Forces acting on vortices moving in a pure type Il

superconductor
N. B. Kopnin and V. E. Kravtsov

L. D. Landau Institute of Theoretical Physics, USSR Academy of Sciences

(Submitted May 17, 1976)
Zh. Eksp. Teor. Fiz. 71, 1644-1656 (October, 1976)

The motion of vortices in a very pure type II superconductor is analyzed in the case k » 1 on the basis of
the microscopic theory of superconductivity. It is shown that, similar to He II, the motion of the vortices
is determined by the balance between the Magnus force of mutual friction between the superfluid and
normal components. This latter force can be expressed in terms of the transport and transverse scattering

cross sections for normal excitations on the vortex.

PACS numbers: 74.40.—j

1. INTRODUCTION

The motion of Abrikosov vortex filaments'!! in type II

superconductors is very intensively studied at the pres-
ent time. The dissipation processes which take place in
the motion of vortices, which lead to the existence of a
finite resistance of the superconductor in the mixed
state, have been studied in special detail. The micro-
scopic theory (see the review of Ref. 2) gives in prin-
ciple the possibility of calculating the diagonal compo-
nents of the conductivity tensor in the superconducting
alloys at any values of the magnetic field and tempera-
ture. The situation with regard to the Hall effect is
otherwise—no clear understanding has been achieved
here to date. According to the simple phenomenological
model, the vortex has a core consisting of normal elec-
trons, around which superconducting currents circu-
late. On the basis of this model, Bardeen and Stephen'?
have found that the Hall angle is determined by the re-
lation

1

tg Op=0.1,

where w, = ehegs/mc, and ke, is some effective magnetic
field at the core of the vortex, which, according to Ref.
4, has the order of H,,. Attempts at a microscopic con-
sideration of the Hall effect were undertaken in Ref. 5,
where the Hall effect developed as a result of the rather
artificial introducting of corrections to the chemical po-
tential, and in Ref. 6, where curvature of the Fermi
surface was taken into account.

In type II superconductors, just as in the normal met-
al, the Hall effect can arise from curvature of the tra-
jectories of the electrons in the magnetic field. Fur-
thermore, another mechanism is possible, namely, the
dragging of the vortices by the passing superfluid flow,
which takes place in superfluid helium. In the motion
of the vortices, a mean electric field

1
=T[B><u] s (1)

is induced, where u is the velocity of the vortex and B
is the magnetic induction. If the vortex is partially
dragged by the flow, this leads to the appearance of a
component E, perpendicular to the transport current
(see Fig. 1), where
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tg ()K=—u"/u4_=E4_/E".
Thus, the experiments of Refs. 7, 8 in pure supercon-
ductors yield tan6, =1,

As is well known, [®1 the superfluid flow in HeII acts
on the vortex with the Magnus force

F,— 27

[vy —uXulp,,

MHue
where pg=my, N, is the density of the superfluid compo-
nent, v, is its velocity at large distances from the vor-
tex, and p is the unit vector of circulation of the veloci-
ty. On the other hand, in motion of the vortex, a fric-
tional force develops between it and the normal compo-
nent F, which depends on the difference u-v, and is de-
termined by the processes of scattering of the normal
excitations by the vortex. The balance of forces F,+F
=0 connects the velocity of the vortex u with the veloci-
ties of the superfluid and normal motions in the vicinity
of the vortex.

It is of interest to understand the analogy of the prop-
erties of pure superconductors and HeIl. In consider-
ing below the pure superconductor (the required degree
of purity will be established later) we impose the condi-
tion »> 1 on the Ginzburg-Landau parameter. This al-
lows us to neglect the effect of the magnetic field at dis-
tances of the order of the coherence distance ¢ from
the center of the vortex, and to assume the vortices to
be isolated at H ~ H,. In this case, the Hall effect is
due to the dragging of the vortices by the superfluid cur-
rent. Such a formulation of the problem preserves the
analogy with HelIl, but for the superconductor, it has a
methodological character, since in pure type II super-
conductors that are known at the present time, begin-
ning with vanadium and niobium, the parameter %~ 1;
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however, it allows us to trace out the features of the
similarity and the difference between the superconductor
and He II.

2. THE ORTHOGONALITY RELATION

The specifics of a pure superconductor in comparison
with an alloy also appear in the fact that there is a rath-
er sharp spike in the magnetic field at the center of the
vortex here; in the case »~ 1 it can reach values of the
order of H,,."%1 At »> 1, however, H,,, is apparently
much smaller than H,,.'"'*’ We neglect the contribu-
tion of this field. It will be shown in Appendix 2 how to
take this effect into account.

The phase of the order parameter changes by 27 in
going around the origin, which is placed at the center
of the fixed vortex,

Av=|A,|e".

We assume that the electrons have a quadratic spec-
trum p2/2m, i.e., we neglect the band structure of the
metal and, consequently, umklapp processes. In such
a situation, the electron system has Galilean invariance
if the interaction with the lattice is sufficiently weak.
The moving vortex shifts as a whole in the zeroth ap-
proximation in u. By virtue of what has been said
above, it is convenient to set

A(r) =Ao(r—ut)e*™ r+A,, (2)

GEY (pp) = GRY

, R(4)
0z (P—mu, p—mu) 4G,

FIFEP (0, 0) = Figi (p+ mu, p' — mu) + Py 3)

and so on, where € =g¢-p-u, & '= e=p’* u, the func-
tions with the zero subscript correspond to the fixed
vortex, and the corrections 4,, G,, F, are proportional
to u. With the help of the equations for G®‘4? and
F*R4) " ye can establish the fact that G,, F} are ex-
pressed only in terms of A; and do not contain time
derivatives of Ay, ¥,:

&k, d&'p,
2m)* '

$I (o)== [ G (0, B A (k)T (P B) (4)

where

G F ~ 0 -A
9‘(—F+ z:') ’ H'=(A.' 0 )
This circumstance is violated when account is taken of
the interaction with the lattice. Estimate of the corre-
sponding term in the collision integral, which arises un-
der the transformation (2), (3), shows that (4) takes
place when I>> ¢, We shall impose a much stronger
condition on the path length below.

The order parameter and the current are expressed
in terms of the Green’s function in the following way'!!;
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Bo(k) ¢ _dp de[
gl J@n)° 4
A ) S Gapo) ] (5)
Ze dp de
"(2n)® 4n

h_Gn =-(P+vp )+G:.; (P+1P )]1 (6)

ene (P2 D= )thz—T*

fo(k)=— P [G.. ..(p+.p-)th;%

where p,=p+k/2, €,=¢ + w/2. The anomalous Green’s
functions for the pure superconductor have the form

g (p+p-)
(0] 1 d’kl
== oT ch—? J‘g(ﬂ)'(P+lpl)H (kl)g(O)l(Pi ky, p-)——— ¥p

@n)°

where H, is composed of A, and A¥ patterned after H,.
This expression assumes that the normal component of
the electron liquid is at rest relative to the laboratory
set of coordinates (the thermostat, the role of which is
played by the lattice). Interaction with the lattice comes
about from the impurities and phonons. We select such
a model, in which the basic mechanism is scattering
from impurities, i.e., we assume that the phonon re-
laxation time 7., ~©%/T? is larger than the impurity re-
laxation time 7. The interaction with the lattice main-
tains the normal excitations at rest relative to the ther-
mostat in the case of sufficiently small vortex density
ny: the small number of vortices cannot lead to motion
of the entire mass of the normal component of the elec-
tron liquid. Actually, if the frictional force per unit
length of the vortex on the normal component has the
form F=-D(u-v,), then a force —»,F acts on a unit
volume of the normal component. On the other hand,
the momentum transferred to the impurities by a unit
volume of the normal component, moving with velocity
v, averaged over the volume, will be = F,,, ~ mN,v,/7.
It is seen from the condition F,,, —=», F =0, that, in the
case

n,<mN,/1D (7)

the velocity of the normal component v, << u.

It is important to emphasize that the free flight time
7 can be so large here that the Galilean invariance (2),
(3) is no longer violated, and the scattering of the exci-
tations by the individual vortex takes place more rapidly
than scattering from impurities. As we have seen, for
satisfaction of the first condition, it suffices to require
7> A", The inequality necessary for the satisfaction
of the second condition can be obtained in the following
way. The scattering probability by a vortex of unit
length for an electron located in the volume occupied by
the vortex is equal to 7! ~ov Fg‘z, where o is the corre-
sponding scattering cross section, which, in accord
with Eq. (22) (see below) has the order of p7'. Requir-
ing that this probability be larger than 7!, we obtain

T>Ee/A%

The condition (7) for the vortex density takes the form
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n B < E/ A,

Substituting expressions (2) and (3) in (5) and (6), and
limiting ourselves to terms of first order in u, we ob-
tain a set of linear equations for A; and j;. Since the
initial equations (5), (6) possess translational invariance
we can write down for the obtained linear set of equa-
tions sort of a orthogonality relation in analogy to what
was done in Ref. 12, Its derivation is given in Appendix
1. The result is of the form

n d ~ @
7[115, d] (j"—J\’.eu)=L"VJ:l d°r, jﬁSp{Hﬁf Y0 ) evmn (8)

(the frequency indices on the ¥ functions are omitted
here and below). Integration is carried out over the
volume of a cylinder of radius R, > £ with center at the
origin, N is the density of “superconducting ” elec-
trons at large distances from the center of the filament:
Ny=N-=N,, where

e de
Mo=|m——mch oo
J (A" 2T 2T

L is the length of the vortex, n, the unit vector in the
direction of the magnetic field, d is an arbitrary con-
stant vector and the operator H,, consists of A;=dV4,,
A¥=dvay: H,=d- VH,. We have

g™ (r,r’)=—%ch‘z 9TJ'dsz{?m 2) ——(uV NFAQ, ')]M
+[%9ﬂ(1,2')]2'“2 @v)g42, 1) }, (9)

where p,, =iV,., P;. =iV,.. The integration over the r,
coordinate is carried out over the surface of a cylinder
of radius R, > R;.

We transform the volume integral over d3r; in (8) to
an integral over a surface of radius R,. For this pur-
pose, as in Appendix 1, we use the identity

Hy=dvgme

as well as the equation of motion
G-1GRA) (r, 1) =6 (r—1’).
As a result, we obtain

ol Y= ot o [ a(Sa) d(Sus

VR,

XS {(‘")‘ (uVy)§4(2, 1) 2
(}h )l

(Pa)i

dv,)%"(1,2)

+Vy) L ga(2, 1) (@v,) 2L (p’ )“ g*(1,2) (10)

(p2)a(py )( . , .
+ “emy (uv.)% (2,1)]"_’(dV.)9 1,2)

+avgae, o[ Ll

G @vos w2 |}

The derivation of (8), (10), together with the use of the
equation of motion, is actually equivalent to the deriva-
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tion, given by Iordanskii, 3! for the force of mutual
friction in HelIl.

3. BALANCE OF FORCES ACTING ON THE VORTEX

Writing j,.=Nev,, we can represent the left side of
(8) in the form F, - d, where the Magnus force (or the
Lorentz force) acting on the vortex from the transport
current is

F, =nN,lv, —uXn,] =1

m Nee[v, —uXdg]

(®9=ny,mc/e is the magnetic flux quantum). Thus, there
is a quantity on the right side of (8) which has the mean-
ing of a force (with opposite sign) acting on the vortex
from the normal excitations. In Hell, as is well
known, [!%4] we can express this force in terms of the
transverse and transport scattering cross sections of
excitations by the vortex. We shall show that this is al-
so the case for the pure superconductor.

We make use of the well-known (see, for examples,
Refs. 4, 15, 16) expansion of equilibrium Green’s func-
tions in the eigenfunctions of the Bogolyubov equations:

GE (ryy 1) =— (11)

)

Z Ua(r,) Un* (ra)

e—E,+i6

where the summation is carried out over all states,

" both with positive and with negative energies, 6 -+0,

Un

7.=( ). Our=Gon).

—v,

The functions U satisfy the equations

Ec, 0 =[ (_;'Z)

—E.+H ] U. (12)
In the substitution of (11) in (10), we note that if one of
the states belongs to the discrete spectrum | E| <A, "
then the surface integral vanishes for this state because
of the exponential decay of l7 at p> ¢, Thus, only
sums over the continuous spectrum enter into the ex-
pression (10). Expressing the functions U at p> ¢ in
terms of the phases of the scattering, we can write down
for the force of mutual friction a formula which contains
the scattering cross section.

The solution (12) for each E in the continuous spec-
trum is doubly degenerate. The corresponding linearly
independent function is

U eitveneting, ), U_=e.-(vz-,,,w+mu')‘_ (). ( 13)
The upper sign applies to «, the lower for v and v takes
on half-integer values. The asymptotic form of the ex-
pression w(p) is given in the work of Cleary!!s! (see al-
so Ref, 16):

- K n n
w+(p)=(nq p) Becosy cos(q+p—-?lv|—4—+6.)
+
2\ n n
+ _si P  L
(nq-p) B smxcos(q Py |l % 6,) , (14)
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l;z-(p)=._( — )‘/’ B+sinx003(q+ﬂ—% Ivl —41+ 5,)
s (g g,
where

g =pl—k*+2m (E*—A )",
L [1E(E*—=A)"/E]"
—9="
Ba=2 {—[1$(E'—A.,’)"'/E]"' }

The functions U with real w(p) guarantee the absence of
a radial component of the current for the equilibrium
vortex. The quantity y describes the scattering with
change of the particle-hole channel.

The part of the sum (11) corresponding to the continu-
ous spectrum is of the form

0, (1)0,*(2)+0-(1)0-*(2)

(2n)? (E*—AD)™ e—E=xi

gr (s ")=_ZI dk dE mE
’ (16)
Substituting (16) in (10), with account of (13)~(15), and

after cumbersome calculations, we obtain

; [n, X d1(j, — N,eu)

de

4nT ¢
fel>A

Pr dk
h_zz_‘; qu:{o"(ud)ﬂ*[n,,Xd]u}. (17)

Here we have used the following notation:

¢*=ps—K*, 0n=‘/z(0f:’+os)), 0.1.=‘/:(0(.|t)+°j.”)-

The cross sections in (17) are expressed in terms of the
amplitude of the scattering of excitations by the vortex,
which are identical with those obtained in the work of
Cleary™%;

' - =
fi(@)= (%q) E ' +he(cog? y (e2%—1) +sin® y (e2—1)},
K -~ -
fa (Q)) = (.Z:I_q) 2 : ei(vHhIe(gin? X (e““'—i) +cos? % (ezie,_i) )-

1\ . . :
g(q>) - (zT) 2 en(v+ 1)@ sin % COS ¥ (ezuo,_ezuo,) s
q

where

8,.2(e, k, v) =0,.2(g, k, v) +'/inusign v,
( ) =012 (18)
8u2(e, k, v)=b,.:(¢, k, v)—*/in signv.

We have
o ®= [ [1f,a(e) 1*+1g (@) I*] (1 — cos 9) dg,
o= | [Ifi2(9) I*+1g (@) I*sin ¢ do.

The difference from Ref. 15 lies in the fact that the
term designated by o, in Ref. 15 and having a very large
value does not appear in these formulas.

The force acting on the moving vortex from the nor-
mal excitations is, according to (17), equal to
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Fe— j de

e Tdk
-2 G,y A 1
N yr ch T o‘ 2 {owuto, [uXng,l} (19)

4. SCATTERING OF THE EXCITATIONS BY THE
VORTEX

The phases of the scattering 6, , change by a quantity
of the order of unity in a change of the impact parameter
b=v/q by a quantity of the order of ¢£. Therefore,

8(v+1)—8(v) ~(gt)~'<1 (20)

at all v except v=—3. As follows from Appendix 2, the
difference 6(2) = 6(-=%) ~1. The quantity x = n/4. %) Us-
ing (20), we can simplify the formulas for the cross
sections. We begin with the transverse cross section.
Separating the terms with vy’ ==p=+3 from the sum
over the azimuthal numbers, and expanding in terms of
the small differences (20), we find

1
0, = rs Z [6,(v) +8,(v) =8, (v+1) =8 (v+1) 1+ —;—-sin o cos v,

vkl

where

=0, ("/2) +84("/2) =8:(—"/2) =82 (—*/2),
Y=08,("/2) =62 ("/2) +8:(="/2) —8.(—"/).

Carrying out the summation, we obtain

o =— %[61(+°°)+62(+°°)—6.(—°°)—6a(—°°) ]+%+'1—Sin°‘°°s X
(21)
The first term in this formula is the analog of the ordi-

nary quasiclassical formula for the transverse cross
section

GJ_=J. (GPJ.)E=—'—'——AS(+N)_AS(—°°) ,
e p p

where AS(b) is the change in the classical action in
passing along the trajectory. The phases §, , at large
b are calculated in Appendix 2:

T

e
61 0=— T (e —AN)"

signwv.

The first term in (21) therefore yields

, = e
T A
which corresponds accurately to the cross section ob-
tained for Hell: o0, =27/my,v,, **'*! where v, is the
group velocity of the excitations. The second and third
terms in (21) contain the phase jump a. It is connected
with the term %7 sign v in (18) and is due to the fact that,
in contrast with HeIl, “the superfluids” in the super-
conductor are not the quasiparticles (electrons) them-
selves, but their bound pairs: while, the phase of the
order parameter changes by 27 in going around the ori-

- gin of the coordinates, the phase of the single-electron

wave function changes by .

It was shown in Appendix 2 that a= - 7; therefore,
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0¢=—-%[1—(e1+:)%]‘ (22)

Similar simplifications can be obtained also for the
transport cross section. We have

°”=LZ (Sin°[60 (v) =8 (v+1) ]+ sin?[6: (v) —8: (v +1) ]}
q

B R S RES)

The terms entering into the summation over v
are of the order of (¢g£)"2. Since the number of terms of
the summation ~ ¢g¢, this part of the cross section is of
the order of 1/g%t. The second part of the cross sec-
tion (23) requires a more detailed consideration. It is
shown in Appendix 2 that §,(x3) = 5,(¥3) =+ 7/2 in the
quasiclassical approximation. !’ Therefore, this part of
the cross section vanishes in the quasiclassical approxi-
mation. The difference in the phase differences from
+7/2 can appear in the next approximation in the quasi-
classicality parameter (pr£)”'. Therefore, the second
term in the cross section (23) does not exceed the first
term in order of magnitude. Thus, o0,,~1/¢%¢t. The
calculation of o, requires a calculation of the phase;
this is possible only with the help of numerical methods,
which go beyond the scope of the present work.

Substituting (22) in (19), we find

F=—nu—z [N,—z,‘, (%)N] luXngl .

where fy(z) = (e “+ 1) is the equilibrium Fermi function.
The coefficient of viscosity is

j de ch-? > m'd—k *G

KR =7 Al O PR

At temperatures T ~ A, we have, in order of magnitude,
~mppA. At T<< A, the viscosity noce /7, We find

from (17)

A—\th( Y )eu—-ﬂ[nHXu] .

Thus, the effective conductivity o;=nc?/®,B. At T ~a,

Ne*A™ Ho,
“~"m B

(24)

The Hall angle is close to 7/2:

Aw
tg 0y=aNth (-2—1_,) / n>1

Such a situation is analogous to that which occurs in a
pure superconductor at x ~ TA%/E.>> 1 at low tempera-
tures. 1 In the latter case, however, the conductivity
is determined by the interaction of electrons, found in
bound states at the core of the vortex, with impurities.
This mechanism makes the contribution

M

x\eA ‘He, Er
m B Az’
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to the conductivity in the case x> 1 and T« A. The con-
tribution is greater than the quantity o, from (24).
Therefore, we can expect that even at T ~ A the energy
dissipations will be determined not by the scattering of
the normal excitations, but by electrons in bound states
in the core of the vortex.

In conclusion, the authors express their deep grati-
tude to L. P. Gor’kov for constant attention to_the work,
and also to Yu, M. Gal’perin, S. V. Iordanskn, A. L
Larkin, Yu. N. Ovchinnikov and E. B. Sonin for useful
discussions.

APPENDIX 1: DERIVATION OF THE
ORTHOGONALITY RELATION (8)

For the derivation of (8), it is convenient to transform
to a gauge in which A is real. In place of (2) and (3),

we have

IA =180 (r—ut) [+, Q=—%V7_=Qo—in;—u+Q‘ (1.1)
(here X is the phase of the order paraﬁleter),

P @p) =853 (pop) — S5 (1.2)

Substituting (1.1) and (1.2) in the equation for A and the
current, we obtain a set of linear equations in A; and Q.
Using the translational invariance of the initial equa-
tions (5) and (6), we write down the orthogonality condi-
tion for them!*?! (below, we transform with respect to

P. -p.=k in the coordinate representation):

Cij [Giri—New Q-Quilds

de @]_g
—J' j(w%—'(\ plAS«]-SplA'S'D, (1.3)

where
~ e -~ - S o
Ha=—W(PQd+Q4P)G:+Ha'Y Hdl=(

0 —
s o)

Q,=(d* V)Q, A,=d- V4, d is an arbitrary constant
vector, and we have omitted the modulus symbol for A,
The function %’is equal to

1
' (psp-)=—ch——

oF T [90ye (P P-) (P-u) = (p4u) F (e (P4, P-) 1,

and

e d’p

de
e G PS Sp[o.8" (p+,p-) 1.

jo=——
Integration in (1. 3) is carried out over the volume of a
cylinder of radius R;> £, In the left side of (1.3) we
have separated out a surface integral. Since, at large.
distances from the vortex,

Ne

ji=o—Via

j.=2Vneu
¥ e 2m

. Ne
jiw = —(Vx:1t2mu),
2m

the linear part takes the form!?’
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Ln . Xa Xd
—[ngy Xd] (ji—N,eu) + | Z=divjd’r+ iv j— 22 g3
p [ng X d] (j, eu) v_[ oy div ja.d°r v{ [divj uVNe]2e d’r.

The last term in this expression vanishes by virtue of
the condition of continuity. Integrating by parts on the
right side of (1.3), we obtain

T . . dp de
B Xd]l(jio—NV,eu)=L"* | &°r | ——— —
e[nH 1G eu)=L vjld' @) i
x{sp[ﬁd'(gm-?) 1- E%dixv[p(atw—a'—cwurc') ]} . (1.4)

The anomalous Green’s function for a pure supercon-
ductort! in the coordinate representation is

i

90y =g [ S () Aur) S A (e ), (1.5)

Tor
where H, is obtained from H, by the substitution of
(u-V)Q and (u- V)4, for Q;, A, The integral over d°r,
in (1. 5) converges at distances of the order of ¢; there-
fore, in place of integration over the entire space, we
can integrate over the volume of a cylinder of radius
R,> R, > £, Making use of the fact that

A, =@uV)H,=uV% ",
and the equation of motion
G (0, 12) =8(r,—r2),

we separate from (1. 5) an integral over the surface of
a cylinder of radius R,:

G (r,r") =9+’ (r,r') 0 (R~ [p]) 0 (R~ p’]), (1.6)

where 9{* is given by the formula (9), and

1, z=0

8(’”)={0, z<0"

With the help of (1. 6), after some transformations, we
can obtain the following for the term in curly brackets

in (1.4):

{Atinado) FT (5,0) + (Qa—igedo) F® (r, 7)),

It follows from (9) that e"*F ‘@ and ¢'*F{* in the gauge
with real A are equal to F;'‘® and F{* in the gauge A.
=1Al e**. Thus we arrive at the expression (8).

APPENDIX 2: PHASES OF THE SCATTERING

We first note that the spike in the magnetic field at
the center of the vortex, about which we spoke in Sec.
2, is taken into account by replacing =iV in (12) by - iV
¥ eA/c, where A is the corresponding vector potential.
The relation (17) remains unchanged in this case.

According to Ref. 15, we write out
w(p)=(pp)~"{8 (p)e ™ +g" (p) e}, (2.1)

where
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and b=v/q. The regularity of #%(p) as p~0 requires
g(p) to be real at the turning point p=% in the case b 2 £.
We get for g,

v ip 0g.
)8t ——= o
(e 2mp‘)g m dp lalg
ip 0g, (2.2)

v
=) go————=lAlg..
( 2mp2)g m dp . lalg

Equations (2. 2) have two linearly independent solutions:

1) (2)
g(l) - a g(z) = a
—an /]’ a® /"

Let a=a,+ia;. Then
(5 ——= A) o ® = FRL
2mp* ’ m dp '
PECIU] (2' 3)
(s-piea) e 222
2mp* m dp
(the modulus symbol on A is omitted). We get
ai" =sin [ 4% a,‘”=7“ cos §,,
a,»m=}.z sin &, a¥= cos Ca.
Here,
1) i —i{,
g @ (V1) et (A=) e,
) 1t ~it (2. 4)
g «(A—1)e + (A1)
(2) il
gy o (1HAs) €8+ (1—Aa) e~ ™,
(2.4')

gv(z) a—(1—As) e— (1+1,) et

In accord with (2. 1) and (14), (15), as p—~,
c,,,=qﬂ(e=—A.=)"-p+a.,,.

It follows from (2. 3) that as p~«, we have

etA )'/'

My ( e—Aax

which corresponds to x = /4. 15

At b>> £ we can assume A =const and obtain from
(2.3)

13

€
81.0=— T (=A%) "

signv.

At small impact parameters (v ~ 1), the quasiclassi-
cal equation (2. 3) is applicable only at large distances
from the turning point 4 ~¢”'. The boundary conditions
for g are obtained with the aid of matching with the ex-
act solutions of (12) at small distances (cf. Ref, 17).
In the region p< ¢ in (12), we can omit A, We find

.

amede () Jmn (@045 ( ) ) Tomtao).
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Comparing this with (2. 4), (2.4'), we see that the quasi-
classical equations (2. 3) must be solved with the bound-
ary conditions

tg [£:(p=0) ]=—A,(p=0) sign v,

otg [£(p=0) ] =—ha (p=0) signv (2.5)

In Egs. (2.3), we can omit the term with y and set p
=q. For ), and ¢, ,, we have

g 9L
(G_A)M""n‘ 0p ’
q 0 g, 8%
etA=————ctgl:it+ - M—ap ’

m 0p
q 0%,
(E—A)M-—”—‘- ap )

(2.6)

20 o+ 95,5 2.6')
A= o gl g (

It follows from (2.6), (2.6’) and the boundary conditions
(2.5) that at v ~ 1,

l‘(p’ —V) =M (py V) )
Galp, —v) =Lu(p, v) + %sign V.

Therefore the phases of 6,(v) and §,(— v) are connected
by the relation

8, (v)—82(—w) =——’2£-signv.
The phase jump is

G—Gt(]/z) _51(_1/2) +52(1/z) —61(—"/1) =—m.

867 Sov. Phys. JETP, Vol. 44, No. 4, October 1976

Dwe are grateful to Yu. M. Gal’perin and E. B. Sonin, %!

who drew our attention to this circumstance.
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