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The formulas for the bremsstrahlung and pair production processes in lepton-nuclear collisions are
extended to the case when these processes are accompanied by arbitrary excitation of the nucleus (or of
any other target with a structure). Exact expressions are obtained, and approximations valid only at
relativistic energies are made. It is shown by way of example that the nuclear electromagnetic form-factor
is taken into account, the cross section for bremsstrahlung from a muon in a nuclear field decreases by

10-15%.

PACS numbers: 25.30.—c

I. INTRODUCTION

It has become necessary of late to carry out more
accurate calculations of the cross sections of a number
of electromagnetic processes, primarily the cross sec-
tions for the production of pairs of charged particles
when electrons or muons interact with atoms, as well
as the bremsstrahlung cross sections. This is caused
mainly by two circumstances. First, certain experi-
mental data=31 on the interaction of high-energy muons
with nuclei in cosmic rays point to the possible exis-
tence of additional mechanisms whereby muons lose
energy (assuming that the known loss mechanisms
have been accounted for with sufficient accuracy). Sec-
ond, a number of experiments are presently performed
and planned for the purpose of verifying the validity of
quantum electrodynamics and finding new particles (in
particular, heavy leptons) in bremsstrahlung and elec-
tromagnetic pair-production processes. 5!

The hitherto calculated bremsstrahlung and pair-pro-
duction cross sections pertain either to the case of a
Coulomb field, or to interaction with a free electron
(see the review!®), The form factor of the nucleus is
taken into account approximately in the bremsstrahlung
cross section, "® but the method by which this account
is taken, and accordingly the quantitative results, dif-
fer strongly in different papers. Recognizing that the
correction that must be introduced into the muon brems-
strahlung cross section because the nucleus is not
pointlike can be relatively large, this question calls for
a final solution. In addition to the fact that the nucleus
is not pointlike, the cross section can also be influenced
by other possible target-excitation channels, for ex-
ample breakup of the nucleus, pion production, etc.

(it is assumed, of course, that only leptons and y rays
from the lepton parts of the diagrams of the process are
registered in the experiment).

The known formulas for the bremsstrahlung and pair-
production cross sections are generalized in the pres-
ent paper to include the case of an arbitrary interaction
with the target. This is attained by describing the tar-

- get by means of electromagnetic structure functions W,
and W, that depend on the momentun and energy trans-
ferred to the target. The formulas derived are uni-
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versal in the sense that they do not depend on the tar-
get mass; all that matters is that there exists for the
target a laboratory system (1. s.) in which the target

as a whole is at rest. It is in this system that the cross
section is calculated. The motion and interaction of
the component parts of a complex target (electrons in
an atom, etc.)is already accounted for in the depen-
dence of W; and W, on g% and v (see the following text
for the notation), the determination of which is a differ-
ent problem and is not considered in the present paper
(except for particular cases). This approach was proposed
in®®)) where the differential bremsstrahlung cross sec-
tion was obtained for the first time in terms of W, and
W, (without integration over phase space). In the pres-
ent paper we obtain, besides the bremsstrahlung cross
section, also the pair-production cross section, and the
integration is carried out over those variables with re-
spect to which it can be performed exactly. A transi-
tion to the relativistic approximation is made. We con-
sider the particular case where the target is a screened
nucleus that interacts elastically, and show that allow-
ance for the nuclear form factor decreases the muon
bremsstrahlung cross section by 10-15%.

To conclude this section, we note that we use in the
main a covariant-integration technique!® %111 which is
well known in applications to problems of this type.
Therefore, some methodological aspects are either
treated very briefly or omitted completely. They can
be found in the cited references, particularly in the
book of Bafer, Katkov, and Fadin,

Il. PARTICLE PAIR PRODUCTION

1. The process is characterized by two block dia~
grams (Fig. 1). We consider first the diagram 1. Let
particles with momenta p, and p, have a mass p (muons)
and let an e*e” pair be produced. The cross section is of
the form

e* E 1 1 d’p, d’p- &
= s 2 2Dz o hgh & Mo Koy W,y L P £ £ ’
(2n)® 2[(p.P)*—psP2)" q'k* 2 2e, 2e_ 2e,;

(1)

01

where W, , is the hadron tensor describing the lower
vertex®;
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Mg is the Compton tensor:
o i{g+p)—u i(p—g)—p o
Mo —Sp{(xu o Tut¥u Yo 1,)(zp. i)
i +p,
(o TR ) ), @)
W wx
Wi =2kp K, Wino=—2kp,+E? 4)

and finally, the tensor K_, describes pair production:
Kay=5p {Ya(ip++m)ys(ip-—m)}. (5)

Expression (1) can be rewritten in the following form,
by introducing two additional 6-functions!®’;

e* E 1
(2n)® 2[ (pP)*—pP*]" ¢'k*

d* k
—LTQ,M,, Wuv——-&-—d-——dkzde, A
e; 20

(6)

do; =

a’p, d“p_
2¢e, 2!

(M

Tu=| K,.,a( el + ) 8 (k—ps—p-)3

where €£ is the positron energy in the 1.s. The use of

gauge invariance leads to the following expression for
the contraction of the tensors in (6):

2
(T.W.M,,+T,W,Mu LTLWMSSW.T ML, (8)

TesMes W= s

1 1 M 3M?
Ty=—Tupbup— o= TutPoPs, Ta=—~—Tasbos+5— TasPuPy, (9)
2 2a 2a 2a

2 1 . Py
a=P —kT(kP) .

In the contraction (8) (but not in the expressions (7)
and (9)) we have changed over to the 1. s., in which the

subsequent calculation of the cross section will be made.

The calculation of 7, and T, yields (k* = (K + w?)!/2)

B L !

w12 k?

k2

Be(f-m-af (e X)),
To calculate the cross section it is necessary to know
also the components and the contractions of the Comp-
ton tensor which enter into (8). Calculating the traces,

we obtain (v = g,)

(10)
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—-M“——{u — [——(e,—a)) (¢ e,+k’e,)+4e,ez(e,—m)’]
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o (ecten) (e—0)— ——"‘+
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‘_—— — ¢* (e e +ve,—ve,)

f Thand 71
“(11)
1, 1 P (
—:‘;‘ M‘Z' = { s [411-231(31—('-‘) —u’k’ + _2- —2g%, (e2—v) ]
2 /& 1 % . '
= - AN W pik? + ¥
+ u’xz( 2 ma,) 2 %y pag [ 2
—k*(2e,8,—@vHvt) +2p (ov—2e,8,) +2¢,8.¢* +q 0 (e,—e,) ]} + { :0:‘
‘Q-D
2wz~ {—éT(zw—q*) (2= k) = (2= )
néx,
- “i:+ el " ]}+(n. - ).
The expression for M :,‘o, is obtained from M} by mak-

ing the substitutions g% — k?, w—v, = wu;— % 20
We now make in (6) the following change of variables:

d’k d'p;
20 26 4pJA

=—p'nl(pltei—20e,) —p*xa (p2+vi+2ve,) Futn, [4piov
+20g (0—e,) +k* (¢*+20v—2e,v) ] +u %l 4p*ov+20¢ (v+e,)
52 (g*+2vi+2ve,) ]+t uix: (¢*—2p +20e,—2v (e, H o) +h?)
— e (2 H %) — @0 (P H4p’) TR (—¢' v K Hhp P -k g
—4oe,g*—20vg +Hive,g*—4vip?) =cxn i+ b, ta. (13)

do dv dg* dx, dx,, (12)

Taking (6), (8) and (12) into account, we obtain the fol-
lowing expression for the cross section in the L. s.:

do Z‘a‘u - "
Tode~ TET i . T TW LA T AL
—TW, A —T W Ms) dk? dv dg?, (14)
w v %2 A%y
A= | M3 T (15)

2. We now discuss the question of the integration
limits, We integrate in the following sequence: with
respect to »,, and then with respect to »,, g%, v, and
k2%, The limits with respect to %, are determined by
the zeroes of the function A. 87 We determine the lim-
its with respect to *, and g2 by starting from two re-
quirements: in the 1. s., the vector k is directed along
p, while the vector p, is directed along P’. This leads
respectively to the following equations (¢* =(q2+v2)!/?):

Z;n,m =_j£<ms‘;k.p‘)+%,
(16)
o2 (L -

n = e ( 5 +e,vtg p;).
The integration region specified by these equations is
shown in Fig. 2. The points of intersection of the
straight lines »{!”® and the curves »} can be easily
obtained from (16):

gis=(p—k'Fpy) ' =V,  goi=(pth-Fp,) =", 6%))
Figure 2 shows the case when ¢,<gs, i.e., #*< pp. o,

however, k*>p,, then g,> g, and the integration region
is deformed in obvious fashion,
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If the interaction with the target is elastic; it is
necessary to put v=- q%/2M in (16). ‘We then obtain

_21d @ *
el T oy ("‘_"’_27)
(oo I oo

The %3 curves converge at g 2=2M(g, — w - u), with
2
%t (98) =% (¢8) = - (M—p) (e,~0—ps). (19)
The maximum value of v is given by the expression

uf~=%~(m—@—u)p g (20)

The form of the region of integration with respect to »,
and ¢% depends on the actual values of w, k% and Mand
i8 determined from Egs. (16) and (18)-(20). Figure 3
shows schematically the region for the case i’ <»3(q?)
< %§? and #3n.> ¥, The case M=m<y is consid-
ered in"!), In that case »j(g 2)<0, i.e., the point
where »; and »; converge leaves the integration re-
gion, This means that at M<p the vector p, cannot be
antiparallel to P’,

The limiting values of ¢2 in the elastic case are
easiest fo determine directly from the conservation
laws, since the configuration of the momenta is sim-
plest at the limiting points—all the particles move
along one straight line. In particular, if k is parallel
to p,, then, by solving this sum of equations

ectM=¢,+0+E’,
pi=patk+P, (21)

we obtain

ea=(2y+p*+ M3t
X{(es+M—0) (y+p’)

= (p—k") (Y —p* M)}, (22)
y=—'/,k+M (e,~w)
—oetpkt, (23)

After which the values of ¢Z , are obtained from the
relation

ql,‘:=2M(51_53‘—0) =—2Mv.

.The values of g}, are obtained from the same formulas
(22) and (23), in which it is necessary to make the sub-
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stitution #* —~ —~ k*, There is a possibility of obtaining
unphysical (complex) solutions corresponding to the
case when the straight line {2’ lies higher than the
curve ®;, Equating the radicand in (22) to zero, we
obtain the corresponding boundary equation with re-
spect to k% and w:

~!:k*+ M (e:—w) ~0e,~k'p=Mp. (24)

One more boundary equation for 2% and w is obtained

from the condition ¢Z>¢2, or wjgn.> ®{:

—/ kM (e —0)—oe,+k' p,=My. (25)

Equations (16), (18)-(20), and (22)-(25) suffice for a
complete determination of the region of integration with
respect to %, and g% in the case of elastic interaction
with the target,

Let us return to the general case, The kinematic
limits of integration with respect to v and k? are ob-
viously

—(e;—o—p) <v<0, (26)
(ps—p-)*—(e4Fe- ) <B<(py+p-)'—(este-)?. - 27

It is now necessary to integrate with respect to %, and
n,. Integration with respect to »; between the zeroes
of A gives rise to the integrals

dx, n dx, n

——=—, — o -, 2

YA Y—c ij’A Y—a (28)
where a(»,) and ¢(»,) are defined by Eq. (13). These

two integrals suffice because the symmetries of expres-
sions (11) and of the regions of integration with respect
to substitutions »; — »,, and p, —~ p, allow us to confine
ourselves to integration of only the terms written out

in (11). The remainder is obtained by making the sub-
stitution p — - p,. It follows from (11) and (28) that

the problem of integrating with respect to », reduces

to the evaluation of five integrals:

dxs ) dxs . % dXs
o Mt =
dx, dxa
J(=JIJ uztc ' Is= 7:_0. (29)

Since v=cand v-a are simple functions of %, all these
integrals can be easily evaluated. The result is ex-
pressed in terms of #,, v—a, and V=c at the limits
of the integration region :

%y

.
%y mas

i) //%//{/Z/{[ NN
A

% TH %
FIG. 3.
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(—a (1) P=2[ (¢+v) (p+wes—k/2) pu (vitve ta¥2) ], (30)
{—a (™) Y e=2[p, (es0+0vHEY2) £ (—pli—ev+g¥/2) k],  (31)
(1).(2) ) ]-/,=uz(p‘:;:k-). (32)

{—c(x®) Y= [ (g*+v?) "£pa], [—c(x2

3. So far, the analysis was exact. We proceed now
to the relativistic approximation. We assume that
€8 o> u% e2>»> m? K, ¢%, vi«e?, and confine our-
selves to the case v?« w®, Finally, we consider in this
article only the region w?> p? (actually it is sufficient
to have w exceed u by several times). In this region of
w, as follows from (17) and (23), we have g%> p?, so
that we shall use the following simple limits for the in-
tegration with respect to ¢2 and »,:

gIS@I<o, %y <u,<xat. (33)
Because of this, all the subsequent expressions can be
used both for the general case and for the elastic case
(in the latter case it is necessary only to replace v by
- g%/2M everywhere and to leave out the integration
with respect to v).

For the integrals (29) we obtain in the relativistic
approximation the following expressions:

19 1 4
J’=2e;ar(1"y_)'z_e,='l“y'
= 1
wol 4[5(1+8)]*"
8L 165(1+¢)
x[(1 P )

1n{[1+4c+4(;(1+g))-¢_ (’15;5)/]

J=——

2

B (]

nol’ , nwg* n
0z, Jy=— o ([~ 8Cy+16% (1+8) |~ 145} — - Iny = — —— 1/,
nrey pey €4

or
Jo=——lny, Js=2n—(y—1). (34)
wes u

We have used here the notation

5=fzf“f‘ =""]:fo?'

1v2

4 ¢ (35)
= — (g2+v?) "+ N

y 5r[(q +v)*+v], ¢ LT

Substituting these expressions in (11) and (15) we obtain,
retaining only the highest-order terms,

1 8n 1 6
-?.lu“= “,mre.'azz(i—-y——Flny—lnx) N
1 4n K 1 6T
S L (2——)(1-———-—,—111 —1”)
8 wol u y oW y
A 2q* 46
+n(s"+ez’){—'—+-—q— _——v—vlny}
2e’e”  apt plo

s (=) e [(-7) () n] o

2 4n
- E—(q’a)’—Ze.s:k‘) I+ FG (e, +e,?)Iny,

1 P 1 ty,1 1
Mo = Qu— k) Qui—gt)— (1 — — ) (=t —
8 s R (2 q)ar( y)(e,z a;)

2 4
= ) Vb (i+ : )2 —Lﬁ(2u ' k—g)lny.

The limits of integration with respect to %2 and ¢ in
this approximation are
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(8T)*—2voI'<g*<oo, (37

—4e e _<k<—m? o’ ,
48—
and since in our case w>p, we can neglect 22 every-
where in comparison with w? (it follows from the form of
the cross section that the main contribution is made by
the %22 near the upper limit of integration).

4., We proceed now to calculation of the calculation
made to the cross section by diagram II. We write
down in analogy with (1)

e E 1

doy = . : L sas Wy ——
O = ) APy —piP T g 2 LM e e

ap. d* @ d’p,
Zo, (38)

(see Fig. 1).
tation somewhat,

It was expedient here to change the no-
The particles with momenta p, and
P, are now the (g*e”) pair, and the particles with mo-
menta f; and p, are muons. Informula (38), M{;;is
a Compton tensor that differs from (3) only in the sub-
stitutions py, -~ py,, #, ~—%k,, w~m and in the com-
mon sign;

Lay=Sp Ya (ips—m) s (ips—m); (39)
The tensor W,, has the same meaning as before.
We now make the change of variable

dl dl 4 d
BB n T e dvigidn dn', —2 T dodk, (40)
2g, 2, 4kYA, 2e, 2ps

where »{,, A, differ from %, ,, A in the substitutions
k,~-k,, Du~=Dw, H=m. From a comparison of (40)
and (12) we obtain the following substitution rules:

dx,’ dx,’

-l,"u'a=j Migy=—M oy (e, +—84, 0+ —0, p—~m), (41)

A,

v dq* dg*
J.vlluuﬂwll';‘q—=_II;WD'%(BI—’—SH O=—, p—+m). (42)

Substitutions similar to those given above lead to the
result

don Za‘m*
Gt T WA WL
—W.L M qa—W Lo A )R dv dg?, (43)
where
B K K
L=t = =g e+ )
2 2 (44)

k(K k k
tm—tge{ g w3 g (—eer )}

It follows from (41) and (42) that to calculate the cross
section doy; in the relativistic approximation we can use
the earlier formulas (34)—-(36) but with the substitutions
€ ~—¢;,, W-=w, p-m, The limits of integration with
respect to k2 in this approximation are

Hzmz/8;3(<kz<4esl’a- (45)

11l. BREMSSTRAHLUNG

1. The diagram of the process is shown in Fig. 4.
The cross section is written in the form

E. V. Bugaev 15
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where M%), is a tensor that differs from (3) only in that
now k2= 0, Gauge invariance yields

Ze*
GBDMMIWW" W( Mzaqu+M 2GTWI)- (47)
We change variables in accordance with (12) (with the
only difference that u2x, =2kp,, u2n,=-2kp,)and
write down the cross section in the 1. s.:

3 (Zl
do= ot (AW —AE W) do dv dg™. (48)
8np,q*

The tensor A, has a meaning analogous to that of the
tensor .#(15). All the formulas (16)—(25) with 22=0
and k* =w are valid for the integration with respect to
%y and #,. In the relativistic approximation we ob-
tain, using relations (36) with k2=0,

720} 2
'—au—{ [-—h%(i—i—‘s—'lﬂy‘—‘hz )
npigt Y

+n (el +e,?) ( - (y—1)— —E—lnz

28 2 I
46v

~lay, )] — AW, }dm v g, (49)
where we have used the notation (see (34) and (35))

p= L@+ ], na'=lna @+t yp), ¢=r. (50)
Only the zeroth term of the expansion of J; (see (34))
in powers of ¢’ has been retained in (49), since the fac-

tor that contains J; in (49) is significant only in the re-
gion of small {’, when the higher-order terms are
cancelled out. Retaining only the terms linear in ¢/, we

obtain
Zatpt 161 2 3 4
d =——{W,—[ . ( L M (-
o 8mpid o 4e,€, ny 3C e y.’))

+ —i;(e,we:) (52 (y=1)—q¢ ( 1— —1-) —28vln y.)] —./tz’r..W.}dm dv dg*.
(51)

This expression should be used for the numerical cal-
culations in the case of small ¢2, and the general for-
mula (49) must be used for g% 2,

In the particular case W,=-6(v), W, =0 (i.e., v=0),
we obtain from (51) the known expression?!
422
do(¢* < P-z)= d ("o ) [ (e +e.) (6—q)*
o u
2 L 350 — 49 V4o 9L 52)
3s‘ea(q 8n +36 4 )]dm - (

2. We consider briefly in conclusion the particular
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case when the target is a zero~spin nucleus screened

by electrons and heavy enough to be able to neglect re-

coil (v=0)., We then have (F, and F, are the nuclear

and atomic form factors)
We=—[Fi(¢")-Fi(g") 1?0 (v), W,=0. (53)

If F, =1 then, integrating (49) with respect to ¢ from

0 to «, we obtain

deo €s 2 ex
da~4Z’a( u) - {1+e—x,—_3_e—}a>(s 2), (54)
06.2)~ [ (=81~ R L+ 1. (55)

To estimate the extent to which the cross section is
influenced by the form factor of the nucleus, we use a
simple model with a “step-function” nuclear form fac-
tor

Fu(g’<q?)=1, Fn(g*>q.*)=0.

In such a model we obtain the same formula (54), but
with ®(5, Z) replaced by (6, Z) - A(g,), where A(q,) is
equal to

at+1 1

ARt ()

A(qc)=%ln

This correction does not depend on the degree of
screening. If we put g.=auZ /3 then a comparison
of the calculations obtained from (54)-(56) with the re-
sults of the more accurate calculations yields a=1,9 in
the region Z~10-100. By “more exact” calculations
we mean here a numerical integration of (49) with the
functions (53). At a=1.9 the correction A decreases
the cross section in the total-screening region by 10—

15%.
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