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Scattering of light due to spontaneous decay of the incident photon of frequency Wo into a pair of photons 
of such frequencies WI and w2 such that WI + W2 = Wo is considered for molecules without a symmetry 
center. The main contribution to the cross section for gases or liquids with freely oriented molecules is 
made by quanta with wlzw2zwoI2. The transition from freely orienting molecules to noncentral·symmetric 
crystals is considered. In this case the process goes over into the familiar phenomenon of parametric 
scattering in a crystal. For allowed synchronism the total cross section per molecule increases by 
approximately N'A 3 times, where N is the density of molecules in the crystal. Parametric scattering from 
the crystal boundaries in the absence of synchronism is discussed. 

PACS numbers: 42.65.Dr 

1. INTRODUCTION 

Parametric scattering in a crystal without central 
symmetry, i. e., the decay of a quantum of frequency 
Wo into quanta with frequencies Wl and Wz such that Wo 
= Wl + Wz was predicted theoretically and observed ex­
perimentally about ten years ago[l] and has been used 
since to investigate nonlinear and dispersion properties 
of crystals. This process is the spontaneous analog of 
parametric generation of light and is essentially con­
nected with two factors: 1) the macroscopic quadratic 
polarizability of the medium X'J~ and 2) the synchronism 
condition kl + kz = ko, which determines the high directivi­
ty of the scattered quanta along the incident radiation. 
Both factors are essential also for the generation of the 
second harmonic of light in crystals or for frequency 
mixing. 

For isotropic media such as gases or liquids, the 
macroscopiC quadratic nonlinearity is equal to zero, 
X'Jk = O. At the same time, it is possible to realize in 
such media (see tZJ) the so called hyper-scattering pro­
cess, i. e., incoherent generation of the second har­
monic of the light by non-centrally-symmetrical freely­
orienting molecules (by the quadratic nonlinearity (3f/1r 
of the individual molecule). In this case only the intensi­
ties of the harmonics emitted by individual molecules 
are additive, while the small shifts of the frequency (2 

in the relation Wo - (2 = 2W1 characterize the vibrational, 
rotational, or translational motion of the molecule. 

In this paper we discuss light scattering which is also 
due to the optical nonlinearity (3'JIr of an individual mole­
cule, namely, the spontaneous decay liwo-liw1+liwz, 
which we show below to be parametriC scattering (ab­
breviated PS) of light. The PS probability, just as the 
probability of parametriC scattering in a crystal (PSC) 
is linear in the intensity [ of the incident radiation, in 
contrast to hyperscattering, the probability of which de­
pends quadratically on [. 

In Apprendix 3 are given illustrative estimates of the 
PS, PSC, and hyperscattering cross sections, which re­
quire no calculations whatever and which lead to a bet­
ter understanding of the transition from the PS by an 
isolated molecule to PS in a crystal. 
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2. PARAMETRIC SCATTERING OF LIGHT BY 
MOLECULES 

The Hamoltonian of the free-photon interaction of a 
real electric field iif(r, t) of a light wave with a molecule 
without symmetry center is determin'ed in the dipole ap­
proximation by the hyperpolarizability tensor (3f/1. and 
can be arbitrarily written in the form (cf. t3,4 J) 

(la) 

The real value of the nonlinear dipole moment is defined 
here by 

(lb) 

In optics it is customary to use for the calculations 
the complex amplitudes of the field E, of the dipole mo­
ment d, etc., which are connected with the real quanti­
ties as follows: 

Areal(t) ='/,[A (ro) e-i·'+A· (U> )e i .']. (2) 

The complex amplitude of the dipole moment describing 
parametriC scattering is then equal to 

di(ro,) ='/'~ij>[Ej(roo)E" (ro,) +E/ (u>,)E.(ro.) ] 
=~ij.Ej(ro.)E" (ro,) , (3a) 

and for the hyperscattering process (second harmonic 
generation) we have 

di(2ro) ='/'~ijkEj(ro)E.(u». (3b) 

In (1), (3a), and (3b) we have neglected the frequency 
dispersion of the tensor (3; therefore all these formulas 
contain one and the same real tensor (3'J_' which is fully 
symmetrical in all the indices. 

The differential cross section for the scattering of a 
wave of frequency Wo and a unit polarization vector eo 
by a pair of quanta with frequencies W1 and wz, wave 
vectors k1 and kz, and polarizations e1 and e2 is ob­
tained with the aid of the standard first-order perturba­
tion-theory formulas, and its value for the Hamiltonian 
(1) is 
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do 

do, doo, do, doo, (4) 

Here nl=n(wl), nz=n(wz), and no = n(wo) are the re­
fractive indices of the medium at the corresponding fre­
quencies. 

For freely orienting molecules, the quadratic com­
bination of the tensor components in the form {3fJk {3'mn 
should be averaged over the orientations. The corre­
sponding expression for the correlator (13m (3rmn) is given 
in Appendix 1 and is determined by only two scalar pa­
rameters, namely by the sum B2 of the squares of all 
the components and by the dimensionless parameter {;: 

(5) 

Since the parameters B2 and (; are scalar, it is conve­
nient to calculate them in a coordinate system that is 
rigidly connected with the molecule axes. 

If the cross section (4) is summed over the polariza­
tions of one of the quanta and integrated over the angles 
and frequencies of this quantum, then we obtain for the 
cross section for the appearance of quanta with fre­
quency WI and polarization el in the solid angle dOl in 
the PS process 

_do_= 81i n,n, 00000,'(000- 00 ,)' 

do,doo, 311 no c' 

(6) 

The cross sections (4) and (6) are symmetrical with re­
spect to WI:: W2 and have a rather sharp maximum at 
WI = W2 = Wo /2. The cross sections (4) and (6) have no 
dependence on the scattering angles themselves, and 
for the cross section (6) the dependence on the polariza­
tions reduces to two well-known types of scattering, 
namely scalar and symmetrical zero-trace scattering. 

The total scattering cross section CTps is defined as 
the ratio of the total scattered power to the power density 
in the incident wave. This yields 

1 Ef do 0ps=-- lioo,--do,doo, 
liooo do,doo, 

e, 

1 \"1 f do n'(oool2) (00 0 )' , 
=- i...l --do,doo,""2.167---lic - B. 

2 . do, doo, n(ooo) 2c 
e, 

(7) 

In the derivation of (7) we have replaced the true varia­
tion of the refractive index n(wl) by its value n(wo/2), 
since the main contribution to CTps is made by quanta with 
WI:::: wo/2. The number 2.167 stands for the rational 
fraction 211 . 3-3 . 5-1 . 7-1. It is interesting to note the 
very strong (a: w~) dependence of the cross section CTps 

on the frequency. Taking into account the actually exist­
ing small dispersion of the tensor {3, the cross section 
CTps in the visible region of the spectrum should increase 
with increasing frequency even somewhat more rapidly. 

In the integration of (4) and (6) over the frequencies it 
is necessary to exclude the opacity regions at the fre­
quencies WI and W2, where the parametric scattering 
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FIG. 1. Correlation experiments aimed at separating para­
metric scattering against a background of other types of scatter­
ing: 1, 2-photon counters, 3-investigated substance; Wo 
denotes the incident photon and WI and w2 the pair of produced 
photons. 

proper is already difficult to distinguish from the usual 
Raman scattering, etc. We note also that the value of 
CT'ps from (7) turns out to be independent of the parame­
ter {; and is determined only by the sum of the squares 
of the components of the tensor, B2 = {3lJk {3f1k • 

The order of magnitude of the tensor {3fJk for a non­
centrally-symmetrical molecule far from the absorption 
bands can be estimated at {3 - a/Eat, where a - 10-23 cm3 
is the linear polarizability and Eat - 3 X 106 cgs esu:::: 109 
C/cm is the characteristic intensity of the field acting in 
the atom or molecule on the optical electron. In this 
case {3-3 '10-30 cgs esu; assuming F-3{32_3 .10-59 (cgs 
esu)2, we obtain for the wavelength ~o = O. 35 J.1. the value 
CTps -10-35 cm2. If the molecules form a liquid, then we 
can estimate the density at N-l022 cm-3. The extinction 
coefficient in this case is R = NCT - 10-13 cm-\ i. e., 10-13 
incident quanta are scattered by one centimeter of the 
medium. 

Let us discuss the possibility of observing parametric 
scattering of light by molecules. At a constant incident­
radiation intensity 10-1017 qu/sec (Po-0.03 W), the 
number of scattered quanta from one centimeter of path 
is 210 NCTL - 2· 104 qu/sec. Assuming that the recording 
photoreceiver has a photocathode quantum efficiency 11 
- O. 05 and covers a fraction - 2x 10-2 of the total solid 
angle 41T, we obtain for the counting rate i- 20 counts/ 
sec. The registration of this intensity by itself is per­
fectly feasible by photomultipliers cooled to to - - 20°C. 
Furthermore, the experiment does not call for mono­
chromaticity and high directivity of the radiation, and 
therefore it is possible to use an incoherent source of 
ultraviolet radiation such as a mercury lamp. 

A serious difficulty in the registration may be caused 
by the background of other types of scattering, lumines­
cence from impurities, etc. It is possible to get rid of 
this background in part by means of spectral filters. 
The clearest proof of the observation of just parametric 
scattering would be the observation of the correlation 
<nIna; ofthe counts of the two counters 1 and 2 of Fig. 1. 
This correlation was discussed first in ~5] and is due to 
the decay of the incident photon into just quantum pairs. 
A more detailed discussion of the correlation of the 
photocounts is given in Appendix 2. 

The calculation of hyperscattering, i. e., of the in­
tensity of radiation at the frequency - 2Wl when the in­
cident radiation has a frequency WI and a field ampli­
tude El = ell Ell, yields for the process the cross sec­
tion 
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= ..:!:IEI' 0 = (8n)' ~(2oo')B,{3-~+lee 1,2~-1}. 
°hyp 0, 8", ., 1.2e n,' e 1.5 " 1.5 (8) 

Thus, the cross section for PS by molecules and the 
cross section of hyper scattering turn out to be uniquely 
connected with each other, since they are expressed in 
terms of the same constants. 

In liquids, owing to the difference between acting field 
and the macroscopic field, the effective value of "fI/I is 
generally speaking different from the value of "fllt in 
vacuum. In addition, owing to a certain correlation be­
tween the orientations of the neighboring molecules, the 
product Nu - N"a in the coefficient of extinction of the PS 
should be taken to mean 

(9a) 

just as in the extinction coefficient for Rayleigh scatter­
ing we have 

Na.' ~ (4~)' J d'r<6e{O)6e{r) >. (9b) 

Here IiX is the fluctuation of the macroscopic nonlinear 
polarizability, QI is the linear polarizability of the 
molecule, lie is the fluctuation of the dielectric constant, 
and N is the number of molecules per unit volume. It 
is easily seen, however, that the connection between the 
PS and hyperscattering cross sections remains un­
changed, since both quantities are proportional to the 
right-hand side of (9a). 

3. TRANSITION TO PARAMETRIC SCATTERING 
IN A CRYSTAL 

The problem of parametric scattering in a plane layer 
of a non-centrally_symmetrical crystal of thickness L 
was considered numerous times in the literature (see, 
e. g. ,[3-6]). The simplest to obtain is the expression 
for the doubly differential (with respect to kl and ka) 
scattering intenSity 

dl=2'X'liclo __ 00_o -lk,llk,1 sin' [ (ko-k,-k,).Li2] 
non,'n,' (ko-k,-k,).' 

X 6(000-00,-00,)6(')[ (ko-k,-k,loJ dk, dk,. (10) 

Here 10 [ erg/sec] is the power of the incident beam; wo, 
wI, Wa, ko, kl' ka, eo, e1 , and ea are the frequencies, 
wave vectors, and unit vectors of the polarization of the 
incident and two scattered waves, respectively; no, nl, 
and n2 are the refractive indices at the frequencies Wo, 
WI, and W2' The z axis, along which the wave vector 
ko is directed, is perpendicular to the scattering layer, 
and L is the thickness of the layer along the z axiS, 
while the layer is assumed to be infinite along the axes 
x and y. The subscripts z and 1 denote the projections 
of the detuning vector on the z axis and a plane per­
pendicular to it, respectively, and X2 = I XfJk eo, eiJ e~ 12. 
We shall henceforth disregard the dependence of Xl on 
the polarization and take Xl to mean a certain averaged 
value. 

In this section we discuss the behavior of the inte-
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FIG. 2. Dependence of the total intensity of the photons para­
metrically scattered in a crystal layer on the layer thickness 
L. The branch 1 of the curve corresponds to exchange PSC in 
the case of allowed synchronism. D.n =n(wo) -n(wo!2) < O. The 
branch 2 of the curve describes PSC of the layer surfaces in 
the case of forbidden synchronism. D.n > O. 

. grated (over all angles and frequencies) scattering in­
tensity in a layer for a normally incident wave with fre­
quency wo, when the thickness of this layer is varied 
from L«Xo/no to L-oo. To obtain explicit expressions 
for the integrated quantities we assume the following 
simplified model of the medium. We assume that with 
respect to the linear optical properties the medium at 
the frequencies WI and wa of the scattered field can be 
regarded as isotropic and non-dispersive, with a re­
fractive index nl, while at the frequency Wo the medium 
has a refractive index no, with I An I = I no - nIl «no-l. 
We neglect also the dependence of the quadratic polar­
izability X on the frequencies. We note that the qualita­
tive character of the dependence of the scattering in­
tensity on the layer thickness L, which is discussed is 
discussed below, is preserved also if these assumptions 
are not made. The dependence of the integrated intensi­
ty of parametric scattering in a crystal (PSC) on the 
thickness is given by a plot of the type shown in Fig. 2. 

On the segment 0 .. L$Xo/no, the intenSity increases 
like the square of L. Integration of (10) yields an order 
of magnitude 

. ~ lie ( 00, )' , ' T.cat "".3 3",- - L X,;.To. 
no t 

(11) 

The angular distribution of the scattered photons is in 
this case approximately isotropic, although there is a 
small spike near the direction in the plane of the layer 
6 = rr/2. This isotropy is due to the fact that at L« Xo/no 
the conservation law need be satisfied only for the trans­
verse components of the momentum. 

On the segment "'-o/no$L$Xo/IAnl, the intensity in­
creases linearly with L; from (10) we obtain, in order 
of magnitude, 

(12) 

The angular distribution of the scattered photons nar­
rows down with increasing L like A6 - (XO/L)I/2 around 
the direction of propagation of the incident wave, and at 
L-Xo/IAnl it amounts to A6-IAnl l/ 2• 

The subsequent behavior of the scattering intensity 
depends on the sign of An = no - nl' If no < nl, then it is 
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possible to satisfy the synchronization conditions Wo = W1 

+ Wa and ko=k1 +ka at certain scattering angles 81 and 8a; 
in particular, if w1= wa= wo/2, then 81-82 -1 ~nI1/a. In 
this case the linear growth of the scattered intensity 
continues with the same slope up to L - 00, and the an­
gular width of the scattered radiation is' ~8 ;.. I ~n IlIa. 

We consider now the case no> n1 (this is precisely the 
relation typical of waves of one and the same type if 
there are no absorption bands in the interval between 
wo/2 and wo). The synchronism conditions cannot be 
satisfied in this case for any pair of directions or of fre­
quencies of the scattered photons 1 and 2. The integra­
tion of (10) yields for this case, in order of magnitude, 

(13) 

Thus, at nO>n1' i. e., in the absence of synchronism, 
the scattering intensity is independent of L. This is as 
if the input and output surface layers of thickness - 1../ 
~n of our crystal, the total thickness of which is L, 
were to scatter in accordance with the law (12). The 
main fraction of the photons scattered in the surface 
layers of the crystal has a smooth angular distribution 
with ~8 - (~n)l/a near the propagation direction of the 
incident wave. This "surface" scattering is close in its 
character to the so called "background" scattering con­
sidered by Kleinman. [4] 

We note that surface parametriC scattering of this 
type is essentially connected with the jump-like change 
of x(r) on the crystal boundary. One can imagine a 
model of the medium, in which X(z) and e(z) vary 
smoothly over distances ~z»:to/I~nl. For this mod­
el, parametriC scattering in the case of allowed syn­
chronism will be of the volume type, as before, i. e. , 
the scattering intensity will be determined by expres­
sion (12), and in the case of forbidden synchronisms, 
the scattering becomes of the surface type, but with an 
intensity much less than given by (13). 

The growth of the scattering intensity - L for allowed 
synchronism can be interpreted in terms of a constant 
cross section per unit volume (i. e., extinction coef­
ficient R). Dividing R by the number of molecules per 
unit volume N, we obtain for the cross section of para­
metric scattering of light in the crystal, per molecule 

apse- ( ~)' he ( ;; ). NX,'. (14) 

For the purpose of comparison with the cross section 
for PS by randomly oriented molecules (with formula 
(7)) we assume that X - N{3, where {3 is the hyperpolariz­
ability of one molecule. It follows that from (14) and 
(7) that 

(15) 

This means that the unification of the molecules in a 
crystal with fixation of the orientation leads (if syn­
chronism is allowed) to an increase of the cross sec­
tion per molecule by a factor Nll~. On the other hand, 
if the crystal dimensions l satisfy the inequality l~llo/ 
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I~nl, then relation (15) is satisfied independently of the 
sign of ~n. The last circumstance uncovers a possibili­
ty for observing PS by powders of non-central-symme­
try crystals (cf. the powder method[7] for measuring X 
in a non-central-symmetry crystal for the generation 
of the second harmonic of light). 

In conclUSion, the authors than D. N. Klyshko for 
useful discussions. 

APPENDIX 1: COR RELATOR OF THE TENSOR (3;jIc 

For an isotropic medium, the general form of the 
correlator for a tensor 13m• which is fully symmetrical 
in all the indices is described by two parameters, Ch ) 
and CU ), in accordance with the two irreducible repre­
sentations of such a tensor-of rank 1 and 3: 

Ti~!lmn=6 i ,6'1I;6mn +6im6j1t;61n +6in~ilJjlm +6j/6iAt'5mn +Bjm6ai'ln 
+6.,6 .. 61m +6 .. 6;j6mn +6.m6;jll,n +'6 .. 6,,6'm, (1. 2) 

+6km6j ,l)'n-:! / 5Ti~~~m7" 
C(')=' /,,( ~Hj~J")' C(') ='/" « ~;J'~;ik)_3/'(~Hj~J'»). 

APPENDIX 2: STATISTICS OF THE PHOTOCOUNTS 
IN PARAMETRIC SCATTERING 

To describe the photon-counting experiments sche­
matically illustrated in Fig. 1, it is convenient to in­
troduce a generating function Q(A1' Aa) for the photo­
counts n1 and na in the elementary observation act 

(2.1) 

where the angle brackets denote averaging over the en­
semble of all possible fluctuations that occur in the sys­
tem. We then obtain for Q(Al, Aa) (cf. [5,6]) 

Q(A" A,) =exp {-A,(n,)-A,(n,)+'t,A,'A ll+'/J.,'A,,+A,A,A 12}. (2.2) 

In this formula, (n1,2) are the average numbers of the 
counts during the time of the elementary observation 
act: 

(n, ,)=T,[i, ,+I,NL ~ J ~T], ,en, (J), e)dod(J)]. (2.3) . . ~ dod(J) . 

Here i1,2 is the background current (count&!sec), in­
cluding the dark current of the photomultiplier and the 
current from the background illumination; 1Jk (n, w, e) de­
notes the quantum efficiency of the registration, by the 
k- th counter of the photons of frequency W and polariza­
tion e in the propagation direction n. The parameters 
Au (at i, k = 1, 2) are equal to 

A .. =T,I,NL ~ ~ Sd d d; d l..J '=.J 01 (i) 1 02 012 

(2.4) 

The correlation of the photocounts n1 and nz is given 
by the expressions 

(n,n,)=(n,) (n,) + A", (n,') =(n, )'+(n,)+ A II, 

(n,') =(n,>'+(n,>+ A". 
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We note that the second and third terms in (2.5) are 
proportional to TO (and not T ~ as the first), and describe 
the effective production of quantum pairs. At a suffi­
ciently short time of the elementary observation act, 
To-10-8 sec, corresponding to the time resolution of 
high-sensitivity photomultipliers, the correlation A12 
can apparently be registered even at a relatively intense 
background illumination. Thus, an estimate obtained 
by the methods of[8l yields the necessary accumulation 
time (at (nt) = (nz»: 

T--r;,M'(nY/A', (2.6) 

where M is the required signal/noise ratio after averag­
ing the results (Tho) of the elementary experiments. 
For the example discussed in the text, at To-lO-8 sec, 
we obtain A12 _10-to. Assuming M - 3 and a dark (or 
extraneous illumination) current i o-3X 103 counts/sec, 
we obtain T-l0 4 sec (approximately 3 hours). This 
time is acceptable for observations by the photon-count­
ing method (see the discussion in[8l). 

APPENDIX 3: ESTIMATES OF THE CROSS SECTIONS 
FOR MOLECULAR SCATTERING OF LIGHT 

In this appendix we present rough estimates of the PS, 
PSC, and hyperscattering cross sections. To compare 
these processes with ordinary types of light scattering, 
it is appropriate to reproduce here also the well known 
estimates for the latter. The cross section for Ray­
leigh scattering in a gas is determined by the intenSity 
I"" (d)2 nc-3 of the radiation of a dipole d = aE, induced 
in a medium with a refractive index n by an incident 
wave of amplitude E in a molecule with polarizability 
a. Assuming d-W~d, where Wo is the frequency of the 
inCident light, and dividing the radiative intensity I (ergl 
sec) by the powder density cnoIEI2/81T, in the incident 
wave, we obtain the scattering cross section (cm 2), 

which, apart from a factor on the order of unity, is 
given byt) 

0Rayleigh "" (wo/c) 'a'. (3.1) 

The polarizability a of a molecule with moderate di­
mensions in the visible region of the spectrum (far 
from strong absorption bands) can be estimated as the 
cube of the Bohr radius ao, or somewhat larger: a 
- (1-10)a~; at ~ = 0.5 p. and a _10-23 cm3 we have (1Rayleip 
_10-25 cm2 • 

The scattering or extinction coefficient R [cm-l ] for a 
gas is obtained by multiplying (1 by the density N [cm-3], 
R = N(1. For liquids, N - 1022 cm-3, in which case R 
_10-4 cm-l • Strictly speaking, in a liquid, the scatter­
ing cross section per molecule is determined only as 
(1 =R/N, and is itself a function of the density and tem­
perature (thus, for scalar type of scattering we have 
Rcc (aE/ap)2(lip)2, where lip is the density fluctuation and 
e is the permitivity). Therefore at low temperature the 
cross section per molecule can be much lower than 
(3.1), and near phase-transition pOints it can be much 
larger than (3.1); these differences are connected with 
the correlation of the positions of the various molecules. 
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For non-extremal conditions, the estimate (3.1) ex­
aggerates a scattering cross section of the scalar type 
by an apprOXimate factor (v. - VT)2, where v. is the 
speed of sound in the condensed medium and VT is the 
thermal velocity of the molecules making up this medi­
um. However, for not too large molecules at room 
temperature, this factor decreases the true cross sec­
tion in comparison with (3.1) by only one or two orders 
of magnitude. 

The estimate (3.1) is quite suitable for scattering by 
orientation fluctuations of optically anisotropiC mole­
cules, since the orientation of the different molecules is 
weakly correlated even in liquids (but not in liquid crys­
tals). The quantity a 2 in (3.1) must in this case be re­
placed by the square of the anisotropic (zero-trace) 
part of the polarizability a'k = a'k - t Ii'k all; for typical 
molecules we have a:k - (0. 5 - O. 1)a2• 

The cross section for the vibrational Raman scatter­
ing (1Yib is also given by the estimate (3.1), with the 
substitution a 2_ (aa/aq)2{lil), where at not too high 
temperatures, i. e., at kT" Imvib , {liq"j is the mean 
square of the zero-point fluctuations of the vibrational 
coordinates. Estimating 

iJa ex 
--(1-0.1)- (6q')-ao'(mIM)'io, 

iJq ao 

where m is the electron mass and M is the "mass" of 
the molecular vibrations, we obtain 

which yield, with the same wavelength of the incident 
light, (1vib-10-27-10-30 cm 2; the dependence on the fre­
quency of the incident light (wo- 0)4 is practically the 
same as for Rayleigh scattering, since 0« Wo . 

The fact that the molecule has no symmetry center 
allows it to have a quadratic polarizability f3f/k' so that 
the dipole moment of the molecule at high intensity of 
the incident radiation of frequency Wo acquires an ad­
ditional term of the type d l = {jlJk EJ E". The intensities 
of the photons of frequency 2wo emitted by different 
freely oriented molecules are additive. Division of the 
radiation power (a)2nc-3 by the flux density yields the 
hyperscattering cross section 

8" - 2 (2Wo )' 
o,--~ -. 

eno c 
(3.2a) 

In the visible range, far from resonances, we can as­
sume for {j the estimate f3 - aEa~ - a~E~~, where Eat 
- (106 _107) cgs esu is the intensity of the intra-atomic 
field, Eat - e/a8. In this case 

16 8" (10-" 10-") cm4 
0,- 0Rayleigh--, - - -

cnoEaT W 
(3.2b) 

Parametric scattering of light by molecules is anal­
ogous to a considerable degree to Raman scattering, 
with the substitution (aa/aq)liq- {jIiE, where liE are the 
vacuum fluctuations of the electromagnetic fields. If the 
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incident photon decays in the course of the Stoke's Ra­
man scattering into a scattered photon and a molecular 
phonon, then in PS the incident photon decays into two 
photons. The value {liE~, which depends on the fre­
quency interval in which we are considering the fluctua­
tions liE, can be easily estimated. We assume a fre­
quency interval 0< w:S WI'" wo/2 and stipulate that in the 
volume -:\~ = (c/ W I )3 the energy X~ liE2n/811' be equal to 
FiWI/2, whence 

4n (CO)' (V)' (/jEvac) 2 - 7tic -;- - ( lO'cgs esu) 2 - 3 ·10' em ; 

The las t figure is given for ~l = O. 7 /-t. Thus, the PS 
cross section turns out to be proportional to wg: 

(3.3) 

and numerically we have (ips-l0-36_10-34 cm 2 for ~o 
= 0.35 jJ.. The dimensionless factor (liE c)2/E!t can be 
written symbolically in the form (w/w)'(e2/Fic)3, where 
e is the electron charge, e2/Fic = 1/137 and wat - Ry /Fi is 
the characteristic frequency of the ultraviolet absorption 
bands of the molecules. 

The unification of K of equally oriented molecules into 
one microcrystal with dimensions smaller than the 
wavelength ~ leads to an increase of the PS cross sec­
tion (just as in the case of Rayleigh scattering): rr 
- ~rr, so that the PS cross section per molecule in­
creases by a factor K. This increase exhibits satura­
tion when the dimensions of the crystallite become com­
parable with l(. 

The intensity of the parametric scattering in a crys­
tal (PSC) can be very roughly estimated by recognizing 
that the vacuum fluctuations of the electromagnetic field, 
at the same instant of time, are correlated over a dis­
tance :s ~2'" 2:\0 . The independent scattering elements 
can then be taken to be the volumes - lI.~ • Their hyper­
polarizability is {3'" X.ll~, where X is the macroscopic 
quadratic polarizability of the crystal. As a result we 
find that the PSC cross section per molecule is equal to 

8ntic '( COO)' opsc=R,scN-' - ~x 2c (3.4) 

and (ipse _1030_1032 cm2 for ~0=0. 5 /-t. Thus, if we as­
sume X - N{3, then 

(3.5) 

which corresponds to saturation of both of the cross 
sections for PS by the crystallite at dimensions -lI.. 

The foregoing estimate of the PSC is very crude; a 
substantial role in the formation of the PSC is played by 
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the fact that at unequal times the correlation of the scat­
tering perturbations-vacuum fluctuations of the fields­
propagates with the speed of light over a distance much 
larger than~. Therefore the interference of the fields 
scattered by different volume elements greatly narrows 
down the angular distribution; the PSC is directed 
mainly forward as a result of the synchronism condi­
tions ko = kl + ka • A detailed analysis of PSC (see[3-6] 
and Sec. 3 of the present paper) shows that the estimate 
(3.4) is meaningful only for the case when the synchro­
nism condition is satisfied. It is easy to verify that the 
decrease of the total solid angle from 411' to the value 
Ao - AB2 - I An I and the corresponding decrease of the 
mean squared value (E!ac) are compensated by an in­
crease, by the same factor, of the transverse dimen­
sion of the fluctuation coherence. The fact that the scat­
tering through the indicated small angles is formed pre­
cisely by such large (with respect to the transverse di­
mension) region is just a manifestation of the effect of 
enhancement due to a large number of particles. We 
find thus that when account is taken of the synchronism 
condition, the PSC cross section per molecule amounts 
to (ipse-CTpsN.ll3. On the other hand, if the synchronism 
condition cannot be satisfied (because the refractive 
index n(wo) is larger than the refractive indices (n(wl) 
and n(w2) at all admissible WI and W2), then only mole­
cules of the surface layers of the crystals produce scat­
tering (with cross section (3.4». From the uncertainty 
relation it follows that the thickness of these layers is 
AL - (Ak)-l- .ll(no - n1t 1, which agrees with the result 
obtained in Sec. 3. 

!)This quantity characterizes more readily the cross section 
du/ do per unit solid angle; incidentally, according to our 
terminology 47T is a factor on the order of unity. 
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