terms of these last by means of the integral relation

[£(6A—0A)] i

t*(u,y) (a.8)

; .
9= 9, v) = 2;‘:5'

where v* is a root of the equation #(u, v*) =t,. The in-
tegral operator in (A. 8) is bounded, and therefore the
function ¢4 =2f% is bounded. Thus, taking into account
the boundedness of the functions fo and X and assuming
them continuous right up to £=0, we obtain the asymp-
totic estimates
o~a(z)t~'+o(t™'),

A~p(z)t~ 40 (1), (A.9)

where a(x) and B(x) are certain continuous functions that
do not in general vanish identically, Between a(x) and
B(x) there is the relationship

B(z)=a(z)f(x) (A.10)

(f(x) is given by Eq. (26)), which can be obtained by as-

suming for simplicity

%’= —a(z)t 4o (t?) (A.11)

and substituting (A.9) and (A.11) into Eq. (8) for o.

One need not assume (A.11) but instead obtain (A.10)
by using the integral relationship between X and G:

A, v) = Ao (u)t~" exp (fu»(%)dli)
+ lpo (u) [t exp (2 j‘: u»(&)dt‘.)fﬁ(u, E)t"(u, &) dE.

™ vy

Finally, if (A.9) is substituted with allowance for (A.10)
into Eq. (A.8), we obtain for » the asymptotic behavior

(A.12)

n~o ().
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ultraviolet-stable points in the theory is proved.

PACS numbers: 11.10.Lm

1. INTRODUCTION

It is well known that, in quantum electrodynamics and
in most of the models of quantum field theory known un-
til recently, the physical phenomenon of screening of the
interaction as a result of quantum fluctuations of the
vacuum occurs and has the result that the physical
charges vanish if the bare charges are sufficiently
small."™? At the same time, in many currently popular
nonabelian gauge models the opposite situation obtains,
viz., for sufficiently small physical charges the bare
charge vanishes. ?? These results were obtained by
means of perturbation theory and therefore have a lim-
ited region of applicability. To investigate the consis-
tency of quantum electrodynamics and the other tradi-
tional models of quantum field theory, and also to study
the question of the infrared catastrophe in Yang—-Mills
theory, it is necessary to go beyond the framework of
perturbation theory. The use of the renormalization-
group apparatus proposed by Gell-Mann and Low
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(GML)®™! is of great benefit here. Thus, e.g., the ques-
tion of the consistency of quantum electrodynamics re-
duces to the calculation, in all orders of perturbation
theory, of the so-called GML function y(a), which, by
definition is equal to

do. (k)

W' a(k®) = a.d, (k/m?), (1)

Pla(k?))=
where &, =e?/4nfic. The asymptotic form of the renor-
malized photon Green function is related to d, (k%/m?) by
the formula

D& () e = — f— d. (k).

As is well known, there are three possibilities, lead-
ing to different physical consequences: 1) the GML func-
tion (1) has a zero: ¥(ay)=0. Then, when the bare
charge is chosen equal to «@,, the renormalized charge
does not vanish and the asymptotic form of the Green
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function D (k?) is proportional to the free Green func-
tion:

Dc"v(kz) |hz—>m:‘ guoto

2) ¢(a) does not have a zero at any finite distance, but
Y(@—~w=)<Calna. In this case the theory is consistent
only when the bare charge is chosen equal to infinity.

In this case the renormalized Green function D** (k?)
falls off at large momenta more slowly than the free
Green function; 3) y(a) does not have a zero at any finite
distance and increases faster than alna. Such proper-
ties of the GML function would signify an internal con-
tradiction in quantum electrodynamics. '’

An analogous situation obtains in scalar theories and
in spinor models with scalar and pseudoscalar cou-
pling. ! Moreover, even for the Yang—Mills model, in
the attempt to give the vector fields mass by means of
the Higgs mechanism we again come up against the nec-
essity of calculating the GML function in all orders of
perturbation theory in order to validate the consistency
of such a scheme. ™™ Knowledge of the GML function
would also be of great interest for the theory of second-
order phase transitions, ‘¢

In the present paper we make an attempt to calculate
the GML function in all orders of perturbation theory in
the coupling constant, in the limit of strong nonlinearity
of the interaction,

2. THE MODEL

The problem of determining the GML function in the
theory with interaction Hamiltonian H; =g : ¢*: /4! in
four-dimensional space in all orders of perturbation
theory encounters considerable calculational difficulties.
At the present time only the first three terms of its
series expansion are known, £ One would like to gen-
eralize this model in such a way that a free parameter
would appear in the theory but the theory would not lose
the property of renormalizability. The simplest way of
generalizing this model is to consider the theory with
the interaction Hamiltonian

Hi=g:9p"(z):/n!

1 b b § 8 "
=gexp (—7Jd z,d szo(x,—zz)mm)go (z)/n! 2)
in a space-time with
D—=2n/(n—2) (3)

dimensions.

We shall consider the Euclidean variant of the theory,
i.e., a Wick rotation will be assumed in all the Feyn-
man diagrams.'® In this case the Green function Ay (xy
- x,) has the following form:

D

P eXP[iP (11_12) ]
Au(ln_xz):j (2:’_[)17 . (4)

m*+p?

The choice of a space with the dimensionality (3) en-
sures that the coupling constant g is dimensionless and,
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as a consequence of this, that logarithmic divergences
appear in the calculation of the physical charge as a
function of the bare charge. Below, to ensure stability
of the theory, we shall consider only even n:
n=4,6,8,...; g>0. (5)
The case n—~ 2 does not correspond, generally speak-
ing, to the free theory (since, according to formula (3),
D— ), but is not considered below. Inthe casen=-2
we would obtain D=1, i.e., a soluble quantum-mechani-
cal model. ™ The familiar scalar theories with n =4,
D=4 and n=6, D=3 belong to the class (5). The latter

theory is of interest in the problem of tricritical
points, 119

A cursory glance at the set of theories specified by
the conditions (5) prompts the thought that the degree of
nonlinearity of the interaction (1) might serve as the re-
quired parameter that could be made to tend to infinity,
thereby obtaining a soluble model. Indeed, according
to formula (3), as n—~< the dimensionality of space
tends to D=2, and it is well known that in two-dimen-
sional space certain field-theory models are soluble, ti
Such an approximation might be good even for the case
of g:¢*: /4! theory, in which n=4. In this paper we
shall calculate the GML function in the limit

n-ro, D2 (6)
in all orders of perturbation theory.

In going over to the theory (6) there is a certain dif-
ficulty, associated with the necessity of introducing into
the interaction Hamiltonian (2) extra counterterms in ad-
dition to those which appear in the g: ¢*: /4! theory. In-
deed, for large » there are power divergences in all
Green functions with » <n — 2 legs, to cancel which we
must add an arbitrary polynomial of degree n —2 in ¢
to the expression (2). Adding these counterterms does
not lead, however, to a dependence of the GML function
on the newly introduced interaction constants, since
these constants are dimensional and, therefore, do not
lead to logarithmically divergent diagrams in the calcu-
lation of the physical charge in terms of the bare charge,
Below, therefore, we shall ignore these additions to the
Hamiltonian (2).

3. SELECTING THE IMPORTANT DIAGRAMS

For the calculation of the GML function it is neces-
sary to introduce the concept of the invariant charge.
By analogy with the case of g¢*/4! theory'”! we intro-
duce the following definition of the invariant charge:

g(p)=a.L(p*/p’) . (pIu*), (")
where g, is the charge at the normalization point u:

(1) =d.(1)=1, (8)

and T',(p?/ 1%, g,) is the amputated n-point vertex func-
tion. The external momenta p; are Euclidean and sat-
isfy the relations!’

ZP-'=0, pi=p’, pip=—p'/(n—1), i#j; 9)
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FIG. 1.

A, =k2d,(k®/ 1if) is the Green function of the scalar par-
ticle.

The parameter p is chosen to be much greater than
the particle mass m, so that in all the Feynman inte-
grals only the asymptotic form of the Green function (4)
at short distances will be important:

Ao (24—

) | emm=a(n) |z,—z,| =2,

(10)
a(n)="/x~""=21(2/(n-2)),

where we have used the relation (3). For n—« the co-
efficient a(n) is equal to

n

1 1
_———1+ +ee) +O| —) .
8n 431(1 Inster) (n)

(11)

a(n)lpse =

Here c;~0.577 is Euler’s constant, [*?!

The Gell-Mann—-Low equations in the theory under
consideration are written in the form

dg(p°)/d In (p*/p*) =9 (g (p*))- 12)

We shall consider the lowest orders of the GML func-
tion. For this, according to the definition (7), we must
find the functions I' and d. In the first order after the
Born approximation, as in g¢*/4! theory too, only the
correction to the vertex part (see Fig. 1) gives a con-
tribution to the invariant charge. Taking into account
the combinatoric factor, we obtain

" A,\ -
g(p)= X ga'By (? ) , Bi=1,

__ Lt L2 ) exp[ o izn P
b= {(n/2)!}“xzi/l\ ) e“p[z””"(n—i)'/-]'

(13a)
Carrying out the renormalization in accordance with

the rules (7) and (8) and substituting, for large n, the

expression (11), we obtain for y(g) in lowest order:

2

, R )
s =gl () e~ (e H0(s),

(13b)

n/2

o= (£)" 2

In the next order of perturbation theory it is necessary
to take into account the renormalization of the Green
functions in accordance with formula (7) (see Fig. 2):

(PE) =P"[1—E(1f) I

d’x
(opre®I™oy zD J IT,M,

PipxTHA

exp{—(1+cz)}g*

Z(p*)=—

z2(,z_)" exp (“2(0ten) L -

8 (2nn)" (143.)

7@;# FIG. 2.
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FIG. 3.

However, we shall compare the coefficient of the
logarithm in (14a), multiplied by n/2, (this, according
to formulas (7) and (12), is the lowest-order contribu-
tion of the Green function to (g)) with the coefficient of
the logarithm in the diagrams of Fig. 3 for the vertex
parts:

a(n)]"
(X)‘g“ Z 31 (nl?) ervt) 2 (ns!)?

N A A P R e

X3 a2 A

(p")=p* P p=—"P1nn/(nitns) (n.tns) ]ih,
2 ., 1 9 n 4 =
() et () () ewl-2ttuaien)
&'z, d’z,

X 2% j

A-talvg|lacp2

’

EARS AR N

where in the calculation of the asymptotic form for large
n we have made use of the existence of the saddle point
at iy =7y =73 =n/3 in the sum over the n;, about which the
important values are n; - ; ~n!’%, which enables us to
replace the summation by an integration and also to take
the integral over x, and x, at the saddle point »n; =n/3
outside the sum, Comparing (14a) and (14b) we see that
the contribution of the renormalizations of the Green
function to the invariant charge is exponentially small
(~9™) compared with the contribution of the renormal-
izations of the vertex function and, therefore, can be
discarded in the limit n—+~«. The situation remains
analogous in higher orders of perturbation theory also.
Thus, e.g., inthe next order the main contribution is
given by the sum of vertex diagrams of Fig. 4 with n;;
~n/4. Inthe calculation of the sum over the n;; it is
convenient to introduce a new, (D +1)-st coordinate /;

at each vertex, in order to write the condition n=};n;;
+#n, in the form of the integral

o S

i

We shall do this in the next section.

The chief simplification achieved by taking the limit
(6) is the following: in each order of perturbation theory

FIG. 4.
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only one diagram turns out to be important, and this
diagram contains only a singly-logarithmic divergence.
Thus, in the sum (14b) the contribution of diagrams with
ns=n/2, which contains a doubly-logarithmic divergence
(the coefficient of which is, by virtue of Eq. (12), deter-
mined by the expression (13b)) is, in the calculation of
the singly logarithmic terms, exponentially small com-
pared with the contribution of diagrams with n; =n/3.
The second considerable simplification will be connected
with the fact that the Feynman integrals obtained on tak-
ing the limit (8) are two-dimensional (cf. Sec. 5).

4. COMBINATORICS IN ARBITRARY ORDER

For the n-point Green function G(x;, %5, . . ., X,) includ-
ing the external two-point Green functions we have the
following formal expression in k£-th order of perturba-
tion theory:

- J’Hdw(x)Hcp(x)jﬂd”

Temi Tomi

X Hini(g(27) ) exp [~—2—Id“x(ﬁp(p)z] , (15)
1= [ [Law@ens[ 5[ a2 @)?]

On calculation of the functional integral over ¢(x), the
formula (15) contains both connected and disconnected
graphs, and also graphs with vacuum loops. In the fol-
lowing we shall need only the connected diagrams. It
turns out that it is precisely these diagrams which give
the maximum contribution to (15) for n—~«~. Therefore,
in calculating the connected diagrams we can use this
expression,

(15a)

In order to calculate the functional integral in (15) ex-
plicitly it is convenient to introduce new variables I, by
the definition

_fiif exp[vl,.(p(‘l')—‘/zlrzAD(O)] g. (16)
2ni e

r

Hin ((P (x') ) =

Making a shift of variables in the Gaussian functional
integral and then omitting the terms in Il (x;) that cor-
respond to disconnected diagrams, we obtain

)= ig jH dvar )ml',*,ﬂg LA (—27)

Xexp [7 Z L1 Ay (2" —2") ] (17)

rert

Gy (x4, 5.

The integral (17) is conveniently rewritten by intro-
ducing a new integration:

1/m*

[ ay a(, —H |27 —zl? /*)J’dvx(sD(z——):i

1/A

and then making a change of variables: x"—x"y +x, [;
—1,9%/®®_ Using in addition the scale invariance of the
Green function (10), we can transform (17) to the follow-
ing form:

‘—n\

Gi(xy... z,.)=

Hd"
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X

FZ-[LHZZ Ao (z—z+ya’) oxp[ V‘ LA (27— )]
o Zz" E]nlzlz
X0 ( k )6( k )

If we are interested only in the ultraviolet divergence
of the integral (18), i.e., A™2<y< |x; —x,|, then the
dependence on y in the arguments of the Green functions
can be omitted. The integral

I d’x ]__':[ Ao(z,—2)

corresponds in this limit to the external legs, i.e.,
when it is omitted we obtain the 2-th coefficient of the
expansion of the vertex function I'. Differentiating the
invariant charge with respect to InA™ (in this approach,
A2 plays the role of the normalization point ), we ob-
tain finally:

(18)

w(g>:2 (=&)" Cu(n), (19)
Cr (n)_k_‘deu o l"*’2m (Z‘ )
Xexp[ N tenoer—a )]a"(x" ) (Elnl""z), (20)

reer’

We shall consider now the behavior of the integral
(20) as n—~« for fixed k. Taking into account that the
Green function (10) in this limit can be written in the
form

1 1
A.,(x,—xg)zv—n——-—(i+1nn+cg)——ln|x,—zzl, (21)
8n  4m 2n

we see that in the integrals over [/, in (20) there is a
saddle point at

1
_ — = 22
n[ h*i 8n b ] 0 ( )
The system (22) has two solutions:
L=l t== =L'=(k/8n)", U '=l'=. .. =L"'=—(k/8n)".
(23)

Calculating the exponential at the saddle points (23)
and the Gaussian integral over small deviations from
these points, we can bring the expression (20) to the fol-
lowing form (cf. (13b), (14b)):

n(k-1)/2

1
Ch(n) ‘ﬂ—»m ='k— ( 81t ]t(h“)“k n )

(24)

—n/2
X(2nn ) expl— (k—1) (1 + In ntcx) 12°C,,

ST ([T =) ()5 (5.

r<r’

(25)

We note that by expanding the integrand in (20) in the
neighborhood of the saddle point (23) it would be pos-
sible to calculate the ~1/x corrections to the formula
(24).

In the language of perturbation-theory diagrams, the

expression (25) corresponds in k-th order of perturba-
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tion theory to one diagram with the same number of
lines (n;;=n/k) joining each pair of interaction points.
In the next section we find the coefficients C, in arbi-
trary order of perturbation theory. The possibility of
calculating the integrals (25) analytically is connected
with the fact that they are two-dimensional.

5. CALCULATION OF THE COEFFICIENTS C,

The expression (25) can be rewritten in the following
equivalent form after making a shift of variables x, - x,
+x, #=1,...,k-1) and eliminating the integral over x,
on account of the 6-function:

G=limoTx jH ii' H 2=, 1=, (26)

where the integration is carried out over the region

h—1

%« [E(I,H)T] w« A,z =(ﬂ—;—)21 (27)

re=i

When one of the variables in the integral (26) is fixed,
e.g., under the condition A"l <«<x2<« A, in a substantial
region of the integration over the remaining variables
Xy X35 4.4, %,4 We have |x,| ~|x,|. This means that the
condition (27) is fulfilled automatically and can be omit-
ted. At the same time, the integration over the regions

%22 A and x2S A™ does not, by virtue of the restriction
(27) lead to a divergence of the integral over x,. Thus,
the expression (25) can be represented in the following
equivalent form:

(28a)

1/A<z <AL

In the integral (28) we go over to integration over a
pseudo-Euclidean space by rotating the contour of inte-
gration over the second component of each of the vectors
x, in a counterclockwise direction in the complex plane
(xl=x,, xf=itr):

S ) | f=eae | ORISR

(29)
where the 7¢ in the denominators has been added in or-
der that we obtain the Euclidean integral (28) by the re-
verse rotation. Next, in (29) we introduce variables on
the light cone:

p=t+z. (30)

a=t—z,

We then obtain

i dot, dp,
C"_,{_.,, 21nA( ) -[H [ oc,ot: +ie]¥*
% H (= (r—cter) (Br—Pur) +ie] =™, (31)

In accordance with the fact that we must take the re-
striction (28a) into account in the integration in the
Euclidean space, in the expression (31) we fix the inte-
gration variables @, and 8,. We change the scale of the
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remaining variables a,- o, oy, 8,~ 8,8, *=2,3,...,

% -1) and take (o, B,)** outside each denominator in (31).
Then the integration over @, and B8, becomes logarith-
mic:

J' dovy dfy
—osfitie

and, after we change to the Euclidean space, gives, in
the region (28a), m21lnA. Thus, we obtain

o= (£) " T s e T o) e i1

k1, (32)

rnr'=12,...,

where, by definition, &, =8, =1.

We shall fix the variables B, in the expression (32).
Then the integrals over a@, will be nonzero only under
the condition

0<B,<1. (33)

Otherwise, all the singularities in one of the integrals
over «, will be either above or below the contour of in-
tegration and this integral will vanish. Using the sym-
metry of the expression (32) under the replacements
B,= B,» and restricting the integration to the region in-
dicated in (35), which is narrower than (33), we can re-
write (32) in the following form:

Cv=n(k—2) 1B A4, (34)

where the quantities 8, and A, are given by the formulas

5= H mH‘ﬁf Br) 7, 0<puoi<Pr-e<...<P<Bi=1;  (35)

=2 ror<r’

~(5) T Lo T teertir )

r=2 r<r’

rr'=12,...,k a=0, a,=1.

Thus, we have simplified considerably the problem of
calculating the integral (35) by writing it in the factor-
ized form (34). We now transform the contour integral
for A, to a real form. For this we divide the region of
integration in (36) into a sequence of subregions depend-
ing on the relative magnitudes of the «,. In the region
0<a, 1< ,<...<0p<a; =1 we have

1e (1) I oo =(5) 70 o0

<op-_s<...

<a,<il.

In an arbitrary region —e <a, <@,  <-:-<0= =0<-
<oy=1<--- <@y <o (G, =1, 2,...,k), we have, takmg
into account the phases that arise as a result of going
round the branch points of the integrand in (36),

Av= (ZL) ._zexp(—-sz-np) jh locdoli"’ H lo—a, =2 (38)

—°°<aik<...<ak<...<cx,< <o(., <o,
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where 7, is the number of single interchanges of neigh-
boring elements that must be made in order to get from
the normal order (¢, k-1,...,2,1) to the given order
(ins Tpo1s + - - » 1) (Obviously, the order of the numbers &
and 1 cannot be changed). We shall prove first of all
that for any ordering of the a, the integral over the a,
in formula (38) coincides with B,. In fact, by relabel-
ing the variables we can reduce it to the form

B/= JL[dB,H (B,—Br) "8 ()8 (B,—1), (39)

r<r’

— o< B proy < ... <Py<oo, j<i

Replacing B; in the argument of the 6-function by 8; - B;
and making a shift of variables, we can write (39) in the
form

B/ =] H ag. [ | (386 (8~B~1)8 (275) (40)

r<r’

Introducing next

w

[asoppp)=t

0

and making the replacement 8, ~ B,8 in the integral (40),
we can transform (40) to the form

By :J'__l‘&_
11(B—p-)*"

Eﬁr)_

= a5
vo[Ta(ﬁk—ﬁ.—m[ﬁ(ﬁﬁﬁi)—1]6( A

(41)
After integrating over 8 we obtain B} =B, (cf. (35)).

Thus, the expression (34) for C, can be written in the
form

Cv=n(k—2) |B2D,, 42)

D, = (ZL) (Zp)‘ exp (—inp%n) . (43)
In formula (43) the summation runs over all permuta-
tions {p} in which the ordering of the numbers % and 1
is not changed, and 7, is the number of elementary in-
terchanges (of two neighboring numbers) in the product
of interchanges by means of which the identity permuta-
tion

K, k—1,...,1
{1}={k,k—1,...,1}

can be brought to the given permutation.

We introduce the quantity p*—the number of permuta-
tions with the same value 7, =n. The number of permu-
tations with a fixed order of appearance of the elements
k and 1 is easily expressed in terms of the total number
Q%% of possible permutations, with a given 7, =m, of
the 2 -2 elements k-1,2-2,...,2, by the formula

n

pat = Z

m=max(0,n—k+2)

(n—m+1)Qn ", (44)

In fact, any permutation with a fixed order of appear-
ance of the elements £ and 1 can be carried out in two
stages: one first permutes the elements £ -1,...,2 by
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m elementary interchanges, and then interchanges the
numbers k£ and 1 with these elements. For a fixed

total number » of elementary interchanges and a fixed
number m <n of elementary interchanges of the elements
k-1,...,2, the interchange of the elements £ and 1 with
the other elements can be performed in # —m +1 ways.
The lower limit in the sum (44) follows from the fact
that, for m <n -k +2, to obtain a permutation with the
given n we should have to interchange the elements £ and
1, which, from the definition of {p}, is not possible.

The total number Q%2 of possible permutations of & -2
elements with a fixed number » of elementary inter-
changes is easily expressed, by analogy with the deriva-
tion of formula (44), in terms of the number of permuta-
tions of 2 —3 elements:

m

o"l:-z_: Z Q:;’, Qm‘=6m0, 0m2=6m0+6m1- (45)

m' =max(0,m~A+3)

If we introduce the generating function
P @)= Y i,

we can rewrite Eq. (45) in the form

—zh-2 ko2 1—z"
ke3 () — .
b ) 12

r=1

! (45a)

o+ (2) =

Using the relation (44) and formula (45a), we can repre-
sent the expression (43) in the following form:

i\, d 1—z¢
Dy = (—E') Q)k ? (Z)E 1—:2 2—e-127/k
iy ok r
(%) mg (= 2") [, priorpe (46)

After substituting z =e¢~*"* and using the well-known
formula

kh—1

H sin’;—m=2“""’k, (47)

we finally obtain the following expression for D,:
D=2k (sin (n/k) ) ~*. (48)

We turn our attention now to the calculation of the in-
tegral for B, (cf. (35)). Using the symmetry of the in-
tegrand and the equality, proved above, of all the inte-
grals (39), we rewrite it in the following form:

4o R

2 1
By=lim — | HdB,HWa(mml—e)s, (49)

iy

where the factor in front of the integral takes account
of the fact that, unlike in (35), the integration in (49) is
performed over regions with all possible orderings of
the B; (with the condition that 8,>8,); the number of
these regions is k!/2 and each of them gives a contribu
tion B} equal to B,.

It is obvious that when ¢ — 0 the result of the integra-
tion for points B; lying on a straight line coincides with
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the result of the integration when these points are posi-
tioned on the unit circle:

=—!hm IH (P‘Hk,,

e+40 2n

mé((p, ¢—e)e, 0<@:<2m,

(50)
where we have omitted the factor 6(¢p,), averaging the
result of the ¢, integration (introducing the factor 1/2m).

To calculate the expression (50) we shall make use of
a conjecture of Dyson, "' proved by Gunson™*! and Wil-

son, "% which is that, for any %, the equality
_ N o |1 I'(1+yk/2) =
W, (1) = (27) jgd@,gm el =iy 6V
is valid.

We shall consider ¥,(y) for y— -2/k:

. 1 -t 1y 1"

Vo) heesn= (1451 ) [P (=) ] - (52)
On the other hand, when the variable ¢, — ¢, is fixed the
integration over the other variables in (51) gives a finite
answer for y— —2/k, and a divergence arises in the last
integration as ¢, —¢,=¢~0:

Yo () o= (27) dejH d<p.H|<p, @316 (Pr—r—e) I 10—

lel=t
(53)
Making the change of variables ¢;—~ |el¢; in the integral
(53) and comparing it with the expression (50) with an
analogous change of variables, we obtain

B, k! k' (1+yk/2) !
w — o R—2th(h=1)7/2
a0 hoon = 50 M_Ldslsl By D
(54)
Thus, from formulas (52) and (54) we find
(@) 1y~
b= (k—2) 1k {F(1_7)} ’ (55)

Substituting the expressions (48) and (55) into formula
(42), after elementary transformations we have, finally,

r(’tl:i){r(j—c)/r(iaf)}k' (56)

In the next section we shall investigate the properties
of the GML function in the theory under consideration.

=

6. THE GELL-MANN-LOW FUNCTION IN THE
SCALAR THEORY WITH HAMILTONIAN H,  =g¢"/n!

As can be seen from formulas (19), (24) and (56), the
series determining the GML function is asymptotic. It
diverges like (k!)"/2-! at large k. The appearance of
this divergence is not connected with our method of cal-
culation (we find C,(n) for fixed values of 2, and n—),
It can be shown (this will be done in a subsequent paper)
that, when the limits are taken in the opposite order,
the coefficients

Ci(n)=1lim lim Cx(n)

n->c0 hroo

coincide with those found above.
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Thus, the question of determining the origin of the
series (19) arises, i.e,, of finding the function for which
this series is the asymptotic expansion in the vicinity of
the point g =0. It is obvious that, given such a strong
divergence of the series, we can find many such func-
tions. A correct prescription should be obtained di-
rectly from the functional integral determining the
Green function. Since methods of calculating the func-
tional integral without the use of perturbation-theory
methods do not exist at the present time, we shall make
the following assumption: the correct analytic continua-
tion of the perturbation-theory series is the Watson—
Sommerfeld transform with respect to the variable lng.
In particular, for the GML function the following repre-
sentation should be valid:

oqtow

P(g)=(-2)"" (n), 1<o<2. (57)

o—ico

It is not difficult to see that, in the case when C,(n) is
analytic to the right of the integration contour, for g—0
the integral (57) converges and the function C,(x) is the
analytic continuation of the coefficients C,(n) (24); the
asymptotic series for the function (57) coincides with the
series (19). Next we choose the simplest analytic con-
tinuation with integer points £=2,3,... that satisfies
the conditions indicated above (cf. (24), (56)):

A e n(k=1)/2
( B0/ (h=t) )
I'(k+1)T'(k—1) \8xn

(gt Ve () /o)) o

Support for this continuation is provided by the fact
that the integral (57) coincides with the perturbation-
theory series (19) in the region n <2, where the series
is convergent. With another continuation they would not
coincide.

Ci(n)=

We shall consider now the properties of the GML
function (57).

The asymptotic form of the integral (57) for g—0 is
determined by the poles at the points £=2,3,...:

P(8) |eo=27"(e/n)"* (mn) ~te~t*erg?—0 (g%). (59)

In the opposite limit g~ = the asymptotic form of the
integral is determined by the singularity at k=1:

Cr(n) [nos=(stn) " (k—1)*, (60)
so that
P(g) |inw=—(20) ~*n~"g(In g) ~*. (61)

Comparing formulas (59) and (61), we see that the
function changes sign as we go from the region of small
g to the region of large g, i.e., there is at least one
ultraviolet-stable point: g(p?—)=g,, where ¥(g,)=0.
In fact, for large » the GML function has a number of
zeros, and this number increases like #!/* with increase
of n. This is connected with the fact that in the integral
(57) there are two saddle points, satisfying the equation
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FIG. 5.
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These saddle points move toward each other with in-
crease of g and collide when k£ =1; they then move away
into the complex plane, and this, in turn, leads to oscil-
lations of ¥(g) in a certain range of variation of g.

We have plotted the GML function (57) for the physi-
cally interesting cases n=4 and n=6 (Fig. 5). In both
cases it has only one ultraviolet point (g,~103 for n=4
and g,~ 187 for n=6). It is possible to believe that the
exact graph for the GML functions in the gp*/4! and
g9%/6! theories will differ from the graph of Fig. 5 by
small corrections ~1/n, so that the qualitative result
obtained in this work concerning the existence of the
ultraviolet-stable points will remain valid.

The author is grateful to A. P, Bukhvostov, V. N.
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Gribov, E. I. Malkov and A. A. Migdal for useful dis-
cussions, and to M. I. Strikman for assistance in the
computer calculations.

DIn the limit as n —«, as will be shown below, the principal
role in the calculation of the GML function is played by maxi-
mally connected diagrams, the contribution of which does not
depend on the ratios of the invariants, i.e., in place of (9)
we can use any other set of invariants.

I1,. D. Landau and I. Ya. Pomeranchuk, Dokl. Akad. Nauk
SSSR 102, 489 (1955) (English translation in “The Collected
Papers on L. D. Landau,” Gordon and Breach, N.Y., 1966);
E. S. Fradkin, Zh, Eksp. Teor, Fiz. 28, 750 (1955) [Sov.
Phys. JETP 1, 604 (1955)].

H. D. Politzer, Phys. Rev. Lett. 80, 1346 (1973); D. J.
Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973).
3M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954).

‘E. S. Fradkin, Zh. Eksp. Teor. Fiz. 28, 750 (1955) [Sov.
Phys. JETP 1, 604 (1955)].

SP. W. Higgs, Phys. Rev. Lett. 13, 504 (1964).

K. G. Wilson and J. Kogut, Phys. Rep. 12C, 75 (1974).

V. V. Belokurov, A. A. Vladimirov, D. I. Kazakov, A. A.
Slavnov and D. V. Shirkov, Teor. Mat. Fiz. 19, 149 (1974)
[Theor. Math. Phys. (USSR) 19 (1974)]; G. M. Avdeeva and
A. A. Belavin, Pis’ma Zh, Eksp. Teor. Fiz. 18, 611 (1973)
[JETP Lett. 18, 358 (1973)]. '

87, L. Rosner, Ann. Phys. (N.Y.) 44, 11 (1967).

%L. D. Landau and E. M. Lifshitz, Kvantovaya mekhanika
(Quantum Mechanics), Fizmatgiz, M., 1963 (English trans-
lation published by Pergamon Press, Oxford, 1965).

0o A. Migdal, Zh. Eksp. Teor. Fiz. 59, 1015 (1970) [Sov.
Phys. JETP 82, 552 (1971)].

111,. D, Faddeevand L. A. Takhtadzhyan, Teor. Mat. Fiz. 21, 160
(1974) [Theor. Math. Phys. (USSR) 21 (1974)].

2. Bateman and A. Erdélyi, Higher Transcendental Functions,
McGraw-Hill, N.Y., 1953, 1955 (Russ. Transl. Nauka, M.,
1973).

BF. J. Dyson, Statistical Theory of the Energy Levels of
Complex Systems, J. Math, Phys. 3, 140, 157, 166 (1962)
[Russ. transl. IIL, M., 1963).

43 Gunson, J. Math, Phys. 3, 752 (1962).

5K G. Wilson, J. Math. Phys. 8, 1040 (1962).

Translated by P. J. Shepherd

L. N. Lipatov 1062



