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The influence of band bending in a sample on the conditions for the formation of an electron-temperature 
superlattice in a semiconductor with hot electrons is studied (the Benard problem for hot electrons in an 
electric field). It is assumed that the heating of the electron gas is due to intraband absorption of light. It 
is shown that the band bendin ... produced by, e.g., an external voltage (as in the field effect) can lower 
the threshold for the appeal ah~e of the superlattice by two to three orders of magnitude. In this case the 
effect can be observed not only at liquid-helium but also at liquid-nitrogen temperatures. In addition, the 
conditions on the dependence of the energy-relaxation time and electronic thermal conductivity on the 
electron temperature that were imposed in the absence of a voltage become unnecessary. 

PACS numbers: 64.60.Eq 

1. INTRODUCTION. BASIC EQUATIONS 

In a previous paper[1] the problem of the formation of 
an electron-temperature superlattice during spatially 
nonuniform heating of electrons as a result of intraband 
absorption of light was formulated and solved in the lin­
ear approximation. It was assumed that there was no 
external electric field and that, in the absence of illumi­
nation, the bands were not bent. The mechanism of the 
onset of instability of the one-dimensional distribution 
of electron temperature T was connected with the specif­
ic temperature dependence of the kinetic coefficients­
the energy-relaxation time T and electronic thermal con­
ductivity n. In the presence of a voltage across the sam­
ple, however, there appears another instability mech­
anism, analogous to that considered in the hydrodynamiC 
problem of Benard. (2,3) In our problem it consists in 
an increase of the pressure of the electron gas near the 
illuminated ("lower") face of the sample under the action 
of the force eE due to the electric field (see Fig. 1).1) 
(In hydrodynamiCS a gravitational field appears in place 
of the electric field. ) 

In the present paper we consider the problem of the 
formation of an electron-temperature superlattice (the 
Benard problem for hot electrons) in the presence of a 
given potential difference V between the illuminated and 
dark sides of the sample (see the figure); it is assumed 
that there is no through current along the z axis. 

As beforem we shall consider a material with mono­
polar conduction, assuming that the characteristic elec­
tron-electron collision time is appreciably longer than 
the momentum-relaxation time and, at the same time, 
much shorter than the energy-relaxation time. 

The problem under consideration, while similar in 
essence to the hydrodynamiC problem, nevertheless dif­
fers appreCiably from the latter in two respects. First, 
the electric field is screened; in the conditions under 
consideration the voltage associated with it is, in prac­
tice, nonzero only in the layers of space charge near 
the boundaries of the sample. Secondly, as is well­
known, with the above-indicated relative values of the 
characteristic times in the problem, instead of a sys­
tem of hydrodynamic equations we must use the Poisson, 
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continuity and energy-transport equations, supplement­
ing them by expressions for the fluxes of energy and 
charge. We note that, unlike in[l), it is now no longer 
possible to neglect the diffusion current. 

As in the absence of an electric field, in the problem 
under consideration there are four characteristic lengths: 
the screening length r 0, the "cooling length" Aii1 = (2Y"OT 01 
3)1/2 (the subscript 0 here and in the following refers to 
the corresponding quantity in the absence of electron 
heating), the reciprocal yii1 of the light-absorption coef­
ficient,2) and the sample thickness 1. As before, (1) we 
shall consider the frequently realized conditions 

(1) 

In this case the absorption of light (and heating of the 
electrons) occurs principally in the volume of the sample 
(at distances greater than Ai/ from the surface), and we 
can let 1 tend to infinity. 

In the following the quantities roAo and YAii1 will play 
the role of the basic small parameters. In particular, 
the smallness of the first of these makes it possible, 
firstly, to use the quasi-neutrality approximation out­
side the space-charge region, and, secondly, to avoid 
a detailed analysis of the processes in this region (just 
as is done in quantum mechanics when solving the Schro­
dinger equation with a strongly localized potential(4)). 

We introduce the notation indicated in Table 1. Then 
the basic equations of the problem will have the form 

Z~l ---------------

z~o---------------

t Light 

~~o 
~e£(z) 

'P~-v 

FIG. 1. Section of the sample in the (x, z) plane. The thick­
ness of the sample along the z axis is denoted by l and the po­
tential <p(z) of the electric field is normalized by the condition 
<p(l) = O. The dimensions for the sample in the x and y direc­
tions are assumed to be arbitrarily large. 
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TABLE I. 

Unit of measurement 

Quantity 

Coordinate 

Time 

Symbol 

x,y,z 

In the absence 
of degeneracy 

Electron concentration n 

Current density 

Drift velocity 

Thermal conductivity 

Electron energy-flux 
density 

Differential thermo­
power 

Light-energy flux 

Mean energy of the 
electrons (per 
electron) 

Fermi level 

Potential of electric 
field 

Field intensity 

Mobility 

u 

q 

I 

W 

F 

cp 

3/2e 

E=-'I7cp 3ToAo/2e 

2e 

3ToToAij 

For strong 
degeneracy 

l/e 

TOAO/ e 

3e 

2 ToToAij 

Note: The quantities no and Fo refer (in the absence of illumina­
tion) to the region outside the layer of space charge. 

an +divnu=O at ' 
a(nW) 3 --+ diyq-en(uE)+-n,-'(T-To) =1/, at 2 

- \'rr=411e-' (n-n,). 

(2) 

(3) 

(4) 

The factor in the last term in the left-hand side of (3) is 
connected with the definition we have taken for T. We 
note that in Eq. (2) (as in the boundary condition (8) be­
low) the recombination of electrons is not taken into ac­
count. This is justified in conditions when the param­
eters YOAO and SAoTo are small, where S is the rate of 
surface recombination. 

Furthermore, let J.l 0: TT. Then, for the velocity u 
and energy flux q we obtain, using the Einstein relation 
between the mobility and diffusion coefficient (throughout, 
only the formulas for a nondegenerate gas are written 
out explicitly), 

u=-rt(Vrr+aVT- (Tie) V In n), 

q=-nx V T+ (5/2+r) nuT. 
(5) 
(6) 

The solutions of Eqs. (2)-(4) should be bounded as x 
- ± 00, y - ± 00 and z - 00 • At z = 0 the boundary conditions 
have the form (cf. formulas (6) and (7) Of[lJ) 

1l.=O, 

%aT/iJz=v(T -To). 
(7) 
(8) 

Here v is the phenomenological parameter introduced 
earlier, [1J'which describes the cooling of electrons 
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across a contact. 3) 

One further boundary condition is shown in the figure: 

rr(O)=-V. (9) 

Here, in the conditions indicated in the figure, V> O. 

We shall introduce dimensionless quantities, thereby 
expressing u, E, etc. in the units indicated in the table. 
We also put T= To(1 + 0 and denote the dimensionless 
diffusion coefficient by D = j. 

Keeping the previous notation for the dimensionless 
variables, we obtain in place of (3)-(5) 

a[n(1+~)] 5+2r 
div(nxVs) + -3-div[nu(1 +~) ]-n(uE) +n;,-I(~) =11(Z). 

-1]V'CjJ=n-l, 

u=-rt[V'CjJ+aV;+D(1+;) V In nl. 

1]=3eT oAo'/Bnnoe''''''3ro't..o'/2. 

According to (1), 1)« 1. 

(3') 
(4') 
(5') 
(10) 

Equation (2) and the boundary condition (9) keep their 
previous form and the condition (8) is rewritten in the 
form 

(8') 

We note that in Eq. (3') T(~) -1 as ~ - O. 

In the conditions under consideration the absorption 
coefficient y depends on the coordinates, even if, in ac­
cordance with what was said earlier, we assume it to be 
independent of T. In fact, y = n(z)a, where a is the 
cross-section for capture of a photon by a conduction 
electron. Consequently, in the volume- charge region, 

1(z)=1mexp [- j crn(z')dz']. 
o 

In this region, however, the argument of the exponential 
function is itself small by virtue of (1), and I(z):dm • On 
the other hand, outside the space-charge region, where 
(in the system of units assumed above) y = a, the usual 
relation 

1(z) =1 .. exp(-p). (11) 

is valid. 

The situation could change only under very large band­
bending, when the concentration of electrons near the 
surface is raised to such an extent that y-l becomes the 
smallest length and a transition to the case of surface 
absorption occurs. [lJ The corresponding critical voltage 
is easily estimated using the expressions obtained below 
for the electron concentration. It is clear that it turns 
out to be fairly large. This possibility is not considered 
again in the present paper. 

The subsequent course of the calculation is the same 
as before[lJ: we find the one-dimensional static solution 
corresponding to the absence of free convection in the 
electron gas and then investigate its stability against 
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small three-dimensional variations of the electron tem­
perature. 

2. THE STATIC ONE-DIMENSIONAL SOLUTION 

We put u=O, rp=rps(z), n=n.(z), ~=~s(z) and confine 
ourselves, as before, [1] to the case of small superheat­
ing, putting ~s« 1 and confining ourselves to terms of 
first order in ~s. 

According to (3') and (5'), 

and 

, , din n. 0 
<p. +as. +D--= 

dz 

" dlnn., I ( ) -S. ---So +6.=1 m Z • 
dz 

(12) 

(13) 

Taking into account the condition ~s - 0 as z - co, we 
obtain from (12) 

( <p.+a~.) (<P.) n. = exp - -D-- ,.,. exp -D- (14) 

(allowance for the term with ~s here only gives correc­
tions that are unimportant for the following). Substitut­
ing the expression (14) into the Poisson equation we ob­
tain the standard self-consistent problem, the solution 
of which is well-known. In particular, 

<P: = {2Dr' [ exp (- ;.) + ;. - 1) ]}'" . (15) 

Using formulas (14) and (15), it is not difficult to solve 
Eq. (13) explicitly for the cases of weak and strong 
fields, corresponding, respectively, to the conditions 
eV« To and eV» To (in the usual units). There is, how­
ever, no necessity for this, since it is clear beforehand 
that, by virtue of (1), no appreciable heating can occur 
in the volume-charge region. For this reason it is suf­
ficient to confine ourselves to examining (13) outside the 
volume-charge region (replacing the quantity v' in for­
mula (8') by some effective value of it where necessary:, 
it will be seen from the following that the exact value of 
v' is not important for us, so long as it is not anomalous­
ly large). 

In other words, for the function ~s(z) we can use the 
solution found earlier. [1] In particular, in the most in­
teresting region (z»l) ~s:::;Imexp(-yz). 

3. DEVIATION FROM THE STATIC SOLUTION 

We put, as in[ll, 

6=~,Hs, <p=<p.H<p, n=n,Hn, (16) 

in which o~, orp, On and u are proportional to exp(tk . r 
+ sf) and the coefficients of proportionality are, respec­
tively, It(z), 12(z), 13(Z) and f(z). Here r={x,Y}, k 
={kx,kJ, f={f1,!z}; the components of the two-dimen­
sional vector k should be real. 

It follows from Poisson's equation (4) that the function 
f3 is small in the parameter 1) compared with 11 and 12 , 

Next, linearizing the formulas for the velocity in O~, 
orp and On and discarding small quantities, we obtain 
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j.=-I1.(W'-j,<p/), f-L =- ik l1. W, 

W=j2+a,j,+D/,n.-'. 
(17) 
(18) 

In this case the continuity equation (2) takes the form 

W"-Q,W'-k'W=Q2(Z), (19) 

Q, = _!':!_, Q,=j,'<p: +/, (<p," -D-'<p:'). 
II ~ (20) 

According to (7) and (17), at z = 0 we have 

W=J,![.'. (21) 

Finally, we turn to the energy-transport equation. 
Here it is sufficient to confine ourselves to the part of 
the sample lying outside the space-charge region. As 
before, [1] we introduce the notation 

( din 1:) 
i= din To' 

. (d In X) 
% = din To' 

., _ (din V') v ---
dinT 0 ' 

we then obtain 

(22) 

After linearization the boundary condition (8') takes 
the form (to within terms of order 1)) 

//(0)=\','/,(0), 
v,'={v'[ Hv'S.(O) ]-~S/ (OJ) [H'<6.(0) ]-'. 

(23) 
(24) 

Equation (22) differs in its right-hand side from the 
corresponding equation of the previous paper. C1l Such 
terms also appeared inClJ , but were discarded on ac­
count of the smallness of the parameter y. However, in 
the presence of a voltage across the sample these terms 
may turn out not to be small. Moreover, in conditions 
when the parameter 1) is small, they alone describe the 
effect of an external electric field on the function /1 and, 
thereby, on the condition for the appearance of a tem­
perature super lattice . 

4. CONDITION FOR FORMATION OF A 
TEMPERATURE SUPERLATTICE 

As can be seen from (20), the terms with Q1 and Q2 in 
(19) can differ appreciably from zero only in the space­
charge region. Outside this region, Eq. (19) coincides, 
naturally, with the corresponding equation of the paper. [1] 

The essential point, however, is that now, unlike inCl] , 

the function 4>(z) no longer vanishes as z - 0 but satisfies 
the condition (21). 

In a weak field Eq. (19) can be solved exactly without 
difficulty in the entire range of variation of z. It is 
simpler, however, to use the same device as in the solu­
tion of the Schrodinger equation with a "strong point­
interaction" . [4] Namely, by virtue of the small size 
of the screening length (1)« 1), we shall regard the whole 
space-charge region as the plane z = 0 and subject the 
solution of Eq. (19) for Q 1 = Q2 = 0 to the boundary condi­
tion (21) directly. In this way we obtain 

W' (z) =j, (0) <p,' (0) exp( -kz). (25) 

Returning to the formulas (17) we see that, in con-
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trast to a system without an external field, the velocity 
u is now already nonzero in the approximation in which 
the above equalities are valid. As can be seen from the 
boundary condition (21) and formula (5), this is connected 
with the change in the diffusion coefficient on heating of 
the electron gas, i. e. , in the final analysis, with the in­
crease in the pressure of the electron gas in the space­
charge region. (The other factor arising from the im­
mediate change in the electron concentration in this re­
gion does not playa role in the conditions under consid­
eration, by virtue of the small size of the parameter TJ.) 
In other words, an imbalance of the drift, thermoelectric 
and diffusion currents arising on heating, and leads to 
a finite value of the drift velocity. 

It is sufficient to solve Eq. (22) just in the region z 
»1, in which the heating principally occurs (cf.[1]). 4) 

In this case it is convenient to put 

(26) 

where z/J is a new unknown function. In fact, in conditions 
of heating, according to (23) f 1(0) * O. Using now the 
equalities (15), (17) and (25), we obtain 

$"_[ 1~' -q'exp(-yz) ]$=bexp[-(k+l)zl. 

b=a12Im, p=21-1(1+s+k')", q2=(2~+;'+Sy.hlm' 

2"'IFol [ ( ev) eV ]';' 
a= (5+2r) Toro/.o exp To -r-;-1 . 

(27) 

(28a) 

(29a) 

Equation (27) is also valid in conditions of strong degen­
eracy of the electron gas, if we put 

p=2y-1(1+cs+k')', q2=(2~+;'+cS%)1l"" (28b) 

,," T,,' [G (1+eFIF. 0) "'-5eVI2Fo-l ]'1' c=.,'/2F", a =--(,.+1)-1"0-1/'0-1 
9 Fo' j l+eVIFo 

(29b) 
In formulas (29a) and (29b), by Fo, V and ro we now mean 
quantities with the usual dimenSions, and in (29b) the 
screening length for the degenerate gas appears. We 
note that in the absence of degeneracy Fo< O. 

According to (27) and (24), for z '" 0 we have 

¢(O) = I, ¢' (0) =v/. (30) 

Equation (27) is easily solved in Bessel functions 
(cf. [ll). In order to trace how one passes to the limit of 
the regime without an external field, we first consider 
the case of very small voltages, putting 

(31) 

In this case the right-hand side of (31) can be regarded 
as a perturbation. Weput1/l"'z/JO+z/Jl+'" andp"'PO+P 1 

+ ... , where 1/10 and Po correspond to b '" 0 (i. e. , to the 
case V",O).[1] 

According tom and (30), 

Here p '" O( 1/p 0) and [po is a Bessel function. In the stan­
dard way we easily find 
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(33) 

Taking (28a) or (28b) into account we now obtain 

S+k'=[ImIZr -1]'/'. (34) 

Here the critical value of the light-energy flux at the 
boundary of the sample is (in the usual units) 

(35) 

For a", 0 formula (35) is transformed into the expression 
obtained earlier. [1J It can be seen that a voltage of the 
right sign (see the figure) does indeed lower the thresh­
old value [cr' Moreover, the condition 27 + x> 0, al­
though deSirable, now becomes unnecessary: it is neces­
sary only that the denominator in the expression (35) be 
positive. We emphasize, however, that formula (35) is 
valid only so long as a :s 1. We also note that, as can be 
seen from formulas (29a), (29b), this case is evidently 
conveniently realized in conditions of strong degeneracy, 
while in a nondegenerate gas the quantity a already be­
comes much greater than unity when eV", To. For this 
reason, in the absence of degeneracy it makes sense to 
consider also the other limiting case, putting 

(36) 

Here it is convenient to represent the solution of Eq. (27) 
in the form of an expansion in powers of q exp(-yz/2). 
Taking (30) into account we obtain, to within terms of 
higher order of smallness, 

and 

.=bexp[-(k+"!)zl+(l_ b )exp(-YPz) 
$ 1 +s-2ky 1 +s-2ky 2 

__ b __ [(1+s+k2)'t.-(k+y) 1={l+s+k2)'''+v:. 
1+s-2ky 

Putting k", 0 in formula (37), we obtain 

(37) 

(38) 

On the other hand, for s '" 0 and k * 0, but k« 1 (near 
threshold), we find 

k=[b-(1h/) ]lb. (39) 

We see that, again, one and the same critical value of 
the light-energy flux at the surface of the sample cor­
responds to both the onset of instability of the one-di­
mensional distribution of electron temperature and the 
appearance of the temperature superlattice. This value 
is determined by the condition b '" 1 + ve', i. e. , (in ordi­
nary units), 

1+v: 3nToAo 
1=----. 

cr a'Y2. 2To (40) 

According to (36) and (24), in the given case v: '" II'. 
It can be seen that the exact value of v' plays no role, 
so long as it is small compared with unity. Such can be 
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the case if, e. g. , the sample borders on a vacuum at 
z=O. 

We note that the right-hand side of (40) does not con­
tain T or x and the sign of these quantities plays no role 
here (by direct calculation it is easy to convice oneself 
that the same formula (40) is also obtained-in the con­
ditions (36)-for q2< 0). The meaning of this result is 
clear: in so strong a field the second of the mechanisms 
indicated in Sec. 1 for the instability of the static one­
dimensional distribution dominates. 

Comparing formulas (35) (for a = 0) and (40), we see 
that in a sufficiently strong electric field the critical val­
ue of the light-energy flux at the boundary of the sample 
differs from the corresponding value in the absence of a 
field by the factor 

(41) 

(For 21- + ~ < 0 this comparison is completely meaning­
less, since then the instability does not arise in the ab­
sence of a field.) According to (36) this factor is much 
smaller than unity. 

In the absence of degeneracy the value of a can turn 
out to be fairly large. Correspondingly, for the forma­
tion of a temperature superlattice the fairly stringent 
conditions that were obtained earlier[l) become unneces­
sary and we may now think not only of InSb but also of 
other materials, including germanium and, perhaps, 
silicon. Thus, for no= 1016 cm-3 , r= 1- (momentum scat­
tering by a charged impurity), To = 75 K and V = O. 33 V,S) 
we obtain a'" 6 x 1011 • For the estimate we put 11 0 = 104 

cm2 Iv· sec , To = 10-10 sec, 'Y = 10 cm -1 (the latter value 
is obtained by extrapolation of the data in Fig. 3.41 of 
the book by Pankove[S) to the case when the wavelength 
of the heating light is 1. 4X 10-2 cm). It is easy to con­
vince oneself that all the inequalities used above are sat­
isfied here, and for the critical value of the light-energy 
flux we obtain lor = 1. 4 X 10-5 (1 + v)W/cm2 • The value of 
v' can, apparently, be made sufficiently small (cf. for­
mulas (8) and (7) from Cll). Thus, by applying a voltage 
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across the sample we can lower lor by approximately 
three orders of magnitude as compared with the result 
Of[l) . 

IlFor convenience we consider the motion of particles with 
positive charge e. 

2 lIn the following we shall assume that 'Y does not depend on T 
(for which there are well-known reasonsllJ ). Accordingly, 
the subscript 0 of'Y can be dropped. 

3lAs a result of an error by the author in the proof-reading 
the quantity v appeared with the wrong sign in formulas (7), 
(7 ,,), (7") and (36) ofl1J. The results of the paper, however, 
were obtained using the correct form of these formulas. 

4lWe note that, in this case, the problems (unimportant in the 
conditions under consideration) of precisely where we must 
impose the boundary condition (8) and of whether we can con­
fine ourselves to the local form of this condition disappear. 
In fact, the electrons participating in the transport of energy 
across the boundary of the sample (at z = 0) are principally 
those which are moving in the direction of the boundary and 
are already at a distance from it of the order of the momen­
tum mean free path. 

5lThis is, apparently, the maximum voltage (ev less than the 
half-width of the forbidden band) that can be applied to a ger­
manium plate without producing unacceptably large bending 
of the bands. The author is grateful to V. B. Sandomirskif 
for a discussion of this point. 
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