is the low kaon yield in their decay, which is due to the
limited phase space available for the hadronic system.
Simple estimates (e.g., ") of the relative number &, of
the decays that include kaons among the decay products
give values of the order of a few percent. At the same
time, if the new D mesons are charmed they should have
a substantial 6, value. Selection of events containing
kaons may therefore facilitate the isolation of the D-
meson component in ¢’ ¢~ annihilation.

In principle, sufficiently energetic heavy leptons lead
to the production of “hadron jets” (but with constant
multiplicity within the jet). The angular distribution of
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the “jet axis” and leading hadrons associated with this
mechanism has the form ~ (1 +cos?d). Jets have been
studied experimentally, however, in events with 7, >3""
where the heavy-lepton contribution contains the small
weight factor B, and cannot be predominant.

We note that it is important to take the conditions of
measurement into account in experimental tests of
theoretical sum rules relating inclusive hadron spectra
to the quantities R(s), €(s), and {n.), since these quan-
tities have been measured under different conditions.

4. INCLUSIVE SPECTRA IN HEAVY-PARTICLE-
PAIR PRODUCTION

Let us consider the reaction

ete-—~MM 17
with subsequent decay of the heavy particles M and M.
The contribution to R from this process is

RM=Vp(s)v_ (18)
where v is the velocity of the M particle in the ¢c. m. sys-
tem and p(s) depends on the properties of these heavy
particles. If the width of the M particle is small so _
that interference between the products of the M and M
decays need not be taken into account, then, neglecting
spin effects, the inclusive spectrum of a particle & pro-
duced as a result of decays in reaction (17) has the
form®®?

do* 1

EW= p(s) [fx"(@,5) +f5" (@, 5) 1,

19)

where w=2E,/s'/?, The term f% is related to & produc-
tion in M decay and is given by

Vmax(®.8)
| weeiw),

v-(a,3)

[

fﬂh(mls)= (20)

|

where the function G}(y) is determined by the energy
spectrum of the particle % in the rest system of the par-
ticle M. The integration limits are

Ymex (@, §) =MD {Ymesy y* (0, 5)},
s ‘[m:i:v( - 4m,.’)’/=]
A ® s :

Here yp., = EX.,/my, where E¥  is the maximum energy
in the rest system of the M particle that an 4 particle
can acquire in the decay

1)

y*(0,8)=

M—h+... (22)
The normalization condition for G4(y) is
Ymax A2\ '
[ werw) (y’-——m——,) =(nadu, (23)
M

mp/ma
where (n,), is the average k1 multiplicity in M decay.
Similar reactions obtain for the function fi(w, s) for &

production in M decay.
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FIG. 1. Kinematic region in the y, w plane: a) s<sy, b) sy<s
<Sy, €) $3<S. WpaelS) =Ypmag + v Yiag — mi/mi)'/? for all three
cases; Wy, =2m,/s!/? for cases a) and b), and wyy, =w,(s) for
case c).

It is convenient to depict the range of the y integration
in (20) on the (y, w) plane. We define w; by the formula

@4 (5) =Ymax— 0 (Y max— s/ ™

and then introduce s, and s, by the equations w(s;)

= my/my and s, = mM%(2ymamu/m,)Y. The plots on the
(y, w) plane in the regions s<s;, s;<s<s;, and s> s,
differ from one another (Fig. 1, a~c). As s increases
with w held constant, y°(w, s) decreases, approaching a
finite limit, while y*(w, s) increases (~s as s~). Hence
f(w, s) increases monotonically with s for any constant
value of w because of the increase in the integration
range in (20). This increase can be rapid only when
w<w;; when w> w,, fapproaches the scaling-invariant
regime.

Let us consider the w dependence of f at s=const. If
s<s; (Fig. 1a), then when w> w;, f decreases with in-
creasing w at least as Wy, — w. If G(9)~ (ynax—y)", as
in multihadronic decays, then f~ (wg,,— @)™'. When
w<m,/my, f decreases with decreasing w. In this case
the point @ at which f is maximum lies between m,/m,
and wy, its exact position depending on the properties of
G. The faster G falls as y— y,,,, the farther w lies
from w;. The fall of G as y = Yy, = m,/my, on the other
hand, brings w closer to w;.

Whenever s> s;, we have w=m,/m, (Figs. 1b and 1c).
When s,> s> s,, there still remains a region w<w, in
which the s dependence of f differs sharply from scaling

v, L=
a
|—— -
]
==
=
Y L b

FIG. 2. Kinematic configurations for maximum energy E; in
L™—v; +17+7; decay: a) V+A version (forbidden), b) V-A
version (allowed). The arrows indicate the spin directions.
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FIG. 3. Trend of the energy spectrum do/dw, in decay of the
heavy lepton L; w,, is associated with the experimental mo-
mentum cutoff.

invariant behavior; this region shrinks with increasing
s and no longer exists when s> s,.

Let us consider separately the case of two-particle
decay in which G~6(y ~y,). Then f=const in the in-
terval

YoV (Yo —mn*/ ma®) "S @<y, tv (yo'—ma/ mu®) ™.

and f=0 outside this interval.

The qualitative properties of f described above enable
one to explain the s dependence of the inclusive spectra
of charged hadrons in the e’ e”~hadrons process by the
production and subsequent decay of heavy particles. (s

Let us consider a few specific cases.

1) Let M be a lepton L. For L-y,7 decay we obtain
¥o=(1-m3,/m3)/2. One can evaluate m; and m,, by
investigating the upper limit w,,, of the spectrum and
its energy dependence.

2) For L™ —vy,l” v, decay with m,, =0 we have

Y=o (1+mi/m?). (24)
The position of @ remains fixed at the point @ =m;/m;
provided s'/2/mp> (my/m;)}/2+ (m,;/m;)'/%. For muons
this means s'/227.9 GeV if m;~1.8 GeV. For elec-
trons w= w, for all reasonable s values, ™37 Under the
experimental conditions of'®! there is an effective cutoff,
w> Wy =1.3/(s(GeV?))!/2, and the peak of the spectrum
is accessible to observation only near the L*L -produc-
tion threshold (v$ 0.3 for m;~1.8 GeV).

If m,,#0, w will be smaller because y,, will be
smaller. Passing from the V- A version to the V+ A
version has the same effect, but for a different reason.
In this case G(y)—~0 as y~y_.,. In fact, the equality
Y = Ymax 18 reached when both neutrinos are emitted in
the same direction in the rest system of the L lepton
while the light lepton (i or e) is emitted in the opposite
direction. In the V+A version the sum of the spin pro-
jections along the momentum p, of the light lepton would
be +3/2 in this case (Fig. 2). Owing to the suppression
of the high energies, the spectra have the form sketched
in Fig. 3. In particular, the average energy of the
charged lepton is lower in the V+ A version than in the
V - A version:

CEYv-a><EDvsa. (25)
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3) Kaon production in D-meson decay should give rise
to structures in the inclusive kaon spectrum, which
shift with energy. If mp,~2 GeV, the peak of the in-
clusive kaon spectrum from D decay remains fixed at
the point w=mg/mp~1/4, which corresponds to the
momentum Py = my (s/4m% - 1)}/2, whenever s'/225 GeV.
The discovery of such structures might facilitate the
study of D mesons.

5. QUALITATIVE CHARACTERISTICS OF
ANOMALOUS pe EVENTS

Let us discuss events of the type e*+e” = e*+ u*
+missing energy under the assumption that they are due
to production of L*L" pairs and their subsequent decays
via processes (1) (a) and (b).

Such processes have already been discussed in detail
in a number of papers (e.g., "°"!*)), Our results are in
qualitative agreement with the results of those papers,
so here we shall merely list the most characteristic
features of the processes.

1. The spectra of the charged leptons I*(e*, n*) in
the variable w;=2p,/s'/2 have the form sketched in Fig.
3 (see!1®12-14] and the discussion in Sec. 4 of the pres-
ent paper). The steeper fall of the spectra as w;
~(wWy)max in the V + A case is actually due to inequality
(25).

2. Inthe case of a V+A current or a V- A current
with a massive v, the quantity (p!) is smaller than in
the case of a V- A current with m, =0 (p; is the com-
ponent of the /* momentum perpendicular to the L*
particle). This property, like (25), is associated with
the decrease of the average I* energy in the L* rest
system. It leads to greater collinearity (and coplanar-
ity) in the emission of the electron and muon.

3. If the L* and L~ decay products are simultaneously
detected, spin effects associated with parity violation
in the decays will also appear. These effects are also
more important in the V + A version than in the V- A
version. %] Ag numerical calculations show
(e.g., ")) however, they are usually not very sig-
nificant.

4, Properties 1 and 2 show that with the cutoffs that
obtain under the experimental conditions of*® (8,,,,> 20°,
$:>0.65 GeV/c) there is a greater loss of eu events for
the V + A version or the V- A version with m, #0 than
for the V - A version with m,; =0. In principle this
might tend to increase the value of T',/T',,, extracted
from the experimental data.®

A clear confirmation of the V + A version of heavy lep-
ton decay might prove to be a weighty argument in favor
of vectorlike theories of the weak interactions. ?2*1 In
such models v, might be identified with (v,)5 or (v,)z.

In some vectorlike models (e.g., '®*?), two charged
heavy leptons with masses lying close together might
in principle exist. The available data'®? do not entirely
rule out this possibility. This might be verified by in-
vestigating not only pe events, but also other events in-
volving L*L" decay, e.g., nh and hh events, where £
represents a charged hadron,
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