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choice of the equation for Vt' can be made only after 
more complete experimental data on the structure of 
the mixing zone become available. 

The authors thank V. Bashurin and V. Zhmailo for 
useful discussions. 

IlTurbulent mixing was introduced into the numerical calcula­
tions within the framework of the model orlll by V. E. Neuva­
shaev and V. G. Yakovlev (Preprint No. 70, Inst. Appl. 
Math. USSR Acad. Sci., 1975). 

IS. Z. Belen'kil and E. S. Fradkin, Tr. Fiz. Inst. Akad. Nauk 
SSSR 29, 207 (1965). 

2M. A. Levine, Phys. Fluids 13, 1166 (1970). 
3A. A. Pavel'ev, Izv. Akad. Nauk SSSR, Mekh. Zhidk Gaz. 

No. I, 38 (1974). 
'A. N. Sekundov, ibid. No.5, 114 (1971). 
5E . E. Meshkov, ibid. No.5, 151 (1969). 
sR. D. Richtmeyer, Commun. on Pure and Appl. Math. 13, 

297 (1960). 
7N. F. Derevyanko and A. M. Trokhan, Zh. Prikl. Mekh. 

Teor. Fiz. No.4, 105 (1968). 
sG. Rutinger and L. M. Somers, J. Fluids Mech. 7, 161 

(1960). 
9M. Batalova, S. Bakhrakh, O. Vinokurov, V. Zaguskin, L. 

Ivanova, A. Kalmanovich, and I. Sinderman, Tr. Vsesoyuz­
nogo seminara po chislennym'metodam mekhaniki vyazkot 
zhidkosti (Proc. All-Union Seminar on Numerical Methods of 
Mechanics of a Viscous Liquid), Nauka, Novosibirsk, 1969, 
p. 283. 

Translated by J. G. Adashko 

Dependence of the magnetic moment of a layer magnet 
on the magnetic field 

s. B. Khokhlachev 

L. D. Landau Theoretical Physics Institute, USSR Academy of Sciences 
(Submitted March 25, 1976) 
Zh. Eksp. Tear. Fiz. 71, 812-815 (August 1976) 

The dependence of the magnetic moment of a layer magnet on the magnetic field is found in the leading 
logarithmic approximation. 
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The magnetic-moment measurements Of[l] show that 
in layer magnets with ferromagnetic intraplanar inter­
action and weak anisotropy there is a region of fields in 
which the moment is a linear function of the logarithm 
of the external magnetic field. At the same time, the 
explanation of this fact, based on the spin-wave approxi­
mation, cannot be regarded as satisfactory, since this 
approximation is not valid in the two-dimensional case. 
It has been shown by Polyakov[2] that in the two-di­
mensional case the interaction of spin waves turns out 
to be extremely important and determines the dependence 
of the physical quantities on the logarithm of the char­
acteristic lengths (in [2] the question of the behavior of 
the correlation functions was considered). He also pro­
posed a method of summing the leading logarithmic 
terms of the low-temperature expansion. Here we shall 
apply this method to determine the dependence of the 
magnetic moment on the external magnetic field. 

In the problem under consideration there are several 
characteristic lengths: first, the correlation length Rc 
due to the magnetic field; secondly, the length scale as­
sociated with the intraplanar anisotropy; thirdly, the 
distance between the layers in which the magnetic atoms 
are situated, and, finally, the distance a between mag­
netic atoms in the plane. The magnetic moment has dif­
ferent dependences on the external field, depending on 
the relative sizes of these length scales (cf. [3]). The 
results of the work of POkrovskit and Utmin[3] pertain 
to the case of very weak fields, when the correlation 
length due to the magnetic field is much larger than the 
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length scale associated with the intraplanar anisotropy. 
In this paper we consider the case of sufficiently strong 
fields (the criterion will be given below), which are, 
nevertheless, much smaller than the saturation field. 

In the following we shall consider a generalized 
Heisenberg model with an N-component "spin." We 
shall call the generators of the group of rotations in N­
dimensional space a spin operator (in the Heisenberg 
model, N=3). We shall be interested in the dependence 
of physical quantities on the logarithm of the magnetic 
field, and therefore we can neglect the noncommutativity 
of the spin operators and the difference between lattice 
sums and integrals. The problem of calculating the 
thermodynamic averages then becomes classical, and it 
is necessary to replace the spin operators by N-com­
ponent unit vectors. The Heisenberg Hamiltonian then 
'acquires the form 

(1) 

where J is the exchange integral, B is the external mag­
netic field, n is a unit N-component vector, and a is 
the dis tance between magnetic atoms in the lattice. In 
(1) we have neglected the interplanar interaction and 
the anisotropy. It can be seen from the Hamiltonian (1) 
that the correlation length is related to the magnetic 
field: Rc = a(J / B)1/2. 

We define the magnetic moment M by the formula 

Copyright © 1977 American Institute of Physics 427 



M =( B~X) ) • = Q-' J II dn (y) e-~H Bn~X) • (2) 

where 0 is the partition function, {i= r-l (T is the tem­
perature), and the integration over n runs over the unit 
sphere in N-dimensional space. 

Using (1) and (2), it is easy to find the first term of 
the low-temperature expansion of M. n is clear from 
symmetry conSiderations that the magnetic moment is 
directed along the field, and therefore it is convenient 
to parametrize n(x) in such a way that the deviations of 
n from this direction are small: 

n (x) = (l-tp') 'f, (BIB) +tp.e" (3) 

where ea are the set of unit vectors perpendicular to B 
and CPa are the spin components. We rewrite the inte­
gral (2) in the parameters cP: 

1 

M=Q-1 J IIdX-'",(x)exp(-~Heff) [l-tp'(O»)". (4) 
_1 • 

Heff = ~ J d'x [(o.cp)'+(o.(i-cP')"')'-2m'(1-tp')'·' - ,:' !n(l-cp') ], 

(5) 

where m2 = B/Ja2• 

At low temperatures T« J, small cP are found to be 
important in the integral (4), and therefore, to first 
order in T/J, we have 

(6) 

Calculating the next terms in the expansion, it is easy 
to see that terms appear of the form [(T/J)ln(B/J)]n, 
which must be summed in order to find the dependence 
of the moment on the field in the leading logarithmic 
apprOximation. The circumstance that turns out to be 
essential in the solution of the problem is that, in fields 
B« T, the correlation functions of spins at distances 
a« R« R~ do not depend on Rc (while the logarithmic 
contributions to the magnetic moment arise from pre­
cisely these characteristic lengths), and allowance for 
the magnetic field reduces to the introduction of an in­
frared cutoff. 

The summation of the leading logarithmic terms of 
the low-temperature expansion in the case of the two­
dimensional Heisenberg model is a highly nontrivial 
problem. This is connected with the fact that the fields 
cp(x) for B = 0 have zero scaling dimensions, and all the 
Feynman graphs give logarithmic contributions. How­
ever, this difficulty can be circumvented using the re­
normalization-group method developed for application 
to our problem by Polyakov[2] and Berezinskil and 
Blank. ['] 

We shall calculate the integral (2) by integrating first 
over n(x) with short wavelengths such that a ~ q-1 ~R(1) 
(q is the wave number), then over fluctuations with wave 
numbers R(1) ~ q -1 ~ R(2), and so on. At each step we 
shall choose the range of wavelengths so that the condi­
tion (T / J) In(R(n+1) / R(n») «1 is fulfilled. In the integra­
tion over the short-wave distributions n(x), for which 
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l» B/ J a2, the effect of the magnetic field can be ne­
glected. As was shown by Polyakov, [2] the form of the 
Hamiltonian is then reproduced, and the temperature, 
which, in the low-temperature expansion, plays the role 
of the interaction constant, is renorma\ized: 

[ 
N 2 -, 

T a = T 1 - 2:' Ts] , (7) 

where T R is the effective temperature of the fluctuations 
with wavelengths greater than R, and ~ = In(R/ a). 

The integrations described above can be performed 
in the following way. We write n(x) in the form 

n(x)=Z[no, lP)no(x)+lP(x) , (8) 

where ~(x) are the Short-wavelength fluctuations, no (x) 
are the spin distributions with wave numbers q ~ R-1, 

and. Z is determined from the condition n2 = ~ = 1: 

Z=-n,1j>+[ I-1j>'+ (n,'I»'F (9) 

(the sign in front of the square root is chosen using the 
condition that n=Ilo when ~=O). 

We substitute (8) and (9) into (2) and integrate over 
~(x). Then, 

M=<Bn(x) /B). =<Z)~<Bn,(x) /B).o' (10) 

MR=<Bn,,(x)IB).,=Qa-' SII dno(y)e-FlD,l(Bn,(x)IB), (11) 

F [nol = ~ (H)¢ = 2:R ~ d'x (o:"n"l' - ~U-2 (Z>¢ ~ d'x Bno (xl. (12) 

IV - 1 R 
Z,u '.~ (Z [no. "'I)", = 1 - . 1m] T III a' (13) 

where OR is the partition function: 

Only the first logarithmic terms have been taken into 
account in formulas (10)-(13). 

In the averaging over the small-scale fluctuations 
ljI(x) there arises a difficulty associated with the de­
gene racy of the quadratic form in the Hamiltonian of the 
fields 1/1. However, this difficulty is easily overcome by 
imposing on the fields rJI the condition I/I(q) . no(x) = 0 (rJI(q) 
is the Fourier transform of /fJ(x)). 

From the formulas given it can be seen that after the 
averaging over the short-wavelength fluctuations we ar­
rive at the initial problem, but with renormalized pa­
rameters and a new cutoff qm~=R-1. Step-by-step in­
tegration over the Short-wavelength fluctuations can be 
continued for so long as q» R~1. When the wavelengths 
of the distributions n(x) become of the order of Rc, the 
logarithmic renormalizations cease. 

The above property (the renormalizability) of the 
Heisenberg model has been well studied in field theory 
and in the theory of second-order phase transitions. [5,6] 

The differential equations of the renormalization group 
have in our case the form 
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~T =N-2 T • 
I}~ R 2nl R, 

(14) 

I} N-1 
-lnZM=---T 
I}~ 4nl R. 

(15) 

These equations are easily solved, and we find 

[ N - 2 R ] (K-I)/2(N_" 

Z,,= 1---Tln-
2nl a ' 

(16) 

where Z M is the renormalization factor for the magnetic 
moment. 

The solution of Eq. (14) is the renormalized tempera­
ture (7). With logarithmic accuracy, we can substitute 
Re in place of R in (7) and (16). It can be seen from (10) 
that in the renormalizations the magnetic moment is 
renormalized multiplicatively, i. e., MIl. = zilM. The 
renormalized moment MII.e = 1, and therefore 

M=ZM(RJa). 

We shall explain the equality MII.e = 1. The integrations 
carried out above can be imagined as amalgamating 
groups of spins into effective spins. It is clear that the 
effective spin of a region with characteristic size of 
the order of Re is directed parallel to the magnetic mo­
ment, i. e., MII.e "" 1. Therefore, with logarithmic ac­
curacy, we have 

M= 1+--Tln-[ N - 2 B ] (.Y_1)/2(N_') 

4nl I . (17) 

We note that in the case N = 3 (the Heisenberg model) 
the magnetic moment becomes a linear function of the 
logarithm of the external magnetic field. In the limit 
N = 2 (the XY -model), (17) goes over into the result ob­
tained by BerezinskiI. [7] It is clear from the derivation 
of formula (17) that it is valid so long as TII.e «J. 
Therefore, we caIUlOt consider very weak fields, and 
the formula given in (17) is true in the region 

exp{-4nll (N-2) T} <B<T. (18) 

In conclusion I wish to thank V. L. Pokrovskil and 
A. A. Migdal for useful comments and discussion of the 
work. 
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One of the magnetic oscillation modes of an antiferromagnet with "collapsed" sublattices (the so-called 
antiferromagnetic, or spin-flip, mode) is not connected linearly with the alternating magnetic field but can 
be excited by parallel pumping with a threshold amplitude inversely proportional to the anisotropy field. 

PACS numbers: 7S.30.Gw 

In an antiferromagnet (AF) in a strong magnetic field 
equal to double the value of the exchange field between 
the sublattices Wo = 2HB = He), the sublattice magnetiza­
tions Ml and Mz collapse (a spin-flip transition takes 
place). [1-5J At Ho~ 2HB the equilibrium value of the 
antiferromagnetic (AF) vector vanishes: Ls= (M1 - Mz). 
= 0, and for the ferromagnetic (F) vector saturation is 
reached: Ms = (M1 + Mz) = 2Mo• The sublattice structure 
thus vanishes, but the system nevertheless remembers 
its AF origin: besides the ordinary (ferromagnetic) 
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resonance mode there exists a pure antiferromagnetic 
(spin-flip) sf-mode with frequency 

where HA is the anisotropy field, which retains the AF 
vector in the "easy plane" of the crystal Wo is parallel 
to the easy plane). In the first of these modes, the sub­
lattice moments precess about the magnetic fields, re­
maining parallel to each other. In the second, the mo­
ments Ml and M2 precess about the fieldS over an ellip-
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