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We investigated experimentally the spectra of multiphonon resonant Raman scattering in CdS crystals and
of exciton-phonon luminescence in CdS and CdSe crystals. Raman scattering and luminescence of free
excitons with excitation up to four LO phonons have been investigated for the first time. The intensity
distribution in the observed spectra is analyzed. The temperature dependence of the shape and the
intensity of the exciton-phonon luminescence lines is investigated. It is established that the cross sections
of odd order depend on the value of the wave vector transferred to the phonon system. It is shown that
the predominant part in resonant multiphonon scattering is played by long-wave phonons with wave vectors
on the order of the reciprocal Bohr radius of the exciton. A theory of multiphonon resonant Raman
scattering by LO phonons is developed, in which free electron-hole pairs as well as states of the discrete
and continuous spectra of the free excitons are treated as intermediate states. A comparison of the theory
with experiment shows that the theory accounts well for the main experimental results both below the
threshold and in the region of intrinsic absorption. It is shown that to explain the scattering processes
below the absorption edge, as well as the luminescence processes, it is important in principle to take into

account the excited states of the exciton.

PACS numbers: 78.30.Gt, 78.60.—b, 71.80.+j

I. INTRODUCTION

An investigation of resonant scattering of light near the
intrinsic absorption edge makes it possible to obtain ex-
tensive information on the nature and mechanisms of
electron-phonon interaction. The high intensity of the
resonant-scattering spectra adds greatly to the ex-
perimental possibilities and makes it possible in princi-
ple to observe new phenomena. One such phenomenon is
multiphonon scattering of light. The appearance of
higher-order processes isa sufficiently general property
of resonant scattering. In semiconductors, multiphonon
scattering of light was observed experimentally following
excitation in the region of the intrinsic absorption, ™+2!
Multiphonon scattering of light by crystals was con-
sidered theoretically in a number of papers. %% There
is at present, however, no sufficiently clear picture of
this phonemenon.

In this paper we report an experimental and theoreti-
cal investigation of multiphonon resonant Raman scat-
tering and of exciton-phonon luminescence with excita-
tion of LO phonons in CdS and CdSe crystals. With the
crystals excited below the intrinsic absorption edge, we
succeeded in observing for the first time Raman scat-
tering processes with excitation up to four LO phonons.
In the same crystals, we observed multiphonon lumines-
cence of the free excitons and investigated the tempera-
ture dependence of the shape and intensity of the exciton-
phonon bands of third and fourth order. It follows from
our results that the principal regularities of the ob-
served phenomena can be explained in the framework of
a theoretical model in which free excitons are treated
as intermediate states. The interaction of the excitons
with phonons is treated by perturbation theory via the
mechanism of the intraband Froéhlich electron-phonon
scattering. Taking into account the rather general
character of the employed assumptions, one can hope
that our main conclusions are valid for an extensive
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class of polar semiconductors with a clearly pronounced
exciton structure of the intrinsic absorption edge.

Our study shows that the multiphonon scattering has
essentially different properties in the case of excitation
above and below the intrinsic-absorption edge. In the
regionabove the intrinsic-absorption edge, the multiphonon
lines of different orders have comparable intensity. The
scatteringprocess has inthis case the characteristic fea-
ture of the luminescence of hot excitons.® In particu-
lar, the scattering intensity depends on the lifetime of
the intermediate states and is subject to quenching.

The main intermediate scattering states are hot excitons
with principal quantum number »=1.

Multiphonon scattering below the intrinsic-absorption
edge and exciton-phonon luminescence are characterized
by a rapid decrease of the intensity with increasing num-
ber of excited phonons. The even and odd processes
have essentially different dependences of the cross sec-
tion on the wave vector |k -k’| transferred to the pho-
non system. Whereas the cross section of a multiphonon
process of even order is practically independent of the
wave vector |k-k’l, the cross section of a process of
odd order always contains a part proportional to |k
—k'|2. This difference is due to the different character
of the sequence of the intermediate states. It has been
established that in the analysis of the scattering below
the edge and of exciton-phonon luminescence, an impor-
tant role is played by allowance for the exciton states
with »>2 as intermediate states. Allowance for these
states leads to a characteristic phenomenon of size-
dependent resonance in first-order scattering. '8 The
cross section of the multiphonon scattering above and
below the intrinsic-absorption edge is also a significant-
ly different frequency dependence. The results of the
theoretical analysis and of the numerical estimates are
in good agreement with experiment.
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FIG. 1. a) Resonant topologically inequivalent diagrams of
three-phonon scattering amplitude. Solid lines—electron
Green’s functions, dashed lines—photons, wavy lines—phonons.
b) Diagrams of the “forward” scattering amplitude for a photon
with a wave vector k and frequency w. Solid lines—exciton
Green’s function. The jump of this amplitude with respect to

the frequency w gives the cross section for the third-order
scattering of the photon (k, w).

Il. THEORY

The microscopic mechanism of Raman scattering with
emission of I phonons can be described by the following
sequence of processes: (a) virtual absorption of the in-
cident photon of frequency w; (b) transition of the sys-
tem from the state produced after the absorption of the
incident photon into other states with successive!’ emis-
sion of / phonons; (c) emission of the scattered photon
with frequency w’. For dielectrics with completely
filled valence bands and empty conduction bands, pro-
cesses (a) and (c) consist of virtual production and an-
nihilation of an electron-hole pair or of an exciton; we
confine ourselves to the case when both processes are
allowed in the dipole approximation. We consider a
situation typical of resonant scattering, when w and w’
are close to the edge of the band ¢,. This allows us to
separate the two-band terms of the amplitude, which
exhibit the most resonant behavior. The scattering am-
plitude was calculated by a diagram technique. 19

Excitonless case

1. When the intermediate states are free electron-
hole pairs, the sum of all the resonant topologically non-
equivalent diagrams for the amplitude of order [ can be
represented in the form ’

l
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Here v, is the volume of the unit cell, v, is the inter-
band matrix element of the electron velocity operator;
k and k' are the wave vectors of the incident and scat-
tered light, Qq' is the frequency of a phonon with wave
vector q;; ¢@V=qu/mg,,; B =memly M=mg+m,;
QP =e5-ep+8,5 Wn=w=2 L1, ; @u=K-2 15 Zo(q),

and =, (¢q) are the intraband matrix elements of the elec-
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tron-phonon interaction. The symbol [... Jpmet pm €=
notes the matrix elements of the operator in the bracket
with respect to the plane waves V ™/Zexp(ip,,r) and V -1/2
X exp(~ ip,1 T), which reduces to an intermediate mo-
mentum-conservation law

(2r)*/05[8 (Pm—Pm-1Fqm) =8 (Pu—Pu-1+n") .
Integration with respect to the (I+ 1) variables py,

P1y..., by is left out of expression (1) but is implied.

For LO phonons, the intraband matrix elements of the
electron-phonon interaction satisfy the condition

218 o (i - i) ] " @)

Be(q) =Ew(q) =(¢d) "'Bro;  EBro=
d €w &

where d is the lattice constant. We confine ourselves
below to the case of scattering by LO phonons. Out of
the total number (I+ 1) integrations with respect to the
variables p; in (1), [ integrations are carried out with
the aid of intermediate conservation laws in general
form,

2. We consider the asymptotic behavior of the am-
plitudes of the multiphonon processes in different limit-
ing cases and the behavior of the cross sections near
the intrinsic-absorption threshold.

Expanding the product in (1), we obtain 2! terms that
'differ from one another in the denominators, on account
of the different intermediate momentum conservation
laws. Two of these terms differ from the remainder
in that they contain one less ¢,-dependent denominator
than the others, These two terms correspond to two
diagrams (Fig. 1) containing all  phonon ends on the
upper or lower lines of the electron loop. Their con-
tributions to (1) decrease more slowly than the rest with
increasing ¢q,, and they determine the asymptotic form
of the amplitude in the region of large g,. The values of
q, starting with which the amplitude decreases are given
by the relation

a~qe=(2p/R) " |es—w | "+ e—0’| "], (3)

and in the limit g; > ¢, the amplitude is

(52" ®

where g,= (2uQ;0 /7)*/%. The rapid decrease of the am-
plitude at g, > g, causes the main contribution to the
cross section to be made by the region 0< g, < g, of pho-
non wave vectors that are small in comparison with the
reciprocal lattice constant.

Expanding (1) in a series in ¢; at g; << g, and retaining
the minimal powers, we obtain for the amplitudes of the
even and odd orders respectively

(Pof1) (PotT2) . . . (Podl1)

42 (0) ~ +0(g*), (5a)
19,92 gl g5'
A (o) ~ g 2T (poqz)--.(111111’:-1)111“4_0((13)’ (5b)
191qz.. . q.lq'}

where £ = (m,-m,)/2(m,+m,). The integration with re-
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spect to the angles between p, and ¢; determines the dif-
ference in the character of the asymptotic forms of the
even and odd orders in the region of small ¢,, namely,
the amplitudes of even order each contain a constant
term stemiming from allowance for the alternating s and
p intermediate states of the electron-hole pairs, where-
as the expansion of an odd-order amplitude begins with
the first degree of g¢;.

We shall show now that as a result of (5b) the ampli-
tudes of odd order turn out to be proportional in the re-
gion of small g, to the difference |k-k’| between the

wave vectors of the incident and scattered light. Indeed,
from (5b) we obtain for the third-order amplitude
AP~ A (9.92) ¢5"+ (q:q) ¢2*+ (q.q2) ¢1° ) 6)

|Q1qz%|4p

Taking into account the relation q=k-k' - q;-q,, we
can verify that A~ |k—k’|. This is a common feature
of all odd orders. In the case of single-phonon scatter-
ing, this causes the cross section to be proportional to
Ik—k'I%, ®% The cross sections of third and higher or-
der have corrections proportional to |k—k'|%/¢%, where-
as the cross sections of even order have substantially
smaller corrections, on the order of #2lk-k'|%/gZ.
These corrections turn out to be small in the case of
electron-hole pairs, since usually |k-k'| < g®

~ (2uiQ,, /7)!/%. However, as will be shown below, they
become experimentally observable for odd-order cross
sections in the frequency region below the absorption
threshold, where the exciton states are significant.

The obtained asymptotic-amplitudes (4) and (5) are the
same both below the absorption threshold w, w’<eg,, and
above it, at w,"w'>¢,. However, the behavior of the
cross sections of multiphonon processes turns out to be
different in these two cases. In the region w, w'>¢,
logarithmic singularities appear in the amplitude at the
values g; = qq, due to the simultaneous vanishing of !
denominators out of a total (I+1). This [-fold resonance
leads to a threshold-like increase of the cross section
in the frequency interval from w=¢,to w' =¢,, to the ap-
pearance of a dependence of the scattering cross sec-
tions on the damping of the electron system, and to a dif-
ference in the frequency dependences of the cross sec-
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tions above and below the absorption threshold.

Figure 2 shows the results of numerical integration of
the exact expression for o,(w) at two values of the damp-
ing 7, which is introduced as a parameter by making the
substitution Q§’~ Q¥+ iy. All the singularities noted
above in the behavior of the cross section above the ab-
sorption threshold are clearly seen in the figure.

To estimate the magnitude of the jump at the threshold
in the case of two-phonon scattering, we replace at w,
w'>¢, the ratio of the differences of the logarithms to
the differences of the arguments, which arises in (1)
after integration with respect to p, by the derivative.
This leads to the appearance, in the integral with re-
spect to g, of the square of a smeared-out 6-function
with an argument in the form (g - qo), so that the cross
section above the threshold turns out to be of the order
of

oter=s (22 2) (£,

@, 0" >>¢,, (7)
T q» 4o

whereas below the threshold the estimates yield

0:(0) 28 (g,/q:)7, ©, 0'<eg

2

=) () ®

= 2n hQo e €

Comparing the data of Fig. 2 with estimates based on
formulas (7) and (8), we see that these approximate
formulas provide a good estimate of the threshold jump
op(w=¢€,+ 2Q,0)/05 (W= g,) and describe qualitatively cor-
rectly the frequency dependence of the cross section.

Comparing (7) with the expression for the single-phonon
cross section oy(w), which is given by

s () ®

we note that o,(w) at w, w'> €, can be of the order of the
single-phonon cross section or may even be larger, if

Q k—k’|?
Y~ g0 and £2 0 o KT
h 'F) qr

2

If the relaxation of the electron excitations occurs main-
ly on LO phonons, then both conditions will be satisfied.

Both the threshold-like increase of the multiphonon
processes and the dependence of the cross sections on
Y at w, w'>¢, (and consequently on the temperature, on
the defect concentration, etc.) can manifest themselves
in experiment.

Allowance for the exciton structure

3. The Coulomb interaction of the electron and hole
leads to the appearance of an exciton structure at the
intrinsic absorption edge. Allowance for the Coulomb
interaction in the scattering amplitude reduces to (I+1)-
fold summation of a ladder sequence. Carrying out this
summation by the method of**!!| we obtain for the ampli-
tude of [-phonon scattering by LO phonons the expres-
sion
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The symbol A, numbers here both the discrete states and
the states of the continuous spectrum of the exciton.

(I +1)-fold summation and integration with respect to
Xoy AM,...57;, is implied in (10), in the form

2(...)=2 (...)+j‘:d(pa)(...),

n=

(11)

where a is the Bohr raduis of the exciton, E, is the en-
ergy of the relative motion of the electron and hole,

E.=—R/n*; E,=R(pa)*; R=Hh/2pa*
The matrix element (...),,, in (10) is taken for the wave

functions of the relative motion ,(r).

The properties of the amplitudes (10) depend on which
of the following four regions contains the frequencies
wand w':

I gg—w;
II ep—4n’R<o, o’;
II1 e,—R+Q0<0;

g— 0" >4'R; I wo—eg
0<e,—R+QL0;
@, 0'<e,+4n’R.

o' —g,>4n’R;

In regions I and I’ the presence of an exciton structure
is immaterial and the properties of the amplitude (10)
areanalogousto the case of free electrons and holes (1).
Regions II and III are characterized by the fact that the
main contribution to the amplitude is made here by ex-
citon states that differ substantially from the states of
free particles.

4. We consider now the cross section for single-
phonon scattering in regions II and III. The amplitude
(10) with =1 contains one matrix element

(12)

1 . _,,
P (g)=— ("=~ )1,
qa

where q=k-k’. Usually this expression is expanded in
a series in |k—k’| up to the first nonvanishing term,
which is proportional to |k—k’lqa. ®%1!3 1t is seen from
(12), however, that this leads to the appearance in the
am4plitude (10) of a diverging sum ¥, n%(r?),, (since 72,
~n') and of an analogous diverging contribution from the
continuous spectrum of the exciton, so that we cannot
use such an expansion. A more detailed examination
shows that the contributions of the excitonic states to the
amplitude increase with increasing principal quantum
number 7 up to n=ny= (1/21k-k’lq)!/%. A similar in-
creasing contribution is made by the continuous spec-
trum of the exciton when 1/pa increases to 1/pa=1/pya
=ny. The contributions of states with #>#ny and 1/p>1/p,
oscillate rapidly and make a negligible contribution to
the summation and integration in (10). Thus, the con-
tribution to the amplitude of the exciton state depends
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on the ratio of two characteristic dimensions—the wave-
length of the phonon and the effective radius of the state

and when the two coincide the contribution is resonantly

intensified.

The matrix element {(¢!*)_ is given by the expression

z2*"~*  sin(2n arctg z) P

(el = (1)
¢ O ) z

1
(—n+1; —n+1; 2; —-—z) )
z

(13)
where z=nqa/2 and F is a hypergeometric function.

Using the asymptotic form of F for large negative argu-
ments, we can represent (13) in the form

1 sin(2n arctg z) *

(2+1)" nz (14)

(e, ~

so that the maximum contribution is made by the states
whose number x is determined from the condition
2ntan'z=~ /2, and the function begins to oscillate at
values of n such that 2ntan™z> 7.

For the continuous spectrum of the exciton at g <<p
<27/a, using the asymptotic form of a hypergeometric
function with arguments close to unity, we obtain an
analogous expression
(15)

(e pp &

pa 'n( 1 In 1+y)
=y \pa '

where y=¢/2p. The maximum contribution is made by
states with p determined from the condition

1 1+
—In (__E) ~ i )
pa 1—-y 2

and the oscillations begin at

1 1+
—In (——!) >,
pa 1—y

Thus, the amplitude of the single-phonon scattering
can be approximately represented in the form

Nt Pon (K—K')

= a’n® (A(n) +irn) (As(n) +ivs)

Al"‘f’(m)'z{

+ (16)

K pdp Pop (k—K") }
70y, (T—e77) (A(p)Fix,) (B, (p) i) )

where ¢,,(¢) and ¢,,(q) are given by expressions (12),
(14), and (15),

A =(0—e~E:)/Quo;  AA)=A(M)—1;
7%, is the damping in units of Q;,. The values of n(k
-k’) and p(k- k') are determined from the condition

2narctg z<n  and -1—1n (m—) <m,

pa 1—-y

so that these limits turn out to be different for exponen-
tials containing |k—k’|°and |k—Kk’|®. The characteris-
tic values », at which the argument of the sine function
in (14) is of the order of /2 can be approximately esti-
mated by expanding tan™z. We then find that the size-
dependent resonance takes placeat n=~ny= (/21 k- k' |a)"/?,
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Since |k-k’| is a relatively large quantity in the fre-
quency region near the exciton (for CdS at w=2.5 eV and
T=4°K, in “backscattering” geometry, we have |k
—k’la=0.24), the corresponding values turn out to be
not too large (at |k—-k’'la=0.24 we have ny=2-3).

As shown in'"8) the size-dependent resonance mani-

fests itself experimentally in a frequency dependence
of the forbbiden-scattering cross section, in a relative
frequency dependence of the allowed and forbidden scat-
tering, and in a dependence of the cross section of the
forbidden scattering on the wave vector of the phonon
lk-k'l, i.e., on the scattering geometry.

5. In the case of multiphonon processes, the scat-
tering cross section can be represented in the form

61 (0) =~ [%)3]{_1 S (fI d’qm) 8 (k —k— ; qi>
(DA 5 B o),

Aho) — ﬁk"’/ZlﬂQLo T,
(17)

(18)

1
Prnoy? g (T)
ql) - 1!11{ Am (xM) _lﬁsz/ZMQLO ] )

The symbol {3 P,,} stands for the I! terms in (17) ob-
tained as a result of summation of the topologically non-
equivalent diagrams of the cross section in Fig. 1b.
The term written out in (17) corresponds to diagram of
Fig. 1b.

(on“')‘l (ql e

Expression (17) leads to different results in the fre-
quency region above and below the absorption threshold,
and qualitatively this difference has the same character
as for free electrons and holes.

6. Region II is defined by us as the region above the
absorption threshold, in which, however the exciton
structure is already substantial. The lower limit of
this region can be estimated from the following con-
siderations. As follows from the expression (1) for the
amplitude, in the case of free electron-hole pairs at
w<g,, the main contribution to the integral with respect
to p is made by the region

p=ge=2pW/h)" (les—0|"+|es—a’|").

Thus, even at a considerable distance from the threshold
of the intrinsic absorption at (¢, - w), (¢,— w')<47°R,

the amplitude begins to receive its main contributions
from the continuous-spectrum states with p<27/a and
from the discrete states of the exciton spectrum i.e.,
states that differ substantially from free electron-hole
pairs.

As a result, the behavior of the amplitude as a func-
tion of the frequency and of the wave vectors of the pho-
nons changes in comparison with the case of the free
electrons and holes. The rate of increase of the ampli-
tude as the frequency of the exciting light approaches the
edge of the intrinsic absorption increases, and the re-
gion of the wave vectors of the phonons, which take part
in the scattering, decreases. The phonon wave-vector
values that are optimal in region II, can be estimated by
starting from the properties of the form factors of the
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exciton-phonon interaction. This estimate yields for the
bound states of the exciton ¢<1/a and for the continuous
spectrum g <p<2rn/a. If the relation between the bind-
ing energy of the exciton and the phonon frequency is
such that the two inequalities 47°R>[Q,,> R, are simul-
taneous satisfied, then we can determine the region II
for the cross section of scattering of order [, and pho-
nons with wave vectors smaller than in the case of free
electron-hole pairs will take part in the scattering in
this region.

With increasing frequency, exact resonance appears
first in one of the intermediate denominators in (17) and
(18), and then in the rest of them. The lower limit of
the region III was defined as the one above which (I - 1)
intermediate denominators (17) can vanish at Ay=2
E =)\1=n=1:

An (1) —hQ,*2MQ =0 (m=1,2,...).
Above this limit the terms of the discrete spectrum of
the exciton in (17), containing the squares of moduli of
such resonant denominators, become “gigantic,” since
the integrals of the type

LN ~¥ (19)

(%nn)fjd’q[(A ()= 2MQ

diverge as y¥,—~ 0. Thus, the region III is characterized
by the fact that the intensity of the scattering depends on
the damping of the electron system, and therefore to
describe the scattering it becomes necessary to make
some assumptions concerning the dependence of 7, on A.
For the subsequent calculations we assume that the
minimum damping characterizes the ground state of the
exciton n=1. Then, using the property of the integrals
(19), we can pick out of the general expression (17) the
terms that are maximal with respect to the parameter
A,(n)/7, and yield the “imbedded” diagrams of Fig. 1b
at Ag, Ay,. ., Ay=n=1:

oio~[ise] ([ om)o(scs - a)ofo-sr- $i2)

i=1

1 H P(gn) |2
A—RE/2MQuotiy 1L An—hQn/2MQuotiv |

A=A(1); An=A,(1); AnN)=A)—m; Y=Y @(9)=¢u(q).

We note that it follows from (20) and (19) that the wave
vectors of the phonons that take part in the scattering in
region IIT turn out, unlike in region II, to be dependent on
the frequency

(20)

9=02MQ A A/R)",

We consider now the frequency dependences of the
cross sections of multiphonon processes in regions II
and III, as well as their dependences on [.

7. In region III we confine ourselves to the approxi-
mate expression (20). Using (19), we transform (20)

into
M T'(Ay... Ay
~ 2 f 2 2 ( 8 ) ? (21)
(A +'Y ) (Al +T ) Y(Ai)'{(Az) ey (Al—t)
Klyuchikhin et al. 1180



geMa’ 5 f
r= [ ] ”qu‘ ( o ZMQLO)] (22)
¢ (ql)<p (91—92). - 9*(Q1-2—q1-s) 9" (qi-1).-
Carrying out the integration in (22) we obtain
T=g" A, * (A) ¢ (A=) 1 (D). . - Y* (Ara), (23)
. e M [+ (et 1/a) byl?
V(80— jdm(y) V) = S byl
(24)

yE=(ASEAL )Y a=mo/m.  b=Qu/4R; g'=g/(ga);

Y°(A,) stands for the probability of emission of an LO
phonon for an exciton situated in the ground state n=1
with kinetic energy (A, Q).

Using (23), we write down (21) in the form

“.ﬂzAh 72 (Ay) Y
Y (Ar-y) ]H (A)

=1

gHP (D) [

(AZ_‘_,{Z) (A12+'YZ) (25)

o(w) ~

If the main exciton-relaxation channel is emission of
LO phonons, then the expression under the product sign
does not decrease very rapidly with increasing [.

Figure 3 shows the result of the calculation of the fre-
quency dependence of the cross sections of orders 2-5
in accordance with formula (25). In the calculation, the
ratios 7°(A,)/y(Ai) were set equal to unity. As seen
from the figure, the theory predicts in this case a weak
dependence of the cross sections on [ in a wide frequency
interval, in qualitative agreement with the experimental
results. 37 We note that just as in the case of free
electrons and holes in the region w, w’>¢,, the cross
section of order [ is effectively transformed in region
III into a first-order process, inasmuch as the expres-
sion in the square brackets of (25) depends little on the
coupling constant g° (since ¥ ~g° in this case, too).

8. We consider now the behavior of multiphonon pro-
cesses in region II. As shown in the calculation of the
amplitude of the single-phonon scattering, the diagonal
matrix elements ¢,,(q) increase with increasing » and
with decreasing p, and this growth continues up to »
= (ga)™/? and pa= (qa)* /%, where q is the wave vector of
the phonon. For subsequent estimates we shall use the
asymptotic form of ¢,,.(q) as ¢~ 0, which is given for
discrete states by

L=L’
L=L'+1

/s M (ag)n'dnnr  if
/0O nt if

P () ~ { (26)

(L and L' are the orbital quantum numbers), and an
analogous expression for the continuous spectrum.

In contrast to the single-phonon process, in the multi-
phonon process the value of the wave vector of the pho-
non can be arbitrarily small, The square of the modulus
of the amplitude, which contains sums in the form
13 max g, (9)]'1%, tends to unity like (ga)?"*? as ¢—0, and
the integral over the continuous spectrum behaves in
similar fashion. This divergence is eliminated by de-
creasing the volume of the phase space of the wave vec-
tors of the phonon in the (7 — 1)-fold integration with re-
spect to ¢;. Thus, in the estimates we can assume an
upper summation limit #,,.~ (aq)™"/?, a lower integra-
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7h - FIG. 3. Frequency dependence of the
cross section ratios oy(w)/oy(w) in re-
gionIII for1=3, 4, 5 (a, b, ¢). The
scattering cross sections are corrected
for the absorption of the incident and
scattered light for “backward”’ geometry;
the absoprtion coefficient is assumed
proportional to vo/[(w — g, +R)?+7{], and
7Y, is taken equal to 0.1 Q.

tion (pa)y,~ (qa)'’?, and the upper integration limit can
be replaced by infinity. We can integrate with respect
to the wave vectors of the phonons from zero to gp,,
~1/a.

From (26) follow differences in the behavior of the
cross sections of even and odd order, similar to those in
the excitonless case.?’ For even-order cross sections
we can set up chains of intermediate states of alternating
parity s-p-s, s-p-s—-p-s etc. At the same time,
for odd-order processes it is necessary to include in the
chain at least one matrix element ¢,; ,;(¢q) between states
of like parity: s—p-s-s, s—s-p-s, s—p-p-s etc. (in
the general case there are ] different possibilities), in-
asmuch as the first and last state should be of the s type.

Inclusion, of a matrix element between states of like
parity in the chain of states leads, first, to the appear-
ance of a factor 4%« 1 in the odd-order cross sections
and, second, to their dependence on the wave vector
transferred to the phonon system. A term proportional
to |k~k'I? appears in the odd-order cross sections, as
a result of the proportionality of the matrix element
@nz,nz(q) to the wave vector of the phonon, after substitu-
tion of the expression for one of the q, in terms of (k
—k’) in the remaining (I - 1) vectors q, and after integra-
tion of q; over the angles. Inasmuch as a similar term
appears in even-order cross sections when two matrix
elements are placed between states of like parity, its
relative contribution will be much less.

The scattermg cross sections at €, - R - w2 2R, g,-w,
Ep—w "< 47°R can be approximately represented in the
form

3 (g9 1 . )
o= (7) [(EEETwy if  lis even, (27a)
5 $ 3\ -0 (g9)! mz [+elk—k'1%a?] . .
ax (?Jl) ( 2 ) =11 Az, AP it Lis odd,
(27b)

where ¢ is a quantity of the order of unity.

A limit has been imposed on the frequency w because
in the derivation of (27) we have neglected quantities
of order R in all the intermediate denominators. The
factor ! in the numerators of (27) takes into account the
number of topologically non-equivalent diagrams in the
cross section (Fig. 1b). The factors (I — 1)? and 7? in
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the denominators of (27) are due to estimates of sums of
the form

Tmax 20-2 Tmax

Nmax 1 a
n-3 & ; -ty gt
; (21-2) Z " a "

in the even and odd orders, respectively. The factors
(1-1)! in the denominators of (27) are the result of an
estimate of multiple integrals of the type

’ 1

;[ d(g.a)d(g:a) d(gi-ra) = w=nr

Such an estimate of the integrals leads to minimal values
of o,. The factor / in the numerators of the odd-order
sections reflect [ different possibilities of including
@ar,nz(q) in the amplitude.

From a comparison of (27a) and (27b) it is seen that
the factor % can lead to an irregular decrease of the
cross section of order 1. If /%(1- 1)2< 1, then the cross
section of odd order [ will be closer in magnitude to
01+ than to o,_;. If this condition is not satisfied, how-
ever, then this indicates that besides the chains of in-
termediate states with minimal number of matrix ele-
ments between the states of like parity it is necessary to
take into account also chains that contain a larger num-
ber of such matrix elements. The dependence of o, on
! then turns out to be smoother.

When the excitation frequency approaches the level
n=1 of the exciton, we can retain in the expressions for
the amplitudes only those chains which begin with the
state 1s. This ensures matching of the results in re-
gions II and III. In the limit as w—¢,- R the expres-
sions for the amplitudes become simpler and the esti-
mates of the cross sections and of their dependence on
1 can be obtained in a different manner. Obviously, in
this case the scattering amplitude will be close in its
properties to the amplitude of the luminescence for the
state n=1; we consider here only the behavior of multi-
phonon luminescence bands.

9. Calculation of the cross section of the lumines-
cence processes is perfectly analogous to the preceding
analysis, with the exception of the fact that the changes
of the intermediate states begin and end with the state
1s:1s-1s for 0y ; 1s-2p-1s and 1s—-1s-1s for o,; 1s-
2p-1s-1s, 1s=-2p-2p-1s, 1s-1s-2p-1s for o3 and 1s—
2p-1s-2p-1s for o,. The approximate formulas for the
cross sections can be represented in the form

I
0, ~g° M (k:a)?; Uzz(ga)‘l—'l for even!

I (28)
Olz(gn)l-lz[i-*'c, (kra)zll—' for odd /,

where k; is the wave vector of the excitons, T is the ex-
citon temperature, I; is an integral, with respect to the

wave functions of the phonons, of the product of the form
factors of the exciton-phonon interaction, for the above-
listed chains of the intermediate states, and ¢’ is a con-
stant of the order of unity.

In the derivation of (28) we have taken the amplitude
denominators outside the integral with respect to the
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wave vectors of the phonons, and have neglected quanti-
ties of order R in these denominators; this is valid if
Q0> R. After averaging over the thermal distribution
of the excitons, we obtain
I,
%E,Tg“./lﬂ; o,z(g")‘-l'— for evenl.
) 3 1, . (29)
~ 2 2Vt gz Tb
o (1+ : e ) ()t o forodd 1,

g =

where &=2Ma?/n%= M/urR.

In the estimate of o; we can break up the multiple in-
tegrals into products of single integrals, which can be
calculated exactly. This procedure overestimates the
values of o;. The estimated intensity distributions for
multiphonon scattering lines, in accordance with for-
mulas (27) and for the luminescence band from the state
n=1 of the exciton in accordance with formula (29), will
be presented below together with the experimental data.
There is good agreement between these different esti-
mates.

10. We note an interesting property of the multi-
phonon luminescence cross sections, which can be ob-
tained in the limit Q;, <R at m,>m,. In this case we
can retain as the intermediate state only »=1, and then
0, can be represented in the form

0~ (g°)'SY/1, (30)
where S'=1,, which agrees with Pekar’s formula™! for
the intensity distribution of electron-vibrational spectra
of impurity centers. Indeed, in this limiting case the

exciton is self-localized and is similar to an impurity
center with one excited level.

We note in conclusion that the dependence of the multi-
phonon-scattering cross section on the momentum trans-
ferred to the phonon system |k-Kk’l, at frequencies be-
low their absorption threshold, and the corresponding
dependence of the multiphonon thermalized-luminescence
cross sections, follow from the following property of the
matrix elements of the exciton-phonon interaction: the
matrix element between states of large parity (between
states of s type, since we are considering dipole-allowed
scattering and luminescence) of a product of an odd num-
ber of ¢(q) is proportional to

lo(a) 9(ge) .. .9 (q) |>~[ | k—k|a] A, (31)

whereas the matrix element of a product of an even num-
ber of ¢(q) does not depend on |k-k’l. This property
holds for all values of ¢q; which are connected with the
wave-vector conservation law. However, only in the
region below resonance and at q; a<<1 (at gq; < gq in the
case of free electrons and holes) is the behavior of the
amplitude close to the behavior of the matrix element

of the products of the form factors ¢(g;). In this limiting
case the dependence of the intermediate denominators

of the amplitude on the quantum number A; becomes in-
significant, since the main contribution is made by large
n and small p.
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I1l. EXPERIMENTAL RESULTS AND DISCUSSION
Experimental procedure

We have investigated the purest and most perfect CdS
and CdSe at our disposal, grown from the gas phase.
The line widths of the forbidden excitonic transitions and
of the additional spikes in the excitonic reflection spec-
tra*®l of these crystals did not exceed 10™* eV, thus at-
testing to the high degree of their perfection. The spec-
tra of the investigated samples did not contain at all
donor-acceptor pair radiation, and this enables us to ob-
serve the relatively weak multiphonon-scattering and
multiphonon exciton luminescence spectra in a wide
spectal range,

The exciton-phonon luminescence spectra of the crys-
tals CdS and CdSe was excited with light from the region
of the intrinsic absorption. It turned out that the shapes
of these spectra and the relative intensity of the different
lines did not depend on the spectral composition, on the
polarization, or on the intensity of the exciting light.
The Raman-scattering spectra of the CdS crystals were
investigated in polarized light using the line A, = 4880 A
of an Ar* laser in a “backward” or “forward” scattering
geometry. In this case, in agreement with Martin’s
results, "2 the intensity of the scattering in a polariza-
tion parallel to the polarization of the exciting light
(forbidden scattering) is approximately 10 times larger
than in crossed polarizations, We shall henceforth dis-
cuss only the data obtained in parallel polarizations.

The scattering geometry is characterized in this case by
the orientation of the polarization of the light relative to
the hexagonal axis of the crystal C (the z direction),
which lies in the plane of the investigated samples. In
the case of E |l C polarization (x(zz)x geometry), optical
transitions are allowed into the excitonic states of the
series B(I';-I';) and C (I';-T';), and the shift of the ex-
citing frequency relative to the nearest excitonic state
n=1B(1=4825 A) amounts to 240 cm™! at helium tem-
peratures. In E L C polarization (x(yy)x geometry),
transitions into the excitonic states of the series A(T'y—
T';) are also active. The shift of the exciting frequency
relative to the state n=1A(x =4857 10&) is in this case only
~100 cm™. Scattering in ELC polarization has a more
resonant character, and the intensity of all the Raman-
scattering lines in this case approximately 10 times
larger than in the polarization E Il C.

Raman scattering of first order by LO phonons

In Raman scattering of perfect CdS samples there is
observed a narrow 1LO line of width ~1 cm™., Depend-
ing on the crystal orientation, it is possible to observe
excitation of phonons of symmetry A, or E, at 302.6 and
305.7 cm™!, respectively. The intensity of the 1LO
“forward” scattering line is approximately half that of
the “backward” line, this being due to the dependence of
the cross section of the 1LO scattering on the value of
the wave vector transferred to the phonon system of the
crystal, 18 Owing to the appearance of the size-depen-
dent resonance, the ratio of the contribution that depends
on |k-K’| to the first-order scattering cross section to
the independent contribution depends on the proximity of
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the frequency of the exciting light to the frequencies of
the excitonic transitions. ®? When the excitation fre-
quency moves away from the state n=1 of the exciton,

a rapid redistribution of the relative contributions of the
parts dependent on and independent of |k-k'| to the
cross section takes place in such a way that even at ¢,
- R-w=2Q;, the cross-section component independent
of |k—k’| amounts to approximately 90% of the total
scattering cross section. On moving farther into the
regions I and I, the proportionality of the cross section
of single-phonon scattering to the quantity |k-k’|2 is
restored.

One more interesting feature of scattering in the
single-phonon region is illustrated in Fig, 4, which
shows the 1LO line in the “forward” scattering geometry
x(yy)x (phonon symmetry E,) at various temperatures.
At T=2 °K a wing is observed on the long-wave side of
the line; it is due, in our opinion, to the simultaneous
excitation of optical and acoustic phonons in the scatter-
ing act. With increasing temperature, the intensity of
this wing increases, and on the short-wave side there
appears an anti-Stokes Raman-scattering band due to
the absorption of acoustic phonons from the crystal lat-
tice. The shift of the maximum of this band relative to
the 1LO line is approximately 8 cm™ and makes it pos-
sible to estimate the wave vectors of the phonons having
the maximum two-phonon scattering probability. As-
suming that the interaction is with LA phonons, ""? these
vectors have values on the order of 5x 107 of the limiting
value of the vector at the boundary of the Brillouin zone.
This value is close to the reciprocal Bohr radius of the
free excitons n=14, which agrees well with the as-
sumptions advanced earlier. 18

Multiphonon Raman scattering with excitation of LO
phonons

The absence of donor-acceptor pairs from the spec-
tra of the investigated luminescence centers has enabled
us to investigate the spectrum of multiphonon Raman
scattering of CdS crystals in a wide spectral region.
Under the conditions of resonant excitation, the Raman-
scattering spectrum reveals, besides the 1LO line, also
the relatively narrow lines 2L0O, 3LO, and 4LO, which
are displaced from the exciting line by an energy that is
a multiple of the LO-phonon energy at the center of the
Brillouin zone (Fig. 5).

Table I lists the values of the shift, the half-width,
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TABLE I. Characteristics of lines of multiphonon scattering
of light in CdS crystal.

Order of scattering 1 2 3 4

Energy shift, cm™! 305.7 611 917 1219

Half-width, cm™ 2.1 7.8 8.3 9

Relative experiment 0. 064 1 0.013 0.0016
intensity theory 0.16 1 0.018 0.0013

Note. Scattering geometry x(yy)%, Ay =4880 A, T=2K. Data
on the half-width are given without correction for the apparatus
function, the experimental resolution is ~1 cm™. The theo-
retical estimates are based on formulas (27) using the following
values of the parameters: g£=0.5; #2=0.1.

and the relative intensity of the LO lines of multiphonon
scattering when CdS crystals are excited by the 4880 A
line at T=2 °K. As seen from this table, the probability
of the multiphonon Raman-scattering processes de-
creases rapidly with increasing number of the order.
The observed distribution of the relative intensity dif-
fers substantially from the distribution of the intensity
of the multiphonon lines upon excitation in the regions
of the intrinsic absorption. In this case' 11 lines are
also observed shifted by an energy 2, 3, 4, etc. LO pho-
nons relative tothe excitingline, butlines with close num-
bers have comparable intensities. In the case of excita-
tion below resonance, the most intense line in the spec-
trum of the multiphonon scattering is the 2LO line (the
intensity of this line was used in Table I to normalize the
intensities of all the remaining lines). The strength of
the 3LO line is approximately one-hundredth that of the
2LO lines. At the same time, the 4LO line is weaker
than the 3LO line by only a factor of 10. Such an ir-
regular character of the variation of the intensity, as
noted in item 8 of the preceding section, is due to the
appearance in the scattering cross sections of odd or-
ders of the factor le, which is equal to 0.1 for CdS.

An estimate of the intensity of the multiphonon LO-
scattering lines by formulas (27) describes qualitatively
correctly the observed distribution of the intensity (see
Table I).

It should be noted that the relative intensity of the lines
1L0 and 3LO (relative to 2LO) depends on the degree of
perfection of the samplem] and increases when defects
are introduced. The introduction of defects does vio-
lence to the law of wave-vector conservation in scatter-
ing processes, thereby increasing effectively the wave

2w Lo
*1 =100
R
10 cm™
o
1L0 400
Y’
k‘ ¢ Il L Il L 1 | -
4950 4955 5025 8035 ' 5105 SiH5 5165 5195 A A

FIG. 5. Spectrum of multiphonon scattering of light (Ay
=4880 &) by a CdS crystal. Scattering geometry x(yy)%, T =2K.
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vector transferred to the phonon system. In addition,
the additional act of scattering of an exciton by an im-
purity can convert a scattering process of order [ into

a process of order (I+1). %% Both factors lead to a
substantial increase of the intensities of the odd orders
of scattering below the intrinsic-absorption edge (and

of the first order in the region above the edge'?!!). In-
deed, the odd-order scattering cross section (see for-
mula (27b)) depends on the value of |k-Kk'| and contains
a small factor Jﬂz, which is missing in even-order cross
sections. An even-order scattering cross section should
not be very sensitive to the action of the indicated fac-
tors. This circumstance has enabled us to use the in-
tensity of the 2LO line to normalize the intensities of the
remaining lines. The dependence of the odd-order scat-
tering cross section on |k-k'l is most clearly pro-
nounced in the investigation of the exciton-phonon lumi-
nescence.

Multiphonon luminescence of free excitons

In the case of excitation above the intrinsic absorption
edge, we observed in all the investigated CdS and CdSe
crystals an intense luminescence of the free excitons,
and the spectrum of this luminescence did not depend
on the frequency of the exciting light, thus attesting to
its quasi-equilibrium character. We observed in the
spectrum both phononless luminescence lines (these
lines are not considered in the present paper) as well as
lines of annihilation of excitons n=1A with simultaneous
excitation of one or several LO phonons (4,—1L0O). In
addition to the lines A;—LO and A;-2L0O, which were
investigated in detail earlier, 118,221 we succeeded in ob-
serving much weaker lines A;-3LO0 and A;—-4LO. This
distribution of the relative intensity of the lines A;~ILO
has a similar character in the crystals CdS and CdSe
(Table II).

With increasing crystal temperature, characteristic
changes take place in the exciton-phonon luminescence
spectra. First, all the 4;—1LO lines broaden and ac-
quire a characteristic Maxwellian shape (Fig. 6). Sec-
ond, a change takes place in the distribution of the rela-
tive intensities of the different lines, mainly, of the in-
tegral intensities of the lines A;—LO and A4;-3LO in
comparison with the lines A4;-2L0 and A;-4LO.

The ratio of the integral intensities of the lines A4;-
2LO0 and A;—-4LO does not depend on the temperature
(Fig.' 7). An analysis of the line contours at different
temperatures shows that the shape of the line 4,-4LO,

TABLE II. Relative intensity exciton-phonon
luminescence lines of the crystals CdS and

CdSe.

T,K ‘ iLO 2LO 3LO 4LO
CdSe 1.6 1.2 1 0.016 | 0.0016
cds 1.6 07 1 0.015 | 0.0017
cds 30 3 1 0.03 0.002
Cds, theor. | 30 3 1 0.04 0.008

Note. The theoretical estimates were performed for
a CdS crystal in accordance with formulas (29), using
the following values of the parameters: M =1.55;
u=0.18, R=28 meV; c'=1;g¢=0.5.
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FIG. 6. Spectrum of exciton-phonon luminescence of CdS
crystal at T=30°K.

just as the shape of the line A;-2LO, is well described
by the Maxwell formula E'/2exp(- E/k, T), where E is
the kinetic energy of the exciton. It can thus be con-
cluded that an equilibrium distribution of the excitons
with respect to the kinetic energy is established in the
investigated CdS and CdSe samples. At the same time
the Maxwellian shape of the lines A;—-2LO and A;-4LO
indicates that the probability of two- and four-phonon an-
nihilation of the excitons does not depend on the wave
vector of the exciton. This result agrees with the al-
ready noted fact that the even-order Raman-scattering
cross section is independent of the quantity |k-k’l.
Figure 8 shows the temperature dependence of the half-
width of the lines A;-ILO. As seen from the figures,
the widths of the lines 4,-2L0 and A;—4LO increase
linearly with increasing temperature, and the slope of
this increase amounts to 1.8 k5 (2 is the Boltzmann
constant); this agrees with the result expected for a
Maxwellian contour (dash-dot line 1 of Fig. 8). In ad-
dition, the lines A;-2L0 and A;-4LO have a certain ad-
ditional broadening that does not depend on the tempera-
ture. This broadening is apparently due to the existence
of a “bottleneck” region'®®! near the bottom of the band
n=1A, for which no thermal equilibrium was estab-
lished. ¥*1 This additional broadening is approximately
twice as large in CdS than in CdSe (see Fig. 8), a fact
reflecting the relative values of the longitudinal-trans-
verse splitting in these crystals, 16 and 7.7 cm™, re-
spectively, %29

The contour of the 4;-LO line is well described by
the formula E */2exp(~ E/ky T), and the half-width of this
line, in both CdS and CdSe, varies in accordance with
this dependence (dashed line 2 on Fig. 8 with slope 3.1
k), while the relative intensity (normalized to the in-
tensity of the line A;-2LO0) increases linearly with tem-

tds & qp°

0 20 20 W ATk T

FIG. 7. Temperature dependence of the ratio of the integrated
intensities of first (o), third (), and fourth (0) order to the
intensity of the second-order band of the exciton-phonon lumin-
escence of the crystals CdS (a) and CdSe (b).
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FIG. 8. Temperature dependence of the half-width of the ex-

citon-phonon luminescence bands of various orders of the crys-
tals a—CdS and b—CdSe, 0—A-1LO; A—A;-2LO; m—A—
3LO; @—A;—4L0O. Lines 1 and 2—temperature dependences
of the half-widths of the contours of E/2 exp(—E/kgT) and

E*/? exp (- E/kgT) respectively. Curve 3 (insert)—tempera-
ture dependence of the contour of (1 +tE)EL/? exp(— E/kgT) at
£=0.034 deg™l.

perature. "¥¥) The appearance of an additional factor E
in the formula describing the shape of the line 4;-LO,
reflects the dependence of the probability of the single-
phonon scattering on the value of the wave vector trans-
ferred to the phonon. In the region of sufficiently large
values of the wave vectors |k —Kk’| characterizing ther-
mal excitons, when account is taken of the parabolic dis-
persion of the exciton band, this dependence can be
represented in the form"®
01~ | ke—k' |*~k;*~E. (32)

The line A;-3L0 has a more complicated temperature
dependence. Its relative intensity also changes with
temperature in linear fashion, but much more slowly than
for the A;—-LO line. The half-width of the line A;—3LO
varies with temperature practically in the same way as
for the line A;~LO. Taking into account the presence of
a contribution proportional to sz in the third-order ex-
citon-phonon scattering cross section, the spectral
shape of the 4;-3LO line can be represented by the for-
mula

O, (E)~ (1+EE) E"exp (—E/ksT). (33)

The coefficient £, which describes the relative magni-
tude of the contribution proportional to sz to the scat-
tering cross section, can be determined from the tem-
perature dependence of the relative intensity of the line
A;-3LO. 1t is easy to show that the dependence ex-
pected in the case of the contour (33) is described by
the expression 05 /0,~ (1+3 £T). The coefficient £ de-
termined from the analysis of the experimental data
shown in Fig. 8 is equal to 0.034 and 0.041 deg™ in the
crystals CdS and CdSe, respectively. An estimate of &,
based on formula (29), yields values 0.026 and 0. 037
respectively for CdS and CdSe. The temperature depen-
dence of the half-width of the contour (33), calculated
with the same values of the coefficient £, practically
coincides with the temperature dependence of the half-
width of the E%/2exp(— E/ky T) contour (curves 3 in the
insert of Fig. 8).
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IV. CONCLUSION

The investigation of the multiphonon resonant LO
scattering in CdS crystals and its comparison with ex-
citon-phonon luminescence of CdS and CdSe crystals
show that the main regularities of the observed scat-
tering are determined in this case by resonance with
free excitons that are intermediate states in the Raman-
scattering process. By virtue of the universal character
of the hydrogen-like spectrum of the intermediate states
and of the Frohlich interaction of the excitons with the
LO phonons, analogous regularities should be observed
also in the spectra of resonant Raman scattering of other
crystals having a sufficiently high degree of ionicity and
sufficiently high binding energy of the free excitons.
Multiphonon exciton-luminescence and resonant Raman-

scattering spectra in region II have a similar distribution

of the relative intensity (see Tables I and II). In addi-
tion, for both types of spectra there are observed identi-
cal differences in the dependence of the cross sections
of even and odd orders on the wave vector.

It is interesting to note that the cross section of reso-
nant Raman scattering of any order contains generally
speaking, both a part that does not depend on the value of
the wave vector |k-k’l, and a part proportional to the
square of the vector ik-k’|2, Inevenscattering orders,
as shown by investigations of the Raman-scattering and
exciton-phonon-luminescence spectra, the dependence of
the scattering cross section on |k-k'|? is very weak
and can be disregarded in practice. The strongest de-
pendence on |k -k'|2 is possessed by the first order in
the region of the polariton resonance. "5 The constant
(independent of k- k') part of the cross section amounts
here, in accordance with the estimate made in"! to
about 2% of the total value of the cross section (the
damping of the excitonic state n=1A is equal to 7;;
=0.02Q;,) and consequently at low temperatures it can
be disregarded in practice in this frequency region.

In third-order scattering, the dependence of the cross
section on the wave vector is weak at any distance from
resonance. However, when the value of |k-Kk’| is sub-
stantially increased (for example, in the spectra of the
exciton-phonon luminescence at high temperatures), this
dependence becomes quite discernable.

Our theoretical analysis shows that the different de-
pendences of the even- and odd-order LO scattering
cross sections on the wave vector are due to the differ-
ence in the character of the alternation of the inter-
mediate states of the s and p type. Since odd orders
must include one scattering process between states of
like parity, the cross section of such a process con-
tains a contribution that depends on |k -k’l, as well as
a factor le, which leads, in the case when the effective
masses of the electron and hole are close in magnitude,
to an irregular distribution of the intensities of the mul-
tiphonon lines. In the limiting case when the carriers
making up the exciton have equal effective masses, the
intensity of odd-order light scattering by LO phonons
should be equal to zero.

It should be noted in conclusion that an investigation

of the resonant Raman scattering provides much in-
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formation on exciton-phonon interaction processes. The
main features of the observed phenomena are determined
by the universal properties of the excitonic and phonon
spectra and should be common to a large class of crys-
tals.
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