this electron-phonon interaction which gives rise to the
effect of superconductivity, The superconducting state
occurs only in metals for which the electron-phonon in-
teraction is sufficiently strong, A strong electron-pho-
non interaction, giving rise to a large resistivity in the
normal state, contributes to the formation of the non-
resistive superconducting state, This analogy is veri-
fied by the formal relation between the nonlinear Schro-
dinger equation (19) and the Ginzburg-Landau equationt”
for a one-dimensional model with no magnetic fields or
currents, well-known in the theory of superconductiv-
ity ("), Chap. VI).

Thus, excitations of a molecular chain in the form of
solitons are very stable with respect to retaining the
shape, magnitude, and size of the region involved in the
excitation, This fact has been used by one of ust*! to
explain the high efficiency of the transfer of energy re-
leased in the hydrolysis of ATP molecules in living or-
ganisms along the a-helical protein molecule and to ex-

plain the contraction mechanism of transversely striated
animal muscles at the molecular level,[®

DThe deformation of a molecular chain during intramolecular
excitations (without taking their motion into account) was
first treated by Rashba?! (see also!3)).
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From a theory of the Larkin-Migdal type the spin-susceptibility'tensor at zero tehlperature is calculated

in the acoustic limit and in the collisionless regime. No restrictions are imposed on the effective
interaction of the quasi-particles in the particle-hole channel. With regard to the effective interaction in
the particle-particle channel it is assumed that only the / =0 and ! = 1 amplitudes can be close to each
other. It is shown that the spin susceptibility always has two poles, corresponding to the frequencies of
spin waves of different polarization. It is shown that the spin-wave frequencies depend on the Landau
exchange amplitudes for 0< /< 3; the form of this dependence is found. If in the effective interaction in
the particle-particle channel the [ =1 amplitude is greater than the ! =0 amplitude and these
amplitudes are close to each other, the spin susceptibility also has a pole corresponding to excitations with
a small gap (i.e., much smaller than the gap in the two-particle spectrum).

PACS numbers: 67.50.Fi

The purpose of the present article is to consider the
spin waves for systems with Balian-Werthamer?! (BW)?
pairing without any restrictions imposed on the effective
interaction of the quasi-particles in the particle-particle
channel, but in the collisionless regime and at zero
temperature. Interest in this topic has arisen again
following the identification of the B phase of superfluid
3HeB 41 with the BW state, as originally proposed by
Anderson and Brinkman. 1 This identification gave rise
to a number of objections, although the proposal of spin-
singlet D-pairingm is also in disagreement with recent
measurements™®? of the spin susceptibility, and serious
objections against spin-triplet F-pairing'® have been put
forward in a paper by Mermin. %7 Therefore, the BW
state is, as yet, the best state for the description of the
B phase of superfluid *He.
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Collective excitations of the BW state were first con-
sidered by Vdovin™! for weak coupling. We did not
impose this restriction in our previous papers, [11+127 in
which, for BW pairing, we developed theories analogous
to those of Larkin and Migdal™®! and Larkin, ™) which
had been proposed earlier for systems with isotropic
S-pairing. Wel''l solved the vertex-function equations
describing the scalar and vector vertices in the acoustic
limit (lwl, kv << A, where w and k are the frequency and
wave vector, v is the speed of the quasi-particles, and
A is the energy gap). In addition, we showed™!1 that
all these vertex functions have a single pole at the zero-
sound frequency, which coincides with the first-sound
frequency obtained using the thermodynamic formulas
for a Fermi liquid. ®7 Our results have recently been
generalized by Maki'® to nonzero temperatures. On
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the other hand, our article™! contains the erroneous
statement that the spin vertex has no poles in the acous-
tic limit, i.e., that propagation of spin waves is im-
possible in a system with BW pairing.

The results of Vdovin'®! for spin waves were gener-
alized by Combescot™"? for systems with an effective
quasi-particle interaction independent of angle. Our
equations for the vertex functions!!'] were also derived
by Gongadze, Gurgenishvili and Kharadze'®)with the tacit
assumption that the spin-antisymmetric part of the ef-
fective quasi-particle interaction in the particle-particle
channel vanishes. These authors solved the equations
for the spin vertices by assuming, like Combescot, that
the effective interaction in the particle-hole channel has
no angular dependence. Although the expressions ob-
tained by them for the spin-wave frequencies coincide
with Combescot’s expressions, their solutions for the
vertex functions are incorrect. This will become clear
from our subsequent calculations, although the errone-
ous character of the results of the paper by Gongadze,
Gurgenishvili and Kharadze™®! can be easily understood.
The equations obtained by them are a system of inhomo-
geneous linear equations with a degenerate matrix ker-
nel. Such a system is equivalent to a system of inho-
mogeneous linear algebraic equations. Nevertheless,
according to the results of their paper, I the solution
of this system describing the response to an external
magnetic field is not unique, which is physically absurd.

According to Leggett and Rice, ™*1 Leggett™? and
Corruccini ef al., " the I=1 spin-exchange Landau
amplitude is a very small quantity. This is the chief
physical argument for neglecting all the Landau exchange
amplitudes except that for 1=0. Nevertheless, experi-
mental®® and theoretical'®? estimates show that the state
of affairs is greatly different from that indicated above.
Moreover, the Landau amplitudes for $He should satisfy
a sum rule. On the other hand, only a general solution
of the problem can give us the possibility of checking
whether the stability conditions®? ensure the existence
of poles of the response functions (i.e., the existence
of corresponding elementary excitations). This is par-
ticularly interesting since spin waves have not yet been
discovered in the B phase of superfluid *He.

In our paper™! and in the paper by Larkin and Mig-
dal, 131 the effective interaction of the quasi-particles
in the particle-hole channel, which coincides with the
effective interaction of quasi-particles for a normal
system, had a completely general form. On the other
hand, the effective interaction in the particle-particle
channel was restricted entirely to the pairing channel,
i.e., to7=0in"1and to 7=1 in ™!, We remark that,
according to these papers, this interaction can be repre-
sented by two functions ff (p-p') (¢ =+ 1) such that

12 60)= ¥ @012 ) 1)

1=0

with summation over even [ for ¢ =1 and over odd [ for

e =—1, For the dimensionless interaction, the Legendre
amplitudes f, of this interaction are equal to [In(2&/7,)]™,
where £ denotes the energy cutoff and the 7, are certain
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non-negative constants (cf.™*}). In formula (1),  de-
notes the unit vector parallel to the vector p. In the
pairing channel, i.e., 7=0 for S-pairing and =1 for
BW pairing, 7;=4; in the following we shall denote { for
the pairing channel by /,. Using the equations for the
vertex functions™ 31 it js easy to verify that if

min |In (A/r) |, 1+,

is of order unity or greater, the harmonics with 7#],
can be neglected in the acoustic limit. On the other
hand, if

min [In (A/r) |1, 1L,
and the harmonic satisfying this inequality occurs in the

equations for the vertex functions, the known solu-
tions!® 131 cease to be valid if the inequality

o] kv<Almin|ln (A/r) 1%, 17k

is not fulfilled.

We note that it is only in the equations for the spin
vertices of systems with BW pairing that both functions
fi(e=21) appear simultaneously (cf. 1), Moreover,
in the equation for the spin vertex of a system with S-
pairing, In(2£/4) and £%,(p-p') enter simultaneously.
Therefore, for the scalar and vector vertices of sys-
tems with BCS and BW pairing, Legendre amplitudes
with minimum difference A7=2 are encountered. Above
a certain /, the amplitudes f, should fall off as a result
of the action of the centrifugal force. ™! Hence, it would
be surprising if the condition [In(A/7,)| <«<1 were ful-
filled for 1=2, 4, 6,... (for BCS pairing) or for [=3, 5,
7,... (for BW pairing). On the other hand, the condi-
tion |In(A/7g)| << 1 seems very natural, since the ten-
dency for f; to decrease with increase of I acts here
against the tendency for £, to be a maximum in the pair-
ing channel. Therefore, it is interesting to solve the
equations for the spin vertices of systems with BW pair-
ing by assuming that [In(A/7,)| can be much smaller
than unity only for 7=0. If the inequality 1ln(A/rg)l « 1
is not fulfilled, we obtain the solution of the equations
with an excess of accuracy, and this can be avoided by
taking a simple limit in the expression for the solution.

1. DISCUSSION OF THE BASIC EQUATIONS

We shall not derive anew the equations for the spin
vertices and expressions for the spin susceptibility ob-
tained by us earlier™!? by means of methods developed
by Larkin and Migdal. **1 The derivation of the equiva-
lent equations for the spin vertices and of the expres-
sion for the spin susceptibility by the methods worked
out by Larkin™*? can be found in the Appendix.

We shall choose the usual phase for the BW A-matrix,
i.e., A-¢ -ﬁio’A. (Here a hat over a character de-
notes a spin matrix, except in the case of bold-face
characters, when it denotes the unit vector parallel to
the vector under the hat.) With this choice of A the
anomalous vertices 7, and 7, (i.e., with two incoming
and two outgoing particle lines) can be expressed by the
formula

J. Czerwonko 576



T=(14+A)ioY, T=io*(T—h),

where T is a matrix with zero trace. The equations for
the normal vertex J, and the vertices 7, and A, will have
the form (cf. t1)

To(0) = To° +<B @p) (LT, (0) + 0 (o0') T (— §) (aP))

L —-M (% (p), op']- — 2AM3V,, ®) ca'}‘)p,: (@)
T () = A BRIV +1n @YU, () — 0(5) % () (o)
+MJa(p) o0’ )- Dy (3)

Mo (®) = L BPIN +0 + n EA) A (B) + M [T (), opL1yp (4

Here B(p-p’) denotes the spin-exchange part of the di-
mensionless effective interaction in the particle-hole
channel, (-- +)p+ denotes averaging over the solid angles
associated with the vector p’, and ¢ is the pseudovector
of the Pauli matrices.

In the accoustic limit it is sufficient to put

O=—L=",, 2M=—o0—kv/, N=—'/rto’—(kv')?

where v’ =9p’, and w and kv are measured in units of
24; the definitions of these functions are given in the
papers by Larkin and Migdal 3147 (cf, also™!7), we
have chosen the vertex functions here in such a way that
the J ;’2 which in a system without pairing are the ver-
tices J,, are equal to o, when |wl| > kv. For such ver-
tex functions, the paramagnetic-susceptibility tensor is
given by the formula

Kab == */apt5*v Sp <0, (L} ++ O () J}, (@) — M [Ty, 9B)- — 2MA3pYy,

(5)
where up is the Bohr magneton, p is the density of states
at the Fermi surface, and the trace is taken over the
spin indices. The kernel B will be determined here by
its Legendre amplitudes (i.e., by the Landau ampli-
tudes). In order to avoid over-complicated denomina-
tors, these have a form such that

BG-§)= Y @H0)bP G5) . ®)

We note that the new b, are equal to b, /(27 +1) in our old
notation®!1 and Z, /4(27+1) in Leggett’s notation. 24

In the following we shall restrict ourselves to

£5 (P0') = 3pp’ [In (2/A)1, /1 (PP) = [In (/)1

i.e., we shall neglect all the other Legendre ampli-
tudes of the interaction in this channel. We note here
that all the earlier concrete calculations were carried
out under stronger restrictions. On the other hand, we
shall not impose any restrictions on B(p -p’).

As follows from (2) and (3), ja and 7, are the a-com-
ponents of a pseudo-vector and vector with vanishing
traces. As a result of our restriction on the quantity
%1, the matrix 7, should be a linear function of the vec-
tor P, i.e., 7,=7,p,0,P,, Where the third-rank pseudo-
tensor 7,,, depends only on w and k. We note that sum-
mation over repeated vector indices is implied through-
out. We can also write J,=J,,0,, where J,, is a tensor
depending on p, k and w. The most general form of
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such a tensor can be written as
g = A8y + B;’a;)b + Ckai)b + D;’a]?b T Ei‘;n,;bv (7)

where the functions 4, ..., E depend only on p-k=w, &
and w. The most general p-independent third-rank
pseudotensor can be represented in the form

Tabe =iRease+i(X—R) eavcakiatiY EasclirhatiZepaechos, (8)

where ¢, is the Levi-Civita pseudotensor. As a result
of the identity

Eabe =7C¢( ,;uzdbe-'-lgheadc'*_k:eubd) (9)

the pseudotensor 7,,, actually depends on only three
combinations of the variables R, X, Y and Z, and hence
we can put ¥=0 with no loss of generality.

To prove the identity (9) we note that the two sides of
(9) have the same tensor character, and, in a coordinate
frame with the z-axis parallel to the vector k, (9) takes
the form

€ape=03830c T 8s08ascT0scBaba. (10)

This relation can be verified directly. We note that
(10) is equivalent to (9); our proof is thus completed.

Substituting J . and 7, in the form indicated above into
(3), we find

DU [Reqy, + (X — R) eapckakalp. + [{ Zfabgil’d"’ — 29Z§b?eacdicﬁd)>v
=— 2(piM [Ae,gpPa + DecapPapikc + Eecavhokcpaldp: 11)

where U= N+0O and w=k-p. We note that the region of
applicability of Eq. (11) is not restricted to the acoustic
limit and that the variables R, X and Z do not depend
on p.

With our assumption concerning the quantity f{, A,

is equal to Ak,, where A does not depend on p. Substi-
tuting A, in this form into (4), we obtain

Alln (A/r) —<U> 1 =2¢MEJwspsds. (12)
The paramagnetic-susceptibility tensor (5) is expressed
in terms of J,,, X, R, Z and A and has the form

Yao=WsV{ (O—L)Jta—20popcJ.c—2M [ R (80— Paps)

F(X—R) b, (o patw) + 21 (w8, — FaPs) —APas] V5. (13)

Taking the symmetry properties into consideration
and using formula (7), we can rewrite (13) in the form

Xeo=X1 (an—ka’;a) +x"1€,.k;;

X1=wus'v<4 (—L+0w?*) —*/,B(0O+L) (1—u*) (14)
—Dw (0+L—0w?) —M[R(1+w?) +2Zw?]>,,
xi=Ms*v< (A+Dw+E) (0—L—20w*) — (Bw*+Cw) (O+L) (15)

—2M[X(1—w?) —Aw]D,.

2. TRANSFORMATION AND SOLUTION OF THE
EQUATIONS IN THE ACOUSTIC LIMIT

In the acoustic limit, 0> | Ul, whence it follows,
from Eq. (11), that |X|, |RI > Z. Therefore, the term
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proportional to UZ in (11) and the terms proportional to
Z in (13) and (15) must be neglected, together with the
terms of order Z in ;, when it is substituted into (2).
This equation, written in terms of J,, and R, X and A,
has, in the acoustic limit, the form

Ju=6u—<B(w+kv') [R(8.—p./ps ) +(X~R

X a(Bs—Ds'w")—Akops’ 13— < B[/ (1+ PV s— B, Tocp I

with B dependent on p-p’, and J,, dependent on inside
the brackets (---) or p outside them; the operator P
converts p’ to - p'.

Applying the relations

{B>p =b,, {Bpo>p-=b,pa, <Bpa'l7b'>p'='/:(bo—bz)Gab+bzp.po.

$Bp'ps'Pe>pr="/5(by—bs) (PebavtPsBact Pabuc) +bspaPspe )

(cf. (6)), we can represent the second term of the right-
hand side as

~8uR['/s (2bo+bs) +/skv (4bi+bs) w] +p.poR (0bs+Hhvbsw) -
+kupb[./5X,fU(b1—bx) +(X—R) (0b:w+kvbsw?) +A(0b,+kvb.w) ]
— koo {[*/s@ (2b04b,) +/skv (3b,+2b5) | (X—R)

—l/slkv(ba—bz)}+l/spakbRkv(bl_bs) . (18)

Comparing (16) and (18) with (7), we can see that the
following terms, at least, should appear in the solution
of Eq. (16): 1) the terms of A, B and E with =0, 1;

2) the terms of C with [=0, 1, 2; 3) the =0 term of D,
here, [ is the order of the Legendre polynomial P,(w) in
the functions A,...,E. Taking account of how the terms
dJ,p transform into each other under the multiplication
byd,e D, in (16), we can see that the terms 1)-3) will also
be sufficient for the solution of Eq. (16).

We shall determine the amplitudes of

m(r)

F(w)= 2 Fawm,

(19)

where F is one of the functions A,...,E. Substituting
(7) into (16), we remark that we have enough formulas
(17) to calculate all the integrals appearing there.
Hence, equating all the linearly independent terms to
each other (sic!), we find directly

A=[1—Ro(5—1)1S"', B,=b,(1+wR)S,

Ci=b.[1+oR+rkv(1+b,) 1S, (20)
E;=—@(X—R) (1—S-*) +!/shkv(by—b;) S,
where
S=1+2/sby+/sb. (21)

In addition,
CatbsG=bs(X—R)kv, C:—G[1+'/5(bi—bs)]="/s(X—R)kv(3b,+2bs),

(22)
where G=E;+C,, and

A+'/s(by—bs) F=—"/Rkv (4b,+bs), B,+bF=bRkv,
A1+Bl—F[1+'/s(b|—b;) ]=—‘/,Rkv(b,—b,),

(23)

where F=A;+ B+ Dy. We also have
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Co="/5(bs—bs) (Xkv—F—G) +Awb, (1+b,) . (24)
Solving the systems of equations (22) and (23) and
substituting the results into (24), we find

A=—"/sRkv (b +4b,bs+hb+bs) P!, B,=Rkvby(1+b,)P-.

Co="1sXkv (bi—bs) P~ +Awb, (1+b,) (25)

Ca=(X—R)kvbs(1+b,) P!, D=*/Rkv(1+b,) (bi—bs)P",
Ey=— (X—R) kv[*/s(by—bs) +bs(1+b,) | P,

where

P=1+2/sb,+/sbs. (26)
We return again to Eq. (11) in the acoustic limit.
Taking into account that

(pupbpcpd>p='/ls (60b6cd+8¢d6bc+60c6bd) ’ (27)

we can find

(mz—‘/:klvz) [Reab’::_t(X_R) E,k;sm] +IISZI’;:bAkdBndc
+Y/5 (2k**R+Z) kck € pa=— (0 Ao +/5skVA,) €a6c
—[@Eyt+/skv(D+E,) |k Jstaetskv(D—24,) Koeae ara. (28)

According to the assumption made by Gongadze,
Gurgenishvili and Kharadze™®! concerning the form of
the anomalous vertex functions, X should be equal to R,
and Z=0. It is perfectly obvious that with this assump-
tion Eq. (28) is not satisfied.

If in (28) we express I;,, 73‘,3,“ using (9), we obtain
three equations for the variables R, X and Z. An equiv-
alent method is to choose k along the third axis and de-

fine an order 1, 2, 3 for the indices a, b, c. Hence we
obtain
(0*—*/sk*v*) X=—@ (Ao+E,) —'/skv(A,+D+E,); (29)
(0*—7/sk*V*) R—*[:Z=—0A—|skvA,+*/skvD,
(30)

(@*—*/sk?v*) R+ s Z=—wA,—"'/skvA,.
From the formulas (30) we have the equation
(0*—*/sk*v?) R=—wAy—*/skvA +*/,okvD. (31)

Substituting A,, A; and D, given by formulas (20) and
(25), into (31), we obtain

R=—ol[o*—*/sk*v* (1+*/sbot+*/sb2) (1+b1) (1+'/:b,

+5/bs) (1+2/sb1+3/5bs) 1. (32)
Analogously, we obtain from (29)
Y Aokv(bo—b,) +X (0*—vk) =—o, (33)
where
vi=t 0 (142 sbotsba) (1Fb,) (4+bs) (1+2/5by+2/5bs) . (34)

The right-hand side of (34) is positive by virtue of the
Fermi-liquid stability conditions. !

We turn now to the analysis of Eq. (12) in the acoustic
limit. Substituting J,, from (7) into it, we obtain
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Alln (A/r)+!/:kv*— 0] =—"/:kv (Aot Bo+C +Ey)

—'/s0 (A4, +B,+3Co+C.+E+D). (35)

Having expressed A4,,...,E, by (20) and (25), we can

rewrite Eq. (35) in the form

Mat+kw2—0?) — Xkv (by—by) (1+b,) S-*

=—{/skv(1+b,) (1+b;) 8™, (36)
where
a=(1+b,) In (A/r), (387)
v l='/yv? (1+bo) (1+by) (1+b,) (1+2/sbot+/sb2) . (38)
Solving the system of equations (33), (36), we find
X=0[(0*—u,) (0*—u.) 1 [at+'/:k%2 (11D) (1+b,) —w?],
A="skv(1+b,) [ (0*—u,) (0*—u,) ] [0*—*/sk*v?* (1
+by) (1+b2) (1+bs) (1+2/:b,+%/sbs) 11, (39)
where
w2 ="/, (a+k*v*+sign a}Q), (40)
with
vot= v 20 vt vl =2y v? (bo—b2) 2(1+2/sbot/sb2) Y,
(41)

Q=(at+k*v?)*—4ak*v—4v v k*>0.

It can be proved that #, and u, are increasing functions
of the variable %® (x> 0), and for k®< |a| we have u,
~k%}. In addition, the sign of u, coincides with the sign
of a. Here, therefore, we always have an acoustic
mode. If a>0, i.e., if the effective interaction in the
pairing channel predominates over the interaction in
the =0 channel, an optical mode also appears. Since
for k< lal we have u;=a+ E2(vi+v?), it corresponds to
excitations with a gap 2A(1+ )/ %[In(a/7)]'/ 3«24, If
a<0, the optical mode becomes a diffusion mode. We
remark that, in all our previous formulas, w and kv
are measured in units of 2A, We must therefore sub-
stitute w/2A and kv/24 in place of w and kv, in order
to remove this stipulation. If lw/2Al, (kv/24)<< |all/?,
then

X=—o[o*—kw]"!, A=0. (42)
The solution has precisely this form if the inequality
In(A/7)| <1 is not fulfilled. We note that formulas
(20) and (25), together with (32) and (38), now serve as
a compact form for writing the solutions for the spin
vertex.

3. DISCUSSION OF THE SOLUTIONS AND
CONCLUDING REMARKS

First we shall find the expression for the spin sus-
ceptibility. Substituting the solutions into (13), we have

Yoo =Xut [ Sast (Bar—Kakts) O R+Euley X —* foleuferkv (1+52) ], (43)

X =2p5"V/3 (1+%/sboF"/sb2) ;

the static quantity x,, was obtained in our paper!! for
M=0 (cf. (2)-(4)). We have

lim R=lim X=—o0""'and limA=0 for m%()

k=0 k—+0 k=0
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and, therefore,

lim x4,=0 for ©+0.

k0

This result is fully comprehensible in the acoustic limit;
if the inequality |In(A/7)| « 1 is violated, then, in a
uniform field that is periodic in time, the quantity x,,
should be equal in order of magnitude to (w/24)? for

|wl «< 24, and this is in excess of the acoustic-limit
accuracy. We may add that even the presence of excita-
tions with a gap much smaller than 2A does not have the
result that x,,(¢=0, w) contains terms of order w?/a,
which are contained within the limits of our accuracy.
This property has an analog in the theory of the normal
Fermi liquid. It is well known that

lim S (k, o) =0 for w+0,

k=0

where S is any correlation function of conserved quanti-
ties. Moreover, with the usual accuracy, the theories
considered by us neglect the quantity (w/u)?, where u
is the chemical potential of the system.

On the other hand,

limX=1lmR=0, lmA=—"kv(1+b,)/[12A%In(A/r) (1+*/sbe+'/sb,)

w0 o0 00

+(kv) 2 (1+b,) (1+5,) ]
whence

1im %as = e {Bastalts (e0) * (14b,) 2 [ 24A% In (A/r) (14+2/3bo+/5b3)

+2(kv)* (1+bo) (1+5,)1-*}. (44)

If the inequality IIn(A/7)| <« 1 is violated, the second
term in the curly brackets must be neglected and we ob-
tain x,, 6,,. This property has a simple physical mean-
ing, since the static limit corresponds to a static field
that is slightly nonuniform, e.g., as a consequence of
the finite size of the sample. If, however, |In(a/7)l

<« 1, to get X ; 0, it is not sufficient to take only the one
limit w - 0. This means that, if lal <1, to obtain the
static limit it is not sufficient that the field vary weakly
over a distance equal to the coherence length; the field
should also vary weakly over a distance ~%v/2Alal'/?,

According to (43), the pole of R corresponds to the
transverse spin waves and the poles of X and A to the
longitudinal spin waves. It is obvious that the transverse
waves are doubly degenerate while the longitudinal
waves are nondegenerate (cf. "), All factors contain-
ing amplitudes b, in R and X (for lwl, kv <<2Ale¢l'/2in
the latter case) can be represented in the form

™ a+b)+ 2 (1+b,),
n n

where 0 < m <n, and [, I’ are respectively equal to 0, 2
or 1, 3. Since the stability conditions for the Landau
spin amplitudes defined as in this paper have the form
1+5,>0, 1 311 these factors are positive. From this
we obtain that, if the stability conditions are fulfilled,
(43) always contains two poles for lw!, ky<<2alqll/2
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In addition, the stability conditions then also guarantee
that the transverse excitations set in at energies above
those of the longitudinal excitations at the same values
of k, i.e., that the transverse excitations are faster
than the longitudinal ones. We note that, for |wl, kv
«<2a|ql|'/? the Landau amplitudes b, and b, appear in
(43) in only the same combination as in the static sus-
ceptibility.

Our calculations possess a property characteristic of
all theories based on a sufficiently general phenomeno-
logical approach. This can be defined as a principle of
maximum freedom of the physical system. We shall
elucidate this principle using the example of the spin
susceptibility of *He. The static susceptibility of the
normal system determines by, while that of the B phase
also determines b,."!? In addition, observation of the
longitudinal and transverse waves for lwl, kv <<2Aalq|!/?
gives us b, and b;. From this point of view, here there
is no cross-check on the theory; the independent mea-
surements off®-2!1 can be regarded as an exception con-
firming the general rule.

In all our calculations we have neglected both tem-
perature effects and the spin-nonconservation effects
associated with the dipole-dipole interaction. The first
of these can be taken into account by the methods de-
veloped by Leggett, ] and the second lead to serious
difficulties in a similar formulation of the theory
(c£. 267),

It must be noted that collective excitations with a gap
for a superfluid (superconducting) Fermi liquid have
been considered in the literature (see, e.g., ?" and®)),
but collective excitations with a gap much smaller than
2A have not been considered. The appearance of these
excitations is a characteristic feature of the Larkin-
Migdal approach, 37 if the 7=, amplitude and an {=7'
#1o amplitude of the effective interaction in the particle-
particle channel are close to each other.

_ The author is very grateful to A. I. Larkin and L. P.
Pitaevskii for useful discussions and to A, J, Leg-
gett for sending the review article®! before publica-
tion,

APPENDIX

We shall transform the equation for the spin vertices
and spin susceptibility in such a way that only the in-
tegration over the Fermi surface becomes important, in
analogy with the transformation performed by Larkin. 4
We note that only the transformation of the equation for
the normal vertex will be of interest for us. Applying
the procedure from Larkin’s paper™*! to this equation,
we find

To@® =T + <Cg@p)D,6)+ 0d) T, p')Xop)
— M [T, (@), o9 — 2MA, (P) P Dy (45)

where J * denotes the spin vertex, taken in the k-limit,
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 for the normal system, and g(p-§’) is the spin-exchange
part of the dimensionless quasi-particle scattering am-
plitude; g;=5,/(1+by), S=L+1. The equations for A,
and ?a will coincide with the corresponding equations of
our paper. ™! According to the work of Kondratenko®]
(cf. also™0), if the spin vertex is chosen such that J¢
=0,, then

Jr=0.(1—go) =0./(1+by).

We turn now to the transformation of the spin suscep-
tibility. According to our paper, “!? the latter can be
written in the form

xw=—(£2) | (ZT”W Sp{.[61,G—FDI;-D*F—GruD*F+FD7,G1),

(46)
where J°=z, (as a result of which, J¢ at the Fermi
surface is equal to ¢,), z denotes the discontinuity in the
occupation numbers at the Fermi surface for a normal
system, D=A/A=0-Pio’, and the normal (G) and anom-
alous (F) Green functions standing before and after the
vertex are taken with the variables p+k/2, € +w/2 and
p-k/2, e-w/2, respectively; d*p=d’pde and J-(p)
=J7(-p).

Carrying out in (45) the transformations originally
proposed by Larkin, “* using Eq. (44) and expressing
T1ps Tep in terms of 7, and A,, we find that

Xab = Xab — Yan5v Sp T4 (ST, + O (aD) I, (D) — M [%:, oD]
— 2MMyPYo, @7
where

with

(GG)* =1im lim lim GG.

k>0 @0 A0

Taking into account the results of the work of Kon-
dratenko™ (see also™), we find that x*, is the static
susceptibility of the normal system, i.e., 8,,p5v/(1
+bg). Moreover, J* in the second term of formula (47),
i.e., f: at the Fermi surface, is equal to 0¢/(1+bo).

It is clear that formula (47) is equivalent to (13) and can
also be written in the form (14), (15). We note that, in

the Appendix, according to (46) X,, and v correspond to

quantities calculated per unit volume.

Note added in proof (August 3, 1976). If we take into
account the non-negativity of the static autocorrelation
functions, which follows from their spectral representa-
tion, it is not difficult to prove that ¢> 0 always. There-
fore, when the /=0 and /=1 amplitudes of the effective
interaction in the particle-particle channel are close
to each other, a pole with a small gap is always pre-
sent,

J. Czerwonko 580



on leave from the Physics Institute of the Wroclaw Technical
University, Poland.

2Only to comparatively few people is it known that the
principal results of 11 were obtained independently by
Vdovin. 21

IR. Balian and N. R. Werthamer, Phys. Rev. 181, 1553
(1963).

2yu. A. Vdovin, p. 94 in Primenenie metodov kvantovoi
teorii polya k zadacham mnogikh tel (Application of the
Methods of Quantum Field Theory to Many-Body Problems),
ed. A, I. Alekseev, Gosatomizdat, M., 1963.

5D. D. Osheroff, R. C. Richardson, and D. M. Lee, Phys.
Rev. Lett. 28, 885 (1972).

‘D. D. Osheroff, W. J. Gully, R. C. Richardson, andD. M.
Lee, Phys. Rev. Lett. 29, 920 (1972).

Sp. W. Anderson and W. F. Brinkman, Phys. Rev. Lett. 30,
1108 (1973).

6T, Soda and K. Yamazaki, Progr. Theor. Phys. 51, 327
(1974).

TA. L. Ahonen, M. T. Haikala, M. Krusius, and O. V. Lounas-
maa, Phys. Rev. Lett. 33, 1595 (1974).

A, 1. Ahonen, T. A. Alvesalo, M. T. Haikala, M.
Krusius, and M. A. Paalanen, Phys. Lett. 51A, 279
(1975).

%G. Barton and M. A. Moore, J. Phys. C 8, 970 (1975).

N. D. Mermin, Phys. Rev. Lett. 34, 1651 (1975).

%‘J. Czerwonko, Acta Phys. Polonica 32, 335 (1967).

581 Sov. Phys. JETP, Vol. 44, No. 3, September 1976

123, Czerwonko, Acta Phys. Polonica 34, 11 (1968).

BA. I. Larkin and A. B. Migdal, Zh. Eksp. Teor. Fiz. 44,
1703 (1963) [Sov. Phys. JETP 17, 1146 (1963)].

YA, I. Larkin, Zh. Eksp. Teor. Fiz. 46, 2188 (1964) [Sov.
Phys. JETP 19, 1478 (1964)].

15A. A. Abrikosov and I. M. Khalatnikov, Rep. Progr. Phys.
22, 329 (1959).

16K, Maki, J. Low Temp. Phys. 16, 465 (1974).

1R, Combescot, Phys. Rev. A10, 1700 (1974).

187, D. Gongadze, G. E. Gurgenishvili, andG. A. Kharadze,
Proc. LT 14 Conference, Vol, 1, p. 21, North-Holland,
Amsterdam, 1975,

BA. J. Leggett and M. J. Rice, Phys. Rev. Lett. 20, 586
(1968).

%A, J. Leggett, J. Phys. C 3, 448 (1970).

L. R. Corruccini, D. D. Osheroff, D. M. Lee, and R. C.
Richardson, Phys. Rev. Lett. 27, 650 (1971).

22E. @stgaard, Phys. Lett. 54A, 39 (1975).

21, Ya. Pomeranchuk, Zh. Eksp. Teor. Fiz. 35, 524 (1958)
[Sov. Phys. JETP 8, 361 (1959)].

%A, J. Leggett, Rev. Mod. Phys. 47, 331 (1975).

%A, J. Leggett, Phys. Rev. 140, A1869 (1965).

%A, J. Leggett, Ann. Phys. 85, 11 (1974).

%'y, G. Vaks, V. M. Galitskii, andA. I. Larkin, Zh. Eksp.
Teor. Fiz. 41, 1655 (1961) [Sov. Phys. JETP 14, 1177
(1962)].

P, S. Kondratenko, Zh. Eksp. Teor. Fiz. 46, 1438 (1964)
[Sov. Phys. JETP 19, 972 (1964)].

87, Czerwonko, Acta Phys. Polonica 36, 763 (1969).

Translated by P. J. Shepherd

J. Czerwonko 581



