
tion is negative). Simple calculations show that the 
angle of deflection is proportional to the cylinder radius 
a and to the angular velocity of rotation O. The reason 
for this deflection is the effect of entrainment of light by 
a moving medium: if the direction of propagation of the 
wave coincides with the direction of motion of the medi
um, then the phase velocity of the wave is 

ell' e fl +U (1-1/ e fl), 

but if the velocities of the wave and of the medium are 
opposite, then the phase velocity is 

ell' efl-u( 1-1/efl). 

In our case, U is in order of magnitude equal to aO. 
An estimate with allowance for these relations leads to 
the following expression for the angle 9 between the 
maximum of the scattering indicatrix and the initial 
direction of propagation of the wave: 

U -( 1) aQ -( 1) 8""-l'efl 1-- =-l'efl 1--- . 
c qt c ql 

(29) 

From this result it follows that the field exerts on the 
rotating cylinder a force numerically equal to the change 
of the quantity of motion of the light per unit time in the 

scattering process. The direction of this force is op
posite to the vector change of momentum of the wave 
during the scattering. This phenomenon may be re
garded as an analog of the well-known Magnus effect in 
the mechanics of continuous media. 

The effect considered occurs in the absence of absorp
tion (conductivity). Allowance for conductivity presum
ably leads to a weakening of this effect. 
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A general expression is obtained for the ponderomotive force of a high·frequency field with slowly varying 
amplitude in a transparent dispersive fluid and. in particular, in a plasma. For electromagnetic waves in 
an isotropic plasma, and also for irrotational oscillations, this expression coincides with that obtained 
earlier. In the general case, however, our expression contains time derivatives of the field amplitude; 
these may play a significant role, for example, in a magnetically active plasma. 

PACS numbers: S2.40.Db 

1. Since the formulation of the general problem of 
finding the time-average stress tensor and ponderomo
tive force acting on a dispersive medium in a high-fre
quency field ([1], §61), this problem has been the sub
ject of a large number of papers. We cite first of all 
studies[2-51 in which this force was obtained for an iso
tropic collisionless plasma: 

(1) 

Here f is the ponderomotive force acting on unit volume, 
wp = (41Tne2/m)1/2 is the plasma frequency, and E is the 
amplitude of the high-frequency (hf) field: 
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(2) 

A general phenomenological approach to the determina
tion of the ponderomotive force of a hf field in a disper
sive transparent medium was proposed by Pitaevskil. [61 
The expression obtained in[61, however, was limited by 
several conditions that will be discussed. below. The 
one most important for us here is the assumption that 
the hf field is stationary (amplitude constant in time). 
In[7, 81, on the basis of quasimicroscopic considerations, 
an expression was obtained for the ponderomotive force 
of a hf field in a magnetically active plasma. Here 
again the effects of nonstationarity of the hf field ampli
tudes were disregarded. {For a more detailed discus-
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sion ot7• 8J, see below.) These effects, however, may 
play an important role in investigation of nonlinear in
teraction of the hf field with the material and, in par
ticular, in investigation of the dynamics of solitons in a 
plasma. 

On the other hand, in an investigation of the self
focusing of transverse waves propagated along an ex
ternal magnetic field Bo (directed along the z axis) in a 
plasma, one of the authors (H. Washimi[9]), using the 
method of perturbation theory, obtained an expression 
for the ponderomotive force that can be reduced to the 
form 

/, = 8-1 OIEI' + _k_ 0[00'(8-1) 1 aiEl' ap 
16:! az 16:tw' aw at~' 

1, = __ 1_ 17[00(_8-1) 1 aiEl' _ ~ aB, B.) _ ap . 
16:1 r)w or 4:1 or ar 

(3) 

Here r is the distance from the z axis (cylindrical sym
metry), e(w) =N 2(w), N(w) is the refractive index for 
waves propagated along the magnetic field (for whistler 
waves, E = 1 - w!/ w(w - we); for Alfven waves, E = c2/V!, 
where VA is the Alfven velocity); B(r, z, t) is the total 
magnetic field (including, besides the external, also the 
induced slowly varying field). When we == eBo/mc =0, the 
expression (3) reduces to (1), if we neglect the force 
due to the kinetic pressure p. An important feature of 
(3) is the term containing a derivative with respect to 
"slow" time, on which, in general, the amplitude of the 
hf field depends in nonstationary nonlinear processes. 
Here the term containing (k/w)aIEI 2/at may be compar
able with alE 12/ az (if N 2 (w) is sufficiently large). The 
expression for f obtained in[6-8] and applied to the case 
considered in[9] does not agree with (3), differing by the 
absence of the term containing a/at inf.. Furthermore, 
the expression for fr calculated according to[6] also dif
fers from (3). 

In the present paper, a general expression will be ob
tained for the ponderomotive force in an arbitrary trans
parent medium with time dispersion, with allowance for 
the fact that the amplitude of the hf field may vary slow
ly with time. From this expression follow, in particu
lar, (1) and (3), and also the results of[6-81, if the con
ditions are satisfied that were used in their derivation. 

2. Since our arguments depend in an essential way 
on the work of Pitaevskir, [6] we shall first of all discuss 
his basic results. The first of them is formulated as 
follows. 

The variation of the free energy in an adiabatic (in
finitely slow) change of the permittivity of the medium, 
and in the absence of an influx of electromagnetic en
ergy into the medium from outside, is 

6iT=6iT, __ 1_SE:E.6eikdV, (4) 
16:t 

where 15.9"0 is the variation of the free energy in the ab
sence of the high-frequency field. Although the deriva
tion given in[6] was based on a certain simplified model, 
formula (4) has a quite general character. In particu
lar, it can be shown that (4) is correct also for a colli
sionless plasma, provided the change process is adia
batic (infinitely slow). 
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The second result of Pitaevskir that is important for 
us consists in the fact that if the medium is not only in 
a hf field but also in an external static magnetic field, 
with induction BO, then the dependence of the tensor E ik 

on BO leads to the appearance of a magnetic moment of 
the medium, constant in time, induced by the hf field. 
This follows from the formula ~=41TaF/aBo, [tl where 
F is the free-energy density: 

.9"= SFdV. 

If IJ. = 1 without the hf field (that is, 41TaFo/aBo = BO), then 
by use of (4)[61 

(5) 

this determines the magnetic-moment density induced 
by the hf field: 41TM = BO - ~. 

Assuming that 

rotH'=O, (6) 

Pitaevskii obtains from (4) and (5) the following expres
sion for the ponderomotive-force density of the hf field: 

f < ) t7 + 1 [0 (E' E ae.. ) E • E + ae .. 0B' • ] p =- vp - v •• --p - •• Ve" --v ;E, E •. 
16:rt ap aB,' 

(7) 

For a gas and for a plasma, where the tensor Elk is pro
portional to p, paelk/ap = Elk - 15lk , so that 

(8) 

From (7) and (8), in particular, expression (1) follows 
if we set Elk = 0jk(1- wVw2). Furthermore, from (7) and 
the relationf~P) = au W /axk Pitaevskil finds the stress 
tensor uW: 

(0) 1. ((h,m ) 1 • 
0 .. =-p6 .. +-E, Em p---e'm 6 .. +-(E,D.+c.c.) 

W:rt ~ 1~ 

__ 1_(H')'6 +_1_H 'B 0 

8:rt .. 4n • •. (9) 

Here he assumes that the hf field is irrotational; that 
is, 

rotE=O. (10) 

Thus the results (4), (7), and (9) are obtained under 
the following assumptions: a) the variation of the state 
of the medium in (4) is adiabatic (infinitely slow); b) the 
hf field satisfies the condition (10); c) the constant mag
netic field satisfies the condition (6). 

3. We shall now see how the results given above are 
altered by abandonment of these restrictions. 

We shall first abandon restrictions b) and c) but keep 
the condition a). Let elk depend only on the density of 
the medium and on the stationary magnetic field. Then 

(11) 
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In order to find expressions for op and OBo during a de
formation, it is necessary to make definite assumptions 
about the character of the medium. We shall suppose 
that it is a fluid; that is, op is determined by the equa
tion of continuity ap/at +div(pv) =0. On setting op 
= t:1tap/at and introducing the (infinitely small) displace
ment vector of a point, ~(r) =vt:1t, we get 

6p=-div {p(r)s(r)}. (12) 

As regards OBo, upon change of BO, in general, induced 
electric fields occur, which may produce corresponding 
quasistatic conduction currents. If the medium is an 
ideal dielectric (with respect to constant currents), then 
by virtue of Maxwell's equations the relation (6) used by 
Pitaevskir holds. We shall here consider the opposite 
limiting case, in which the resistance to a constant cur
rent is zero (for example, in a collisionless plasma). 
Then the induced electric field EO will be perpendicular 
to the motion; that is, EO=-[vxB°]/c. On using the 
fact that oBo=AtaBo/at=-cMcurIEo, we get 

(13) 

On substituting (11)"-(13) in (4), we get, after simple 
transformations, the variation OfT in the form ofT 
= - J f(8) (rH(r)dV, where f(8) is defined by the expres
sion 

(14) 

In other words, upon removal of the restrictions b) and 
c) an expression for the density f(s) of ponderomotive 
forces is obtained that differs from Pitaevskil's expres
sion (7) by the second term in (14); it has the meaning 
of a Lorentz force acting on the stationary conduction 
currents in the medium. 2) On determining the tensor 
U W from the relation 118 ) = au W / aXk and using Max
well's equations for the high-frequency field, 

- 1 ail 
rotE=--

c at ' 
- 1 aD 

rotB=-
c at' 

aD. _ iCJl _ •• t at - - 2 e .. E.e + C.c., 

we get 

~ ~ 1 , 1 a .. = a,. - -8. < (H) ) 6 •• + -1.- <H,H,) = - p6,. 
:t .!f:t 

+ l~n [E/Em(p a;~m -e,m)-H/H,)6 .. 

(15) 

(16) 

+-161 (E,"D. + H," H.+c.c.) --81 (If')'6 .. +-1-H,'B,'. (17) 
n n ~ 

Thus in the stress tensor u W there appear additional 
terms, quadratic in the Hj; but the terms dependent on 
the stationary magnetic field remain the same as in 
Pitaevskii's tensor u W . 

The expression (14) coincides with the ponderomotive 
force obtained from the two-fluid equations for a plasma 
in Refs. 7, 8, and (17) coincides with the corresponding 
stress tensor obtained in[SJ. The expressions for f(8), 

when applied to the special case considered in[9J, differ 
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from (3) by absence of the time derivative. 

4. We now consider the general case, in which the 
amplitudes of the hf fields E and H are slow functions of 
time, so that instead of (16) we have 

aD; 1 [. a (CJl8j,) aE.] . 
-=- -zCJlejkE.+----- e-'·'+cc at 2 aCJl at .. , 

ail =~(-iCJlB+~)ri.'-'- cc at 2 at ' .. 

(18) 

Now we may no longer start from formula (4), whose 
validity is restricted by condition a) (the time deriva
tives of the amplitudes, though small, are nevertheless 
finite). To the expression for the stationary ponderomo
tive force f(s) there may now be added in general , , 
terms proportional to aIEI 2/at, which, as has already 
been mentioned, may be comparable with the spatial 
derivatives. Similar terms may also appear in the 
stress tensor Ulk • But since ui:> contains no deriva
tives at all, the corrections to u W that are proportional 
to the small time derivatives may be supposed small. 
Neglecting them, that is setting 

(19) 

we may now calculate the ponderomotive force by use of 
the stress tensor. Here, however, it is necessary to 
use for f the four-dimensional relation (cf. [1,10J) 

(20) 

Here T a8 is the energy-momentum tensor; ex, j3 = 1, 2, 
3,4; i,k=1,2,3; xo=ct. Then Tlk=ulk=ul:), Too=w 
(the energy density), and the elements TOI are propor
tional_ to _the components of mean energy flow: T 01 = (1/ 
41T)(IEXHl j ). As regards the components TIO that en
ter in (20), since the tensor T a8 must be symmetric, 
TiO = Tol • [1l3) When the amplitude of the hf field is in
dependent of time, (20) reduces to the formula used 
above, Ii = aUik/aXk• We note also that the above ex
pressions for T a8 agree with the choice of a tensor that 
generalizes to the case of a dispersive medium the 
well-known energy-momentum tensor of Abraham. 4) 

Thus, substituting the above components of T a8 in (20) 
and using (19), (15), and (18), we get 

1 (a " [{ ai aE}] ) I=f"'+-- -a [{(e-I)E)B')+CJl -- B· +c.c. , 
1611C t aCJl at 

(21) 

where f(s) is given by expression (14) and where i is the 
unit tensor. It is seen from (21) that the correction for 
nonstationarity of the amplitudes of the hf field van
ishes for irrotational hf waves, since in this case H = O. 
In a nondispersive medium, the expression (21) agrees 
with the mean (over the hf oscillations) value of the 
ponderomotive force with allowance for the Abraham 
term (see, for example, [1,10,11J). If the field E, ii is a 
quasiplane wave with wave vector k, then, neglecting 
second time derivatives, one can substitute in (21) 

B=-=-[kXE). (22) 
CJl 

H. Washimi and V. I. Karpman 530 



In particular, in an isotropic medium, where ejk = eo jk, 

the expression (21) takes the form 

k 
f=f") + 

16mll' 

0[00'(8 -1)] aiEl' 
a 00 at (23) 

where we have taken into account that in an isotropic 
medium it may be supposed that Elk. Hence it follows 
that for a plasma without a magnetic field, where e = 1 
- ~/w2, the term proportional to the time derivative 
disappears, so that the force is determined by the ex
pression (1) even for nonstationary amplitude of the hf 
field. 

We note also that if the hf field is a circularly polar
ized wave, propagated along the magnetic field (whose 
direction has been taken as the z axis), then on introduc
ing the notation 

(24) 

(the signs 'F correspond to right- and left-polarized 
waves), we can after simple calculations express the 
ponderomotive force again in the form (23), which leads 
to the expression (3). 

5. Finally, we shall consider how one can obtain the 
expression (21) for a plasma by starting from the aver
aged equations of two-fluid hydrodynamics used by 
Klima[7] and also in[91. In fact, from these equations it 
follows directly that the ponderomotive force of the hf 
field can be written in the form 

1 - - I f = -; ([jXH])+c [jOX BOI- nm. < (v, V)v.> - nm, < (v. V)f), 

where v i!, the oscillatory component of the velocity 
«v) =0), j is the current produced by the hf field, jO 

(25) 

= (C/41T) curllfl, and HO is defined in (5); the indices e 
and i refer to the electrons and to the ions. On using 

- 1 D - -
j= 4n at(D-E), (26) 

we get 

~ - 1 {[(D("'!!le) ~)iiE 1 ~ ~ } ([JXH»=~ --a;;--l iit XH*J - ioo[ (8 -I)EXH*I +c.C .. 

By substituting in the last term 

H. i ( • aH' ) =- crotE +-_ - , 
00 at 

we can rewrite (25) in the form 

1=1,+1" 
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(27) 

f, = _l_{[ (a (~e) _ i) o_E XH*l + [(e _ hEX aH*l-;- c.c.}. 
16iTC rjOO CIt J at 

e -I * n 1: 1 £'=-16 (EXrotE 1-,. m.(".'1),,;+ c.c. +-[j°XBoI. 
:1 -'i C 

(28) 

':t=I.e (29) 

The expression (28) coincides with the term containing 
a/at in (21); (29), it can be shown, leads to the expres
sion for f that was obtained in[7.81 and that agrees with 
f(s) in (14). 
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2)Terms dependent on the amplitudes of the high-frequency 
magnetic field intensity of course do not enter in the ponder
omotive force, since we are assuming that the high-frequen
cy magnetic permeability is unity; that is, iIj =B j • 

3 )The symmetry of O'lg) was verified directly inl 61. 
4 )For a detailed analysis of the problem of choice of T a8 for a 

nondispersive medium, seeLIO-I3J. 
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