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The penetration of a magnetic field into a finite-width tunnel barrier is considered. It is shown that the
magnetization curve differs from that for an infinitely wide barrier (B. D. Josephson, Revs. Mod. Phys.
36, 216, 1964; 1. O. Kulik, Zh. Eksp. Teor. Fiz. 51, 1952, 1966 [Sov. Phys. JETP 24, 1307 (1966]; 1.

0. Kulik and I. K. Yanson, The Josephson Effect in Superconducting Tunnel Structures {in Russian],
1970). The mean field strength does not vary continuously in this case but changes by jumps as the
individual vortices enter the junction. Expressions are found for the “supercooling” and “superheating”
fields, which restrict the region of existence of weak superconductivity.

PACS numbers: 74.35.+x

It is known that a magnetic field can penetrate into a
Josephson tunnel barrier in the form of individual vor-
tex filaments, which form a one-dimensional linear
structure in the junction.™=%! In the limiting case of
very wide tunnel barrier, formulas were obtained by
Kulik™ %! which describe the thermodynamic equilibrium
magnetization curve of a weak superconductor. In par-
ticular, it was shown by him that the mean field in the
barrier H is equal to zero up to some critical value H,,
above which the vortices begin to penetrate into the bar-
rier, and the mean field H increases continuously to the
value of the external field H=H, at H,> H,,.

In the present work, the character of the vortex pene-
tration into a tunnel junction of finite width is investi-
gated. It is shown that the equilibrium magnetization
curve in the case of a barrier of finite width differs con-
siderably from the corresponding curve for an infinitely
wide barrier. »3! The mean field in the barrier H
changes by jumps, as a result of the entrance of indi-
vidual vortices into the junction, and the magnetization
curve as a whole approaches the law A=H,. Expres-
sions are also found for the “supercooling” and “super-
heating” fields, which restrict the region of existence
of superconducting solutions with a specified number »
of vortices in the barrier. A method of calculation is
shown, which allows us to find the magnetization curve
for any finite value of barrier width,

1. The initial equation which describes the distribu-
tion of the stationary magnetic field in the tunnel bar-
rier has the form®-4

d*(z)/dz*=sin ¢(z), 1)

" where the quantity ¢ (x) (the so-called phase difference
at the barrier) is connected with the magnetic field in
the barrier:

do(z)/dz=H(z). (2)

In Egs. (1) and (2), we have used dimensionless quanti-
ties: the coordinate is measured in units of x; (A is the
characteristic penetration depth of the field into a weak
superconductor; usually, A;~0.1 mm) the magnetic field
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is measured in units of H; — &,/2m\ ;A(®, =hc/2e =2%x 1077
G-cm™ is the flux quantum, A=26,~10" cm is the
length over which the field penetrates from the barrier
into the bulk superconductor; the characteristic value

of H;~10"-1 G). We shall assume that the barrier has
a width L and is placed in an external field H, parallel
to the plane of the junction (see Fig. 1). The boundary
conditions for Eq. (1) are written down in this case in
the form

do| _do
Ldz 1wy dz

= e ®

Equation (1) has a general solution in the form of an
elliptic integral, giving the function ¢ (x) in implicit
form:

1 P(x) d(p

r=— | - e
2 % {a? +sin®(@/2)} "’

H(z)=2 {ozz + sinz%}%. @)

Here ¢(0) and « are arbitrary constants. From (4) and
the conditions (3), we get the relation
iy i
H,=2{az+sin1&(29} =2{a2+sinz(—p(§—)} (5)
or
H.? . (0
L — sin® &pg ) . (L)==£¢(0)+ 2xn, 6)

where 7 is an integer.! We use the notation ¢ (0) = - ¢,

0s<g,s<m then we must write ¢(L)=+¢,+2m, since
the currents j =sing at the points x =0 and x=L are di-
rected oppositely (see Fig. 1), j(0)=-j(L). With ac-
count of what has been said, the solution of Eq. (1) sat-
isfying the conditions (3) is written down in the form

FIG. 1. Diagram of a tunnel
barrier and the distribution of
field and current in the case of
J the presence of a single vortex
in the barrier.
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1 "“{ H?

- _
- —sin*—=+sin*—1 dg, o(L)=¢.+2nn. (7)

4 2 2

=

Here we should have labeled ¢ (x) by an index # in order
to denote the various solutions; however, for brevity,
we shall omit this index.

The solution (7) can be represented in explicit form in
terms of Jacobi elliptic functions (cf. Ref, 5), from
which it follows, in particular that the functions ¢ (x) and
H(x) are periodic. The extrema of the field correspond
to the points where d2¢/dx?=sing =0, i.e., @ =0, T,
27, ...,2m. The values of the field at the extremal
points are

.
"

2
11",.-ﬂ={H,=—4sin2%} , H,,,.,,={H:+4cos

(8)

The schematic forms of the field and current distribu-
tions in the barrier for n=0,1,2 are shown in Fig. 2.

Using (7) and (2), it is not difficult to find the mean
field in the barrier, which is described by the solution
numbered 7:

17 oetpnn 2nn+20,
_Hn——dez=T f dp=——". )

It then follows, in particular, that the number »n gives
the number of vortices penetrating into the barrier, with
each of which there is associated a magnetic field equal
to 27 (in ordinary units, this field would correspond to
the flux quantum &, =27H;x;A). It is obvious that the
quantity 2¢, is equal to the field flux across the barrier.
It is then easy to establish the physical meaning of the
function ¢ (x) in (1) and (2):

¢(2)= [H dz—q., (10)

i.e., ¢(x) is the field flux across the cut [0, x] of the
barrier after subtraction of the flux ¢, across the bound-
ary (see Fig. 3a). The latter quantity is equal to the
field flux on the portion from the point x =0 to the point
Xext (jext =0), Where the region of vortices begins (the
unshaded portion in Fig. 3, to which corresponds a flux
equal to 27).

2. Substituting the value x =L in (7), we obtain the
relation

FIG. 2.
barrier of width L in the case of presence in it of =0, 1, 2
vortices.

Schematic distribution of field and current in a tunnel
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FIG. 3. Determination of the quantity ¢,. In the figure a—the
case ¢, <7; the region where the magnetic field flux is equal to
¢, is shaded. A flux equal to 27 corresponds to the vortex; in
the figure b, —the case ¢, =7; at L>>1, Hp,, =0 and the solid
curve on the portion 0 <x<xn,, is described by the Ferrell—
Prange solution (see note 3)..

H® 9
. sin® ? =0,
(11)
which determines the value of ¢, as a function of n, L,
H,. Since 0 <¢, <, it is seen from (11) that there ex-
ists some minimum field for given L and n, below which
the requirement (11) cannot be satisfied and, conse-
quently, there is no solution number n. It is evident
that this minimum field H,, corresponds to the value ¢,
=0 and is found from the relation

+23n
* { LR 9

1 =
L=— —sin® -+ sin® — L
3 % sin’ ) sin’ 3 } dp, a

~Pe

12)

At H,<H,,, the solution changes from ¢, to ¢,_;.

We find in similar fashion the maximum field H,,
above which there are no solutions with number » (this
field corresponds to the value ¢, =):

27 (n41) H.?
an

1 Q"
L=— | — cos* 2 } i
5 ; 4 cos 5 do

13)

At H,>H,,, the solution should change from ¢, to ¢,,;.?

We now study (12) and (13) in more detail. The rela-
tion (12), which determines the field H,,, can be written
in the form

L/2n=k K (kun),

Kun={1+H,,"/4) 7", (14)

while the relation (13) for the field H,, takes the form

L/2(n+1) =kuK ki), Ken=2/H o, (15)
where K() is a complete elliptic integral of the first

kind:

n/2
K (k)= j

dz
(1—k?sin®z)"

(18)

We now give the asymptotic expansion of the function
EK (k) at B close to zero and unity:
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. o
kK(k)=i;—(k+T+...), k<,
IA

+ 1 4
, =]p-——— —+ S
kK(k)=1n ¥ (ln X 1) k y

K=Y1—k<i. L&)

The graph of the function kK (k) is shown in Fig. 4. The
asymptotes of (17) are given by dashed lines in the fig-
ure. We note the following circumstance, which will be
useful later: at a value of k=v3/2~0.86, the function
kK (R)=1.86.

The roots of Eq. (14) are determined by the intersec-
tions of the curve kK(k) with the horizontal straight lines
L/2n (see Fig. 4). At small L/2n, we find, by using
(14) and (17),

Huw=2[(an/L)*—1]%, L/2n<A. (18)
At large L/2n, we obtain
Hon=8e-t/  L/2n>A. (19)

At L/2n~1.86, we have k=vV3/2 (see Fig. 4); therefore,
H2 =3} i.e.,
H.,=2/Y3 at L/2n~1.86. (20)

The graph of the curve H,,(p), where p=L/2n, is shown
schematically in Fig. 5a.

The form of the curve H,,(L) is found in similar fash-
ion from (15):

Ho=2a(n+1)/L, L/2(n+1)<d,
Ho=2(1+8e=+0) | L/2(n+1) >4,
H..~4/Y3 at L/2(n+1)~1.86.

21)
The value of the field H,, =2 at L>> 1, which restricts
the region of existence of the solution of the Meissner
type (n=0), was found earlier by Kulik. %! The graph
of the curve H,,(p), where p=L/2(n+1) is given in

Fig. 5b.

Figure 6 shows schematically the behavior of the mean
field H,(H,) (9) in a barrier of finite width with n vor-
tices (solid lines); the points on the ends of these lines
indicate the location of the fields H,, (the “supercooling”
field) and H,, (the “superheating” field). (We use here
the terminology used for ordinary superconductors®®’ to
designate the boundaries of the regions of existence of

KK(x)

6+ s
E FIG. 4. Graph of the function kK (k).

- Win The roots of Eqs. (14), (15) are de-

4 termined by the intersection of the
j lines L/2n, or L/(2n+1) with the

B i heavy curve. The asymptotées of the

2k 166 4 . function kK (k) are given by the nar-
......... = row lines.
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FIG. 5. a) Minimum field H,,, below which there are no solu-
tions corresponding to n vortices in a barrier of width L; b)
the maximum field Hg,, above which there are no solutions cor-
responding to n vortices in a barrier of width L.

superconductivity of films in a magnetic field.) The
solution with n vortices exists in the range of fields H,,
<H,<Hg,. The field H,, corresponds to the value ¢, =0,
the field H,, to the value® ¢, =7, The intermediate
points on the curves correspond to the values 0 <¢, <,

It is seen from Fig, 6 that at a specified external field
H, solutions can exist with different n, but not larger
than several units. The quantity H,, =H(H, = H,,) =2m/L
corresponds to the maximum value of n, consistent with
the given H,. The large dots, which bound on the left
of the region of existence of superconductivity, lie on
the curve

Ho(H)=4n / ]{ Ii"

-z_?;}'” =
+ sin 5 do ()
H‘: =%
k,={ + } .
1 4

(22)

Using the expansions (17), we find

4V4+H?
H

Hu(H,)=n/ln

v Hexd,

H.(H.)=V4¥H?, H>1, (22"

H,~n/1,86 at H,=2/V3.

At a given field H, > H,, there exists some minimum #,
to which corresponds the value H,,=H(H,,) =27(n +1)/L
on Fig. 6 (we note that H(H,, ;) =H(H,,)). The large
dots, which restrict the region of exist of superconduc-
tivity to the right, lie on the curve

H (H)—lm/]lﬁ{ﬂ coszi}_%d = i k —-i H,=>2
) o) T RE®) CTH T
(23)
Hy
7 F A
< FIG. 6. The region of
T=H, existence of superconduct-
Ir i ing solutions. The dashed
_ curves H, and H, corre-
2L A > spond to “supercooling”
- #5(Fe) and superheating” fields.
Hynl--2% . iy The heavy lines correspond
Uy ' to a definite number » vor-
_ n=l : _ tices in the barrier.
”‘ll . 2= |‘"'"'| '''''' | N ”.ra
[ 2K, 3 4 K,
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Using the expansions (17), we find

4H

A== [ gy 0<H-2<t,
H,(H)=H. H>1, (24)
H~n/186 at H,.=4/V3.

The curves H,(H,) and H (H,) are shown in Fig. 6 by
dashed lines.

We now write out one more relation that follows from
(14):

L,(H)=2kK(k,). k>=+Hz4)"

(25)
The quantity L, is the minimum size of the barrier at
which one vortex still exists at the given field H,. At
L<L,, there can be no vortices in the barrier, and only
the Meissner state n =0 is achieved. Thus, in a speci-
fied field, vortices can exist in barriers whose width is
not too small,

3. We now proceed to a more detailed investigation
of the mean field in the barrier H,(H,). As is seen from
(9), for this, we must know the function ¢,(n, L, H,),
which should be found from the relation (11). At L1,
it is necessary for existence of a solution of Eq. (11)
that o> 1, whence we obtain

1 L
L=——Qant2q.), Ge(n, L H)=—-H—an, L<1,
e 2 (26)

I,<H<H.,, H.=2an/L, H,~2zx(n+1)/L.

Thus, at H,~H,¢,~0; at H,~H@,~T.

In the case n =0, it is not difficult to find the depen-
dence ¢,(n=0, L, H,) at arbitrary L, but small H,, when
¢, <1. Here we get from (11)

H.+o, L
L=In—"%  .(n=0,L H)=H.th=-, H,<<A, 27)
H—q. 2

and from (8) we can find the value of the field at the cen-
ter of the barrier:

11(z=‘—1_:)=11,(1—m=—1;—) Y n=o. (28)

At L> 1, we have H(x =L/2) =2H,e"%/>—the exponential
decay of the field inside the barrier that is characteris-

tic of the Meissner solution (2=0). At L<1, we have
Hn=o(x) =H,.

In fields H, close to Hy, we have ¢,=m, and we find

from (11) in the case =0,
po=a—VEi—H F6he ", L>1, 0<2—H.<l. (29)

Knowing ¢,(H,) we can find the curves H,(H,) from (9),
which are shown schematically in Fig. 6 by solid lines.
In particular, at »=0, the initial portions of the curve
H,.o(H,) depend linearly on H, in correspondence with
(27) and at H,= H,, a square-root dependence exists at
L>1, inaccord with (29). In the case of a change in
the quantity L, the curves are transformed as shown in
Fig. 1.
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He

FIG. 7. The magnetization curves: a—the case of a wide bar-
rier (L —«), the heavy line was obtained by Kulik!?!; b—the
case of a barrier of finite width (L ~4); the heavy vertical cuts
correspond to jumps of the magnetization at thermodynamic
equilibrium entrance of individual vortices into the junction .
(the location of the jumps is shown tentatively). The narrow
lines illustrate the possibility of non-equilibrium (hysteretic)
junctions; c—the case of point contact: the magnetization curve
approaches the law H=H,.

As follows from the considerations given above, the
existence of some set of solutions with different values
of n is possible for a given field H,. We now raise the
question as to which of the possible solutions is realized
at a given value of the field H,. To answer this ques-
tion, it is necessary to compare the thermodynamic po-
tentials (free energy) of the states with different »; un-
der equilibrium conditions, the system will be found in
a state with the minimum free energy. We write down
the Gibbs potential for the state n:

Gu(L, H)=8,(L, H)—H.H., (30)
where H, plays the role of the induction B of a weak su-
perconductor (B is the mean macroscopic field), Y and
&, represents the energy per unit surface area of the
tunnel contact (cf. Refs. 1-3):

(1—cosq;+1—9 ( de )_) dz.

dr

1

Eu= (31)

°

Here ¢ corresponds to the solution of number #, the
term 1 — cosgp describes the energy connected with the
distribution of currents in the barrier, and the term
L(dp/dx)? is the energy of the magnetic field. Using
(1)=(7), it is not difficult to find

/2 @0/2

8 , . )
&n=—2a" +Tn J (o +sin’z) " dz +T;!. (a® +sin®z) " dz,
L]

(32)
a’=%ﬁ.’—sin‘%.
Let L>1, Atn=0, we find from (32)
&=H?L at H.<1, &,=8/L at H.~2. (33)

Taking it into account that H,_,=2¢,/L=2H,/L at H, <1
and H, (=27/L at H,~2, we find from (30) and (33)

H? 8 4n
Gu=—T at H.«1, Gg='z——T at H,~2. (34)
At n=1, we obtain, similarly,
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FIG. 8. The dependence on the field (schematically) of the
Gibbs free energies corresponding to the different numbers
n=0, 1, 2, vortices in the barrier, As L — =, the point of in-
tersection of the curves approaches H, = 4/m, Under conditions
of thermodynamic equilibrium the system is Tound in a state
with minimum G.

G,=—(4—nH,) at H.<{,

(35)

SIS

G =—(4—nH,) at H.~2.

The G,(H,) curves are shown schematically in Fig. 8 in
the case L> 1. As L-«, G, and G; become small and
then their intersection point tends to H, =4/7, The val-
ue H,, =4/7 is the critical field at which the first vortex
appears in an infinitely wide barrier under equilibrium
‘conditions. At H,>H, =4/w, the function G, becomes
smaller than G, and the system transforms from the
-state n =0 to the state »=1. The field H, was found
earlier by Josephson, [11 and the entire path of the mag-
netization curve H(H,) was obtained by Kulk in the case
L -, ™3 This curve is shown in Fig. 7a by the solid
line.

We have sketched out here schematically a method of
calculation of the thermodynamic potentials which al-
lows us in principle to obtain the entire path of the mag-
netization curve in the case of arbitrary finite L. How-
ever, even without a detailed calculation, it is clear that
at finite L, the equilibrium magnetization curve differs
essentially from the curve found by Kulik (cf. Fig. 7a-c).
Thus, the jumps in the magnetization at places where
the system transforms in equilibrium fashion from the
state n to the state n +1 are tentatively indicated in Fig.
b by the heavy vertical cuts. It can be shown that these
jumps reflect the “size quantization” that is character-
istic for systems of finite dimensions, . At L <1, the
magnetization curve approaches the curve H=H, (Fig.
7c) and as L~ 0, only the state n=0 is realized.

Thus, we can conclude that real tunnel barriers,
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characterized by widths L~1 (i.e., L~X;~0.1 mm)
should possess unique magnetic properties. Along with
the magnetization jumps noted above, we can also ob-
serve in such barriers hysteresis phenomena connected
with the possibility of existence of metastable states of
the “superheating” and “supercooling” types in the mag-
netic field. An example of a possible hysteretic depen-
dence is shown in Fig, b by the thin lines with arrows.

Dywe shall assume below that » > 0; the case n <0 corresponds
to vortices in which the direction of the magnetic field is op-
posite to that of the external field. Such a state is obviously
not realized under equilibrium conditions; however, in prin-
ciple, it can exist in the presence of forces that pin the
vortices in the barrier.

The static solutions ¢p and g,,; describe essentially different
field distributions (for example, in Fig. 2 at n =0 there is a
minimum in the field at the center of the barrier, while at
n=1 there is a maximum). For this reason, the transition

- from ¢, to ¢,,;, which is connected with the process of the
entry of the vortex into the redistribution of the fields and
currents, should be described by a time-dependent equation.

3)1n the work of Ferrell and Prange, 4! a partial solution was
obtained for ¢ having the form ¢ =4 arctane™. This solution
is obtained from (7) at ¢, =7 and corresponds to the external
field H, equal to the maximum “superheating” field, H,=H,
=2. The Ferrell-Prange solution describes the distribution
of the field and the current in a wide barrier on the portion
of the boundary of the barrier (where H, =H g, =2) up to the
point %y, 4, where the field has the first minimum (see Fig.
3b; here Hp,,=0 at ¢, =7, in correspondence with (8); as L
— 0, Xma— and the distributions the field and current
transform into those which correspond to the Ferrell-Prange
solution, cf. Fig. 12.1 of the book of Solymar!")).

“1n ordinary units, the second term in (30) has the form BH,/
4m and is equal to the change in the energy of the sample in
the external field, while the first term corresponds to the in-
ternal energy.
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