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The possibility of analogy between the formation of the spiral structure of galaxies and density waves in a 
rotating laboratory plasma is discussed. It is shown in different examples that in gravitating systems one 
can have a Kelvin-Helmholtz instability and a flute instability with growth rates much larger than the 
Jeans growth rate. Under certain conditions, the growth rates of these instabilities are equal to the 
growth rates of the corresponding plasma instabilities. 
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§1. INTRODUCTION 

The possibility raised in the title of this paper is not 
new: the similarity between photographs of the spiral 
arms of galaxies and plasmoids in a laboratory experi­
ment was first noted by Bostick[1] more than twenty 
years ago. When plasmoids are shot from two or more 
points into one point of space, a photograph taken when 
the plasmoids meet really does recall photographs of 
spiral galaxies. In Bostick's experiments, the analogy 
was not taken further than the purely superficial simi­
larity at the time of encounter of the plasmoids, each 
of which Bostick identified with a "spiral" arm. Thus, 
the number of "arms" (according to Bostick) is exactly 
equal to the number of plasma guns, and of course such 
an analogy cannot pretend to be a serious consideration. 
Nevertheless, if one considers the analogy between the 
diverse spiral structures of galaxies and objects of 
more modest dimensions, one's attention is drawn first 
of all to rotating masses of gas. and plasma: we are 
familiar with satellite photographs of cylones and anti­
cylones, the spiral structure in an eddy, and photo­
graphs of denSity waves in a rotating plasma. (2] Figure 
1 shows characteristic spiral structures of plasma den­
sity waves obtained on our VP-l machine. 

In this paper, we wish to put forward a number of 
arguments in favor of the idea that the striking super­
ficial similarity in the forms of the spiral structure of 
galaxies and a rotating laboratory plasma (Fig. 1) may 
under definite conditions be due to a deep analogy be­
tween the mechanisms of formation of the spiral struc­
tures in these two apparently entirely different medii. 
An outline of the argument leading us to this conclusion 
is as follows. 

First of all, we establish the existence among the dif­
ferent possible mechanisms of formation of spiral arms 
in galaxies of one that is free of the influence of gravita­
tional effects associated with the presence of huge gravi­
tating masses in the galaxy. If this is the instability 
that develops in the gaseous disk of the flat subsystem, 
then the condition of excitation of such an instability 
must resolve the main paradox of formation of spiral 
structure through gravitational instability associated 
with the contradiction between the observed width of an 
arm and the critical Jeans wavelength. (3] This same 
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instability must lead to large-scale density waves in a 
rotating laboratory plasma. It is obvious that this "uni­
versal" instability responsible for the dynamics of a 
rotating continuous medium can be any of the hydrody­
namic instabilities associated with the presence of ve­
locity and density gradients in the gaseous disk of the 
flat subsystem of a spiral galaxy and in a rotating labo­
ratory plasma. 

This elementary scheme of proof of the existence of 
such an analogy was proposed some time ago by one of 
the authors (A. M. F. ), m 1) but it could not be explOited 
since the hydrodynamic instabilities of a gravitating 
medium considered up to that time-the two-stream(8] 
and the temperature-gradient(7,91_had maximal growth 
rates of the order of the Jeans growth rate. 

Another distinctive feature of instabilities of non­
Jeans typeC91 is the difficulty of applying them to real 
astrophYSical objects. Indeed, these instabilities (in­
vestigated in an infinitely long rotating gravitating cyl­
inder) exist under the condition that the longitudinal 
wavelength of the perturbation considerably exceeds 
the radius of the cylinder, Az » R. In nature, such ob­
jects (for example, needle-shaped galaxies) are ex­
tremely rare. 

Astronomical observations of recent years(lO,111 have 
discovered a region of sharp decrease of the rotation 
velOcity V ~ (r) in the disks of flat galaxies. This fact 
can be explained by USing the results of a calculation of 
a stationary model of a spiral galaxy in the form of a 
heterogeneous "disk + nucleus" system. [12] If the nu­
cleus is chosen in the form of a sufficiently thin lens, 

FIG. 1. 
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which completely corresponds to the observed forms of 
the nuclei of spiral galaxies, [22] then near the edge of 
the lens the gradient of the gravitational potential may 
change rather abruptly (almost discontinuously when the 
thickness of the lens tends to zero). It is not difficult 
to calculate the critical thickness of the lens at which 
V ~ -l/r from the equilibrium condition. If the thick­
ness of the lens is less than the critical, then the Ray­
leigh instability criterion[l3] is satisfied in the system; 
this is the necessary condition for the development of 
the Kelv"in-Holmholtz instability. It so happens that the 
spiral arms extend over the region of radial growth of 
the surface density a of atomic hydrogen, i. e., the re­
gion in whichgY'a<O (g is the acceleration of the force 
of gravity). [22] In this connection, it has been conjec­
tured[14] (see also[l5l) that the spiral structure of flat 
galaxies is formed as a result of excitation of the Kel­
vin-Helmholtz instability in the region of rapid varia­
tion of V ~ (r); a second observational fact determines 
the necessary condition for excitation of the flute in­
stability (see §§2 and 4). The growth rates of these in­
stabilities may considerably exceed the Jeans growth 
rate, and the conditions of development of these insta­
bilities are not related to a critical size. 

In §3 of this paper, we show that in a gravitating me­
dium for perturbations with wavelengths shorter than 
the Jeans length AJ =C.I(41TGPo)1I2 (in a galactic spiral 
structure A/AJ '" O. 2-0. 4) the relative influence of per­
turbations of the gravitational field on the dynamics of 
the Kelvin-Helmholtz instability is rather small-the 
corrections to the hydrodynamic effects are of order 
(A/AJ )2 (see[14,15]). With regard to the unperturbed grav­
itational field, it enters only into the condition of radial 
equilibrium and does not affect the dynamics of the per­
turbations. [14,15] 

Because the gravitational effects are small, it is nat­
ural to consider verifying the hypothesis[14, 15] under 
laboratory conditions. [5] However, the use of a fluid or 
neutral gas as experimental medium does not enable one 
to specify independently the necessary gradients of the 
rotation velocity, especially if there is a large ratio of 
the velocity discontinuity Av to the characteristic prop­
agation velocity Cs of perturbations in the medium (for 
galaxies[l6] one usually has Av/ Cs 2 5). The fulfillment 
of these conditions is much simpler in a rotating (be­
cause of drift in crossed E~O)(r) and B~O) fields) plasma 
medium. Here, the role of the fields E(O) and B(O), like 
the gravitational field's, reduces merely to ensuring 
that the system is stationary (when vl « WBI ). 

Depending on the magnitudes of the characteristic 
particles of the process, the dynamics of the perturba­
tions of such a plasma can be described either in the 
framework of magnetohydrodynamics (W« Vi) or in the 
framework of CheW-Goldberger-Low hydrodynamics[17] 
(Vi « W« wBI ). 

The simplest models convenient for investigating the 
Kelvin-Helmholtz and flute instabilities are: 1) a plane­
parallel flow of fluid with velocity and density that vary 
in the direction perpendicular to the flow velocity; 2) 
differentially rotating cylindrical configurations of a 
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fluid. Here it is appropriate to recall that the most 
general stability criterion of these models were ob­
tained in[l8,19] in the approximation of an ideal incom­
pressible fluid. The investigation of these instabilities 
in a gravitating medium of necessity requires allowance 
for compressibility, which significantly complicates the 
analysis and prevents one obtaining general stability 
criteria in the ideal fluid approximation. 

For this reason, for the original analysis of the prob­
lem (in a gravitational medium) we have chosen the sim­
plest models: velocity and density shear layer of the 
gravitating medium (§2) and tangential shear between 
two gravitating cylinders rotating in opposite directions, 
their equilibrium being established by the equality of 
centrifugal and gravitational forces (§4). The stability 
of a shear layer was investigated earlier in the approxi­
mation of an incompressible fluid in an external gravita­
tional field, [18,20] in a compressible fluid and in the 
magnetohydrodynamic approximation[21l in the absence 
of a gravitational field. In §5, besides proving that the 
gravitational effects have little influence on the short­
wave part of the spectrum in the framework of the Kel­
vin-Helmholtz instability that we investigate, we obtain 
estimates that characterize the important role of the 
Kelvin-Helmholtz instability in the formation of spiral 
galactic structure. In §6, we consider the stability of 
a plasma flow with a tangential shear of the velocity in 
the Chew-Goldberger-Low approximation. [17] In §7, 
we compare the dispersion relations that describe the 
oscillation frequency W as a function of the wave vector 
k and the characteristic parameters of the plasma and 
gravitating media. We show that under typical condi­
tions of the plasma experiment, the corresponding dis­
persion relations are identical, which demonstrates that 
the Similarity of the spiral patterns of the rotating grav­
itational and plasma media is not fortuitous but a con­
sequence of the deep analogy between the processes re­
sponsible for the formation of the spiral structure in 
these two very different but nevertheless "hydrodynam­
ic" media. 

§2. VELOCITY AND DENSITY SHEAR LAYER OF A 
GRAVITATING MEDIUM 

1. We consider the stability of a shear layer of the 
velOCity and denSity in a compressible gravitating me­
dium. 

We write down the linearized equations of motion for 
the perturbed variables (without indices), assuming that 
the change of the unperturbed variables (with subscript 
0) is continuous in a narrow transition region near the 
imagined shear: 

av dVo 1 
-+(VoV)V+V,-=--Vp-V1j:, at dz po 

av. 1 ap p dpo alP 
-+(VoV)V'=---+'-d --a ' at po liz po z z 

{)p {) 
-at+,(Vo V)P+Po(VV)+az- (Po V.) =0, 

(1) 

o''iJ 
V'Ijl + oz' = 411Gp. 

Here, the vector notation is two-dimensional (for the 
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x and y components) and the shear is the plane z =0; G 
is the gravitational constant; So =Po/ rJfJ is the unperturbed 
entropy; s = (p - e2p)/~; e2 = 'YPo/ Po is the velocity of 
sound. Considering perturbations of the type exp({i(k 
. r - wt)}), we reduce the system (1) to 

~'=";'(L+1jl)_P~SP,' , 
00. Po Cpo 

L+1jl'=s{CIl.,- p,'p,' +L}+ P,'P 
po Poz p02C2 P02C2" 

1jl" =k'1jl+4nG { p+ ;,p,' - sp,' } , 
(2) 

CIl,=CIl-kVo(Z), ~=iVJCIl., 

where the prime denotes differentiation with respect to 
z. Suppose that Po and Vo change abruptly in the z =0 
plane. The boundary conditions on the shear can be 
readily obtained from (2) by the well-known procedure 
of integration over a layer[26J: 

[5] =s (z=+O) -6 (z=-O) =0, 

[1jl]=-4nGs[pol. [",]=0, [p]=sg[po]. 

Here 

d¢o I g=-
dz ,~,' 

(3) 

and the second equation of the system (3) means that in 
the plane z =0 a simple layer of surface denSity a 
= - ~[po] is formed. 

We shall assume that in the regions z >0 and z <0 the 
unperturbed densities and velocities are constant (but 
different). Solving then the system (2) separately for 
z > 0 and z < 0 and matching the resulting solutions in 
accordance with (3), we can obtain the dispersion rela­
tion for the frequencies of small oscillations. The co­
efficients of the system (2) can be assumed to be inde­
pendent of z only for sufficiently short-wave perturba­
tions: 

(4a) 

or (for g=O) for wavelengths 

,,'¢:A/=c'/4nGpo. (4b) 

The dispersion relation obtained under these restric­
tions is given in[28J. Below, we consider some special 
cases. 

We give the expressions for the quantities Xl,2 that 
characterize the exponential decay of the perturbed 
pressure along the z axis (which will be needed later): 

Re(X!2);;;'O. (5) 

Here, the subscript 1 is appended to the variables of the 
region z > 0; the subscript 2, to those of the region z < 0; 
W1,2 = W - kV01,2' ~ = 47TGpO' 

2. We consider first effects due solely to the velocity 
shear (Kelvin-Helmholtz instability). Suppose 
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POt=P02. ·c/=cz2 , V01 =-V02= VOl g=O. 

We shall describe the solution by means of the dimen­
sionless parameters 

M= I Vol/c, ~=M cos a, cos a=(kVo)J( I kl·j Vol), v=CIlolkc. 

In the limit of short-wave perturbations wo« kc in the 
zeroth approximation, we readily obtain from the dis­
persion relation the well-known result of the theory of 
a compressible fluid. [211 

(6) 

Let us here make a remark which will be used below in 
§4. It can be seen from (6) that a tangential shear in 
this approximation is unstable for all M '* O. However, 
for M < 2112 perturbations with any direction of the wave 
vector (except purely transverse) are unstable, while 
only perturbations for which coaZa<2/M 2 are unstable 
when M> 21/2. The growth rate is maximal, w = ikc[ (1 
+4M2)1/2 _ (1 +M2)]1/2 when M < 31/2 • 2-1 for purely longi­
tudinal (k II Va) perturbations, and for M > 3112 . 2-1 the 
maximum of the growth rate (w = ikc/2) is achieved when 
cos2a = 3/4M 2 • 

In the following approximation in v = wo/ke, 

A( ) = (1-1) (1+1') [21+(1+1)'] 
CIl=ikc~I{1-v'A(I)}, 1 41(1+1) (3-1') . (7) 

It is easy to see that A (y) > 0 and A is a monotonically 
increaSing function of (3. Thus, perturbations of the 
shear surface are subject to an additional stabilization 
at longer wavelengths due to the gravitational proper­
ties of the medium. However, it must be borne in mind 
that in accordance with (4) the results (7) apply only for 
wavelengths A« AJ = e/ wOo At the same time, as can be 
seen from (7), the growth rate of the instability is much 
greater than the Jeans growth rate: Im(w)>> Wo (Fig. 2). 

3. We now consider the effects associated with the 
change of the density. Assuming that Val = V02 =0 and 
that the magnitude of the change in the density is not too 
small compared with Po, we obtain 

1m {w/kcl 
I a 

b 

FIG. 2. a) Growth rate of the instability of a plane tangential 
shear as a function of the Mach number M and the direction of 
the wave vector. The continuous curves are the growth rates 
for w~/ k 2c 2 = 0; the dashed curves are the same for w~/k2c2 
= 0.2. b) Region of the Kelvin-Helmholtz instability in an ideal 
compressible fluid. The dashed line shows the line of the 
maximal growth rate. 
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_ (k P"-P") "'{ 1 + rrG ( _ ) + p"p"g(p"c/+p"c,') } 
w - g P"+POl kg POI P" kc,'c,' (POl-P,,) (POl+Poo), . 

(8) 

In the approximation k - 00, we obtain from (8) the well­
known result of the theory of an incompressible fluid. [20] 

§3. ABSENCE OF INFLUENCE OF GRAVITATIONAL 
FORCES ON THE SHORT-WAVE PART OF THE 
OSCILLATION SPECTRUM 

Thus, we have shown (§2) that hydrodynamic insta­
bilities can develop in a gravitating medium. The Jeans 
instability characteristic of such a medium is stabilized 
by thermal spread in the region of short, k 2c2 ~ w~, 
wavelengths. The hydrodynamic instabilities, in con­
trast to the gravitational, are not stabilized by the ther­
mal spread in the short-wave region. 2) Moreover, in 
accordance with (6) and (8), the growth rates of the hy­
drodynamic instabilities increase with decreaSing wave­
length of the perturbation. 3) This unique property of the 
Kelvin-Holmholtz and flute instabilities distinguishes 
them from the previously investigated hydrodynamic in­
stabilities of a gravitating medium. 

If one assumes that the gravitating medium is in equi­
librium, VPo + Po V1/!o = 0, then from the original system 
of equations with allowance for the gradients of the un­
perturbed quantities one can readily see that I VP I is 
greater than I pV1/!o I by kL times (L is the characteris­
tic inhomogeneity scale, kL» 1) and I Po V1/! I is smaller 
than I pV1/!o I, also by kL times. Thus, the influence of 
the "external" gravitational field can be regarded as a 
small correction to the hydrodynamic effects. The in­
fluence of "self-gravitation" is even smaller. 

§4. CYLINDRICAL TANGENTIAL SHEAR OF THE 
VELOCITY AND DENSITY OF A GRAVITATING 
MEDIUM 

1. We now consider a cylindrical tangential shear, 
assuming that equilibrium is established by equality of 
the centrifugal and gravitational forces (Po = const, ~2 
= ~/2 is the square of the angular velocity of rotation 
of the cylinders, R is the radius of the shear, and ~(r 
>R) = -~(r<R». 

To investigate the stability of perturbations of the type 
exp{i(mcp +kz - wt)} of the shear surface, we readily ob­
tain the dispersion relation (see[29]), but because it is 
cumbersome we shall not give it here in full. 

We consider a number of limiting cases for the most 
interesting modes m ;, 2. In the limit of an incompres­
sible fluid, we obtain from the dispersion relation 

w=w fO)=Q{-l+i(m'-t)"'}. 

In the weakly compressible case (M« 1), where M 

=~R/c, and in the long-wave (kR«m) approximation 

(9) 

W=Wfo)+~ iQ {X' +m'M'} 
m'-1 (m'-1)" m'-1 

(10) 

we see that allowance for compressibility, as also in 
the shear layer case, partly stabilizes the instability. 
In the opposite limiting case (kR» m, no restrictions 
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imposed on M), using the asymptotic behavior of the 
Bessel functions 1m and K m, we can readily obtain the 
stability condition for such perturbations: 

m'M'lk'R';;:2-4Im', (11) 

which for m »1 agrees with the stability condition for 
perturbations of a planar tangential shear (in the same 
approximation k,,« kJ.): 

(12) 

In the limit of very short waves kR » rn, the growth 
rate tends asymptotically to ~(m2 _ 2)1/2. 

The dispersion relation for the largest scale modes 
rn = 2 and 111 = 3 was investigated on a computer. The re­
sults are as follows: The dependence of the growth rate 
of the instability (in units of ~) on the Mach number M 
and the dimensionless wavelength kR are shown in Fig. 
3. Note the rather complicated dependence of the growth 
rate in the region 1 ::; kR ::; 10 for supersonic shears. 

2. We now investigate the possibility of exciting a 
flute instability in a gravitating cylinder. For this we 
consider a model of an infinitely long cylinder with 
abrupt change of the density Po at a distance R from the 
axis of the cylinder, assuming that equilibrium is es­
tablished by the resultant effect of the centrifugal and 
gravitational forces and the pressure force, so that 
g=dCPo/dr-~2r*0. ConSidering short-wave (compared 
with the Jeans length) oscillations, for which the influ­
ence of the perturbed gravitational potential is negligibly 
small, we obtain the following equations for the per­
turbations of the pressure p and the displacement ~ = iV y / 

(w -111~) of the shear surface: 

,2mQ [ p+~po' < ] (' ')' p =--p-g --, -- .po - X -w, po", 
rw. c-

<, li'p (w,-2mQ) p+sPo' 
; =-,-- 6---,-, 

w, po w.r poc 

(13) 

where 

w.=w-mQ, x'=2Q(2Q+rQ'), li'=k'+m'lr', 

c2 = YPo/ Po is the square of the velocity of sound. The 

b 

a 

2 . .;t:----

I,D 

FIG. 3. Growth rate of the instability of a cylindrical tangential 
shear as a function of the Mach number M and the wavelength 
kR for the modes m = 2 (a) and m = 3 (b). The values of M for 
the curves of Fig. 3a: 1) 0.1, 2) 0.6, 3) 1. 0, 4) 1. 2, 5) 2.0, 
6) 3.2, 7) 10.0; the values of M for the curves of Fig. 3b: 1) 
1. 0, 2) 0.6, 3) 1.,0, 4) 1. 7, 5) 2.0, 6) 4.5, 7) 10. O. 
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prime denotes differentiation with respect to r. From 
(13), we obtain boundary conditions for matching the 
solutions at r =-R: 

[sJ=s(R+O)-s(R-O)=O, [PJ=sg[P.J. (14) 

Solving the system (13)-(14) in the limit m 2 « k2R2, we 
obtain the dispersion relation 

~p"(-1)n{ [(-1)n<Zn+(m.+2mQ)/~.R-glc;J g}=O, (15) 
f::! (k'/m.') - (1/cn') 

a: '=k2(1+-L) _~_JL m.+4mQ + 2mQ(m.+2mQ) (16) 
n Cn2W .. 2 cn2 en2 Rw. R2w.2 

Since we are only interested in the basic possibility of 
exciting the flute instability, we consider the case of a 
fairly hot (c2 - 00) medium. Then from (15) for Po 
=-pol(r>R) *Poz =-Po(r<R) we obtain the growth rate 

{ (2-A')m'Q' 'I. 
1"" kgA + k'R' }, A=(p,,-p.,)/(p,,+p,,). (17) 

As follows from the expression (17), the necessary con­
dition for instability is 

gA>O. (18) 

This means that for g =- (fll/io/flr) - nZr >0 the flute insta­
bility develops for Pol> Poz while for g < ° it develops for 
Poz > Pol' The second term in (17) is much smaller than 
the first and plays the role of a small correction due to 
the cylindrical symmetry. Since IAI <1, the curvature 
has a destabilizing influence on the flute instability. 
Note that, as follows from Eq. (9), this same curvature 
effect has a stabilizing influence in the case of a tangen­
tial velOCity shear. 

In the case opposite to the one considered in this sub­
section, i. e., wavelengths much greater than the width 
a of the transition layer, we consider a different limit­
ing case: ).« a. For perturbations of the type exp[i(kr 
+mcp - wt)], we obtain instead of (17) the following 
growth rate of the flute instability: 

(19) 

Naturally, the instability condition is analogous to (18). 
The growth rate (19) is much greater than the Jeans 
growth rate when m/kr» 1. 

§5. SPIRAL STRUCTURE OF GALAXIES AS A 
CONSEQUENCE OF HYDRODYNAMIC INSTABILITIES 

Hitherto, it has been assumed that the maximal 
growth rate of instabilities that can develop in gravitat­
ing systems is the Jeans growth rate 1'''' (4lTGPo)l/Z. The 
attempt to explain the formation of the spiral arms in 
our Galaxy by the Jeans instability led, as is well 
known, [3] to the paradox of a contradiction between the 
critical Jeans wavelength and the width of a spiral arm. 
All the remaining hitherto known instabilities of a grav­
itating medium have growth rates less than the Jeans 
growth rate. 

The investigation in the preceding sections of hydro-
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dynamic instabilities of gravitating systems with growth 
rates appreciably greater than the Jeans opens up a new 
possibility for eliminating the paradox and explaining 
the origin of the spiral structure if the conditions ob­
served in spiral galaxies correspond to the conditions 
of development of these instabilities. In the present 
section we bring forward arguments for the existence in 
spiral galaxies of the necessary conditions for the de­
velopment of the hydrodynamic instabilities. 

The recent investigations of the rotation curve of the 
nearest spiral galaxy to us-the Andromeda Nebula[11l­
has revealed the presence of a region of abrupt change 
in the rotation velocity of the flat subsystem. In the re­
gion 0.4 kpc:S;r;S2 kpc there is a section of rapidly de­
creasing (from the center) rotation velocity VI"(r), in 
which (d/dr)(aN20) changes sign. Such a distribution 
of the rotation velocity is unstable in accordance with 
the Rayleigh criterionC13 ] in the approximation of an 
ideal incompressible fluid unstable, and the finite com­
pressibility of the medium evidently cannot significantly 
alter this result. According to the Rayleigh criteri-
on, [13] the Kelvin-Helmholtz instability can be excited 
in rotating systems if over a certain interval A.r the ro­
tation velOCity V I" (r) decreases faster than r -1. A suf­
ficiently detailed study of the rotation curves of the 
gaseous subsystems of flat galaxies has made it pos­
sible to find such regions in M 31 (see[ll]) and apparent­
ly in NGC 4736 (see[Z2]). The reasons for this behavior 
of V I" (r) are to be found in the strong oblateness of the 
dense nuclear regions of flat galaxies. [22] This may 
also be the case for barred galaxies. For example, in 
NGC 4027 (see[23]) the ratio of the semiaxes of the bar 
are b/a '" 0. 6, c/a"'0.2 (see[241) (almost elliptic disk). 

We now show how the number of spirals is determined 
in the case when a Kelvin-Helmholtz instability develops 
in the system. As follows from § § 2 and 4, the growth 
rates of the Kelvin-Helmholtz instability of graVitating 
systems with cylindrical and plane shears of the veloc­
ity for modes m :;. 2 have similar dependences on the 
wave numbers. Using, for Simplicity, the results of 
§2 and then making a transition to cylindrical coordi­
nates (k" - kIP' kJ. - kz ), we can readily estimate the num­
ber of spiral arms. Indeed, let us set kl" =-m/Rs (m is 
the number of spirals and Rs is the radius of the shear), 
k z =- IT/h (on the basis of the observational data, we as­
sume that approximately half a wavelength fits into the 
thickness h of the disk). For the Andromeda nebula, 
the magnitude of the discontinuity of the rotation veloc­
ity (see[ll]) A.v'" 150 km/sec is much greater than the 
turbulent velocities of the gas and gas clouds, v T ",20 
km/sec, and therefore perturbations excited with the 
maximal growth rate (satisfying the relation A.vk" 
'" 3l/2VT(~ +kf)1I2) necessarily have kJ.» k" (see Fig. 2a, 
§2). Thus, the number m of spiral arms is 

Since Rs"'O. 5 kpc, h"'O.l kpc (see[ll]), the number of 
spirals is of the order of a few units. 

It is also easy to establish the direction of winding of 
the spirals. For this (see §2. 2), we go over to a frame 
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of reference moving in the direction VOl with velocity 
Vs> Yo, so that V~l = Vo + V., V~z = V. - Yo' In such a 
system, the oscillation frequency is w' = - k" V. + ike f3 'Y 
(see (6». Identifying z>O-r>R. (Rs is the radius of the 
velocity shear t::..v =2Vo) and substituting w into (5), we 
find that for perturbations with the maximal growth rate 
in the regionr>Rs the relation Im(Xl)<O necessarily 
holds. It can be seen from this that the equation of con­
stant phase in the (r,cp) plane, l1up-Im(Xl)r=const, de­
scribes a trailing sprial (111 > 0, V ~ > 0). 

A mystery of galactic astronomy is, in particular, the 
multiple (double, more seldom triple) spiral systems. [22] 

For example, in the Andromeda Nebula the very care­
fully measured V ~(r) distribution reveals an inner sec­
tion of two dust spirals(ZZ] between the inner(25l and 
outer(lll abrupt changes of the velocity. In our scheme, 
this has a natural explanation for rotation curves with 
several shears. 

The distribution of the density in the gas disks of the 
flat subsystems of spiral galaxies has, as is known 
from observations, a bell-shaped form (with a point at 
which the density is maximal). Therefore, the pres­
ence of even a small radial gradient of the gas tempera­
ture (in the neighborhood of the extremum of the den­
sity) may lead to the development of the flute instability. 
Indeed, in this region i (l/Po)VPo/(l/Po)Vpoi >1 and on 
either side of the extremum point of the density VPo/ 
VPo<O. 

§6. TANGENTIAL VELOCITY SHEAR OF A 
MAGNETIZED PLASMA MEDIUM 

In this case, we believe it is convenient to use the 
system of equations of Chew-Goldberger-Low hydro­
dynamics. (17] 

av 1 - 1 
-+(VV)Y=--divP+- [rotBXB1, at p 4np 

aB 
-= rotlV x Bj , at 

apR . 
a-t+ VVPII+PII dlV V+2PIIT(TV) V=O, 

iJPJ. + VVPJ.+2P.LdivY-P.LT(TV)V=O, 
at 

ap at + div (p V) =0, 

T=B/I BI, dh' P='iP.l. + (p'-PJ.) (TI)T+T div{-t (PII-P.L)) 

(20) 

As was shown in §3, for a gravitating system in equi­
librium the influence of the gravitational field on the 
stability of the system against short waves (kL» 1, k is 
the wave number and L the characteristic inhomogeneity 
scale) is negligibly small. 

On the other hand, it is known from the theory of 
plasma instabilities(Z6] that the maximum of the growth 
rate of the Kelvin-Helmholtz instability lies in the 
short-wavelength part of the spectrum, kL» 1. For a 
plasma cylinder of radius R, this condition corresponds 
to the condition kR» 1; in this case, to terms -l/kR, 
a cylindrical plasma velocity shear can be replaced by 
a velocity shear layer in a plasma with homogeneous 
magnetic field Bo~. Assuming that the variation of VOx 
near the plane z =0 is smooth and linearizing Eqs. (20) 
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for perturbations of the type exp{i(kxX + kyY - wt}, we ob­
tain 

(21) 

(22) 

where w* = w - kx VoAz), ~ = iVzl/w* is the displacement 
of the plasma in the z direction, P = Pl/ Po is the ratio of 
the perturbed to the unperturbed density, V~" = V~ 
+(PJJJ-P"o)/Po, V~=~/41TPo, d.=PiO/Po, e~=V~+2d, 
e~" = 3A,o/ Po, and the prime denotes differentiation with 
respect to z. Integrating Eqs. (21) and (22) over a nar­
row surface layer (as in(Z6]), we obtain the conditions 
for matching ~ and P in the plane z = 0: 

e' [ j-k 'e '(e' e ') [ p ] '...1.. P - 11.1. '.1.-..L 2_k 2( ,_ ') , 
CD. II C .11 C1-

(23) 

[~j=O, [Al""A(z=+O)-A(z=-O). (24) 

Matching in accordance with (23) and (24) the solutions 
of the system (21) and (22) that do not increase away 
from the velocity shear, we obtain the dispersion rela­
tion 

(25) 

the subscripts 1 and 2 are appended to the variables of 
the regions z > 0 and z < 0, respectively, and 

, -k'+ (kie,~,-OO?I') (OO:I.,-k,'V!II) 
)(1.,- e' [00' -k '(e' -e 'Ie' ) j' 

,..1. -1.2 1/ .11 .L s..l.. 

(26) 

It can be seen from this that in the investigated case we 
can expect a dependence w = w(kx, k ) like the one ob­
served in ordinary hydrodynamici'14] when one of the 
following two conditions is satisfied: 

V Ai~c'112-C..l.. "lc'J.2, 

C.l. ;'«csIl2Cu.2. 

(27) 
(28) 

The condition (27) corresponds to a plasma with f3-1. 
The solution of the dispersion relation (25) in this case, 

(29) 

where ;?e~ = lfxe~ +k~e~,,, shows that instability (w2 > 0) 
will occur for V~ < e~ for perturbations with 

and for V~>2e~i for perturbations with 

The condition (28) corresponds to a plasma with f3« 1. 
The solution of the dispersion relation (25) in this case: 

(30) 
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a 
b 

FIG. 4. Region of the Kelvin-Helmholtz instability in a plasma 
(hatched). a) The case vi" = C~, - cil c~; b) c1« c~ c~ (J3 «1). 
The line of the maximal growth rate is the dashed curve. 

predicts instability when V~ < 2V! for perturbations with 
cos2 a> cos2 a 1 = V!j(V! + V~) and when V~> vi for per­
turbations with cos2a1 < cos2 a < cos2 a2 = V~/(V~ - V!). 

§7. ANALOGY BETWEEN THE DISPERSION 
RELATIONS DESCRIBING THE KELVIN-HELMHOLTZ 
INSTABILITY AND THE FLUTE INSTABILITY IN A 
GRAVITATING MEDIUM AND A PLASMA 

For the typical conditions of the plasma experiment, 
E02 «BV c(41Tno M)1/2, which corresponds to the inequal­
ity 

(31) 

The instability regions described by Eqs. (29) and (30) 
are shown in Fig. 4. It can be seen that under the con­
dition (31) Y- Ymax in an e neighborhood of the straight 
line 

(32) 

Thus, under the conditions of the plasma experiment 
the dispersion relations of nonelectrostatic oscillations 
of the plasma with tangential velocity shear have the 
form 

w'~k"'Vo'+k"'c,_'- (k.,·c'.L'+u,'r,'c,-,-') ' ~-1. 

w'~k"'Vo'+kx'l'-,'- (k;r.,'+4k,'l'o'l'.<')", p¢: 1. 

(33) 

(34) 

Since c~.L - V!, the two dispersion relations (33) and (34) 
are identical under the condition of instability (32). 

In the case of a tangential velocity shear in a gravitat­
ing medium, the following dispersion relation was ob­
tained for short wavelengths in §2 (see (6»: 

w'=k!Vo'+k'c,'- (k'c,'+4k!V,'k'c.') Of,. (35) 

In Fig. 4a, the dashed curve shows the region Y = Ymax ' 

In this region 

(36) 

In the case Vo« c., ky« kx, Eq. (35) is identical with 
Eqs. (33) and (34). 

In the case Vo» Cs (which corresponds to the observa­
tions of the investigated galaxies) 

659 SOy. Phys. JETP, Vol. 44, No.4, October 1976 

(37) 

We find a similar dependence of Ymax on k", from Eqs. 
(33) and (34) under the condition (31).4) 

We now consider a plasma cylinder in which the elec­
trons and ions drift in crossed electric Er and magnetic 
B z fields. Suppose that in a plasma with {3« 1, WP! 

» W Bi, Vo« rw Bi (WPi and W Bi are the plasma and cyclo­
tron frequencies, respectively, and Vo is the velocity 
of rotation of a particle about the axis) oscillations with 
w« W Bi ' k z =0 are excited. One can Show[27J that in 
the case of a radially decreasing plasma density these 
oscillations are unstable and that for I» 1 the growth 
rate is 

~(~~)'1'V.(~)'," 
1 noDr r k' (38) 

VE~cE,JB" k.~i1r. 

Denoting V~/r =g, this growth rate is identical to the 
growth rate (19). 

We are very grateful to A. B. Mikhailovskil for a 
helpful discussion of the results and valuable advice. 

tlRecently, Cotaldo and SkalafurieslSJ have put forward a simi­
lar suggestion about the role of the Kelvin-Helmholtz insta­
bility in the formation of spiral structure in galaxies and plas­
mas. However, they associate the Kelvin-Helmholtz insta­
bility in the galactic disk with a density gradient, which contra­
dicts the paperl7J , in which it is shown that a density gradient 
of a gravitating medium does not by itself lead to instability.17J 

2lT his result is obvious if one recalls that the shear model con­
sidered in § 2 is also unstable in the apprOXimation of an 
incompressible fluid, [201 in which the thermal spread is by 
definition infinite. 

3lThis assertion is true at least for wavelengths that are great­
er or of order of the thickness of the transition layer: role. 

4 lIn the framework of two-fluid hydrodynamics one can show 
that in a plasma with f3 «1 and inhomogeneous velocity profile 
electrostatic oscillations can be excited. If certain conditions 
are satisfied, the equation for the perturbed potential is iden­
tical to the equation of the oscillations of a plane-parallel 
flow of an ideal fluid. 1271 Therefore, in a plasma described 
by the equations of two-fluid hydrodynamics in the case of a 
tangential velocity shear, the growth rate of the instability 
associated with the excitation of electrostatic oscillations is 

'Y "" kxVo· 
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The /,-wv and V---1/'V reactions in strong magnetic fields 
v. V. Skobelev 
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The y~vv and v~yv decay probabilities in a strong magnetic field are found by employing an 
effectively two-dimensional representation of the electron Green's function. The contribution of the y~vv 
photodecay to the neutrino luminosity of pulsars is estimated. The contributions of other diagrams with 
vacuum loops are discussed. Previous results obtained in the frequency range w> m, in which the crossed­
field approximation is valid, are confirmed. In fields _1016 G the y-wv process competes with the 
n + n~n + p + e - + v reaction, so that vacuum polarization effects may influence the cooling of neutron 
stars in their initial evolution stage. 

PACS numbers: 95.60. +d, 97.70.Qq, 98.60.Gi 

In connection with the possible existence of ultra­
strong magnetic fields - Bo = 4. 41 X 1013 G in the vicinity 
of a neutron star, calculations of various electrodynam­
ic and weak processes in constant high-intensity elec­
tromagnetic fields have become quite timely. Thus, 
for example, inU] they considered the processes 1'- vv 
and 11- I'll in a strong crossed field (E . B) = E2 - B2 = o. 
Obviously, these calculations are of practical signifi­
cance only in the energy region where the crossed-field 
approximation is equivalent to a constant and homoge­
neous magnetic field, since the possible realization of 
constant fields - Bo occurs preCisely in the case of a 
magnetic field. 1) This is reached at photon and neu­
trino energies w» m. However, if the reactions 
I' - vv and I' - I'll are considered in the sense of their 
contribution to the neutrino luminosity of pulsars, then 
it is the frequencies w S m that are significant, since 
they receive the greater part of the energy radiated by 
the stars (with the exception of x-ray pulsars), and then 
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the crossed field approximation is not suitable. It 
should be noted that in this region the reaction I' - IIV is 
suppressed in part, since a photon in a strong magnetic 
field acquires at w« m an imaginary mass (w< I ql). [3] 

This effect, however, can be compensated for by the 
interaction of the radiation with a plasma, and at a suf­
fiCiently large electron density the photon will have a 
time-like momentum (see below), and the decay Y-IIV 
will be allowed. On the other hand, the difficulties in 
the calculation of diagrams with electron loops in a 
magnetic field, with exact allowance of the interaction 
with the field, were due to the absence of a convenient 
representation of the electron Green's function suitable 
for practical applications, so that it became necessary 
to use the crossed-field approximation. 

In this paper we use the method developed by us to 
calculate diagrams in a strong magnetic field B - Bo 
with the aid of an effectively two-dimensional represen-
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