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Electromagnetic waves with a discrete spectrum in metallic 
ferromagnets 
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(Submitted December II, 1975) 
Zh. Eksp. Teor. Fiz. 71, 627-634 (August 1976) 

The spectrum, attenuation, and polarization of electromagnetic waves with a discrete spectrum in an 
isotropic metallic ferromagnet are investigated theoretically as functions of the external magnetic field H, 
the wave vector k, and the angle between Hand k. Such waves can exist because, in the case of a definite 
ratio of the wavelength to the cyclotron radius of the conduction electrons, the absorption of the 
electromagnetic wave energy by the electrons as a result of Landau damping becomes small The 
interaction between the electromagnetic wave in the ferromagnet with the magnetic subsystem alters the 
character of the wave propagation as compared with that in a normal metal. In particular, in a weak 
external magnetic field, the Landau damping of the wave at points far from the points of the discrete 
spectrum becomes less than unity. This fact is important for the excitation and experimental observation of 
electromagnetic waves with a discrete spectrum. 

PACS numbers: 75.30.-m 

INTRODUCTION 

It has long been assumed that electromagnetic waves 
with a frequency much smaller than the plasma frequen­
cy cannot propagate in metals to a depth greater than the 
skin depth. Konstantinov and Perel' tll were the first to 
show that this is not the case under certain circum­
stances. The existence of electromagnetic oscillations 
in a metal is due to the presence of a strong magnetic 
field (l» R), which localizes the electrons in a region 
with dimensions of the order of the cyclotron radius R; 
l is the free path length of the conduction electrons. Lo­
calization of the electrons makes the electromagnetic­
wave damping connected with dissipative currents small. 
In addition to this damping, there are resonance mech­
anisms of absorption of energy of the electromagnetic 
wave by electrons in the metal. This includes cyclotron 
absorption and Landau damping. The resonance damp-
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ing of the wave is determined by the electrons for which 
the phase relation 

k,v,+NQ=w, N=O, ±1, ±2, ... (1) 

is satisfied. Here w is the frequency of the wave, n 
=eB/mc is the cyclotron frequency, e and m are the val­
ues of the charge and the effective mass of the conduc­
tion electron in the direction of B. The Landau damp­
ing turns out to be most important for short waves, 
whose length is much less than the cyclotron radius. t21 

The electron interacts most effectively with the field of 
such a wave on those portions of its trajectory where it 
moves almost parallel to the planes of equal phase of 
the wave. In Fig. 1, this is in the vicinity of the points 
A and B. The value of the absorption of energy of the 
wave by the electron will change as a function of the 
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FIG. 1. Trajectories of electrons in a magnetic field close to 
the surface of the metal. The wave vector of the electromag­
netic wave, propagating perpendicular to the surface of the 
metal aa " makes an angle with the direction of the magnetic 
field that is close to 11"/2. The system of parallel lines repre­
sent the planes of equal phase of the wave. The x axis is paral­
lel to the corresponding axis of the system of coordinates 
(Fig. 21. 

phase difference of the wave at these points. Since the 
electron moves in opposite directions at the points A and 
B, the absorption will be a maximum if an even number 
of half-wavelengths fits into the distance AB, and a min­
imum if the number of half-wavelengths is odd, Thus, 
the possibility arises of the propagation of short waves 
(kR » 1) with a discrete spectrum. 

Electromagnetic oscillations with a discrete spectrum 
in a normal metal 'Yere first investigated by Kaner and 
Skobov. [3,4] In these researches, the spectrum, polar­
ization and damping of the oscillations were obtained. 
In particular, it was shown that the Landau damping of 
the wave vanishes in the case 

kR=a,,""";t (n+'/,); n=O, 1, 2, ... (2) 

It was shown by us, [5] as a result of a more detailed 
analysis of the dispersion equation, that two branches 
of oscillations are present, in a wide range of fields and 
frequencies, with a discrete spectrum of polarization of 
opposite sign. The dispersion relation for one of the 
branches in the case of a small magnetic field trans­
forms into the expression obtained by Kaner and Sko­
bov. [4] Electromagnetic waves with a discrete spectrum 
were considered in ferromagnetic metals in the work of 
Chudnovskil, [6] where the dispersion law was obtained 
for waves in the two simplest cases of the problem of 
Kaner and Skobov. 

Electromagnetic waves with a discrete spectrum 
were apparently not observed experimentally. This is 
possibly connected with the difficulty of excitation of 
such waves. 1) Electromagnetic waves are usually ex­
cited in metals through the skin layer. It is thus diffi­
cult to excite in this manner a wave with a discrete 
spectrum. It was noted above that the Landau damping 
of a wave can be small only in the mean over a period 
of the motion of the electron along trajectories in the 
magnetic field. Near the surface of the sample, in a 
layer of thickness 2R, there exist electrons reflected 
from the surface and therefore moving in the magnetic 
field along truncated trajectories. This leads to a 
strong damping of the wave. In the vicinity of the point 
C (Fig. 1), the energy of the wave is absorbed by the 
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electron whose trajectory is shown in the figure by the 
dashed line. If this pOint is located in the interior of 
the sample, then, simultaneously with absorption of en­
ergy by one electron, another electron, which arrives 
at the point C from above, gives the wave the energy 
absorbed at the point C'. In the case in which the point 
C is located near the surface, a reflected electron 
reaches this point, which brings no energy to the wave. 
The number of points similar to C on the diameter of 
the orbit is proportional to n. The damping of the elec­
tromagnetic wave at each of these is determined by the 
maximum damping r max of the wave with the discrete 
spectrum in the interior of the sample. 

Thus, in order that excitation of the wave occur, the 
satisfaction of the following inequality is necessary: 

nrm",<1. (3) 

As shown by Kaner and Skobov, [4] the Landau damping 
of the wave with a discrete spectrum is less than unity 
only in the vicinity of an: 

f=(2mt n ) '-sin'(kR-a.,,), (4) 

Therefore, the condition (3) is not satisfied for normal 
metals. -

It is shown in the present work that in a metallic fer­
romagnet, because of the effect of the magnetic subsys­
tem, the damping of the electromagnetic oscillations is 
decreased, and a spectrum of such oscillations and po­
larizations are obtained. 

DISPERSION EQUATION. SPECTRUM AND 
POLARIZATION 

For a description of the propagation of electromag­
netic waves in an unbounded isotropic metallic ferro­
magnet, we use the set of Maxwell's equations and the 
Landau-Lifshitz equation: 

[k x hJ = 411"c- 1 j, [k X EJ = iwc- I b, 

-iwm/y= [m X HJ + [M X hJ . 

(5) 
(6) 

Here E is the alternating electric field, ro, h, b are the 
high-frequency parts of the magnetization, magnetic 
-field and induction, respectively (ro, h, b, E- e!(k'r-wt), 

H is the external constant magnetic field, M the satura­
tion magnetization, B=H+47TM, b=h+47TID, j is the cur­
rent density, k is the wave vector, y is the gyromag­
netic ratio. In the Maxwell equations, we neglect the 
displacement current, and it follows from (5) that 

kj=O, (7) 

which is similar to the condition of electric quasineu­
trality of the metal. 

We solve the set of equations (5), (6) under the follow­
ing conditions[4]: 

(8) 

where 1/ is the collision frequency of the electron. Here 
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H 
FIG. 2. System of coordinates. 
The z axis is perpendicular to 
the plane passing through the 
magnetic field vector H and the 

q wave vector k. The angle 
(,0«1. 

the first inequality determines w, the second corre­
sponds to the assumption on strong spatial dispersion 
in the direction of B. We assume the next inequality in 
order to "tune out" the cyclotron absorption. Actually, 
if (8) is valid, then Eq. (1) is satisfied at N=O. The 
next inequality in (8) hl!-S already been put in the form 
kR» 1 (v/n =R). 

We choose the set of coordinates xyz as shown in Fig. 
2. The x axis is perpendicular to the plane passing 
through Hand k. Since the ferromagnet is assumed to 
be isotropic, the direction of the induction vector B is 
identical with that of H. It follows from (8) for the an­
gle f{J that q; «1. Eliminating the electric field compo­
nent (7) longitudinal with respect to k with the help of 
Eq. (7), we reduce Eqs. (5) and (6) by the well-known 
methodta,4J to a system of linear homogeneous equations 
for the transverse components of E. Setting the deter­
minant of this system equal to zero gives us the disper­
sion equation of the electromagnetic wave 

ooZ 
4rr k'c Z (00'_00.') (axxa,,+a,,') +ioo (oo'-(~.')ax., 

k'c' 
+ioo (00'-00.') a"+2'1'oo'oo."a,, - --(00'-00.') =0. 

4Jt 

Here 

(9) 

is the component of the conductivity tensor (ja = (JaB EB). 

As y- 0, we get from (9) the dispersion equation for 
the normal metal. [4J If we transform in (9) to the limit 
(JaB - 0 (ferromagnetic dielectric), then in the case k2 > 0 
we obtain the dispersion law of the magneto static wave 
that is transverse relative to H (see, for example, [7J) 

(10) 

For the components of the conductivity tensor, we use 
the asymptotic expressions obtained earlier[51: 

axx=o,,{1-siu (2kR-p') 

+rJ'2[sin US(p') -cos 8C(p')]}, 

o,,=-a,,=ao(;r/-,R) -", {(':1s(2kR-n/4) 

+ (2rc)'p[cos 8 S(p') +"in e C (p') 1 
+in"'p cos (2kR-r.')}, 

(J,,=-ocipl (kR) ';'. (11) 

Here S(p'f and C(p)Z are the Fresnel integrals, [8J (J = 2kR 
- 1T/4 - rJ, 0"0 = 3noe2 /2mk2Rmp , no is the denSity of con­
duction electrons. The dispersion law of the electrons 
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is assumed to be quadratic and isotropic. In Eqs. (11), 
we have used the notation p = (kR)l/ZW/k.v. It follows 
from (8) that 

p«.(kR),". (12) 

The real part of (In describes the absorption of the 
wave by the electrons, due to Landau damping. Z) Equa­
tion (2) follows from the condition Re (Ju = 0, with ac­
curacy to ,J/kR. Setting kR = an, and substituting (11) 
in (9), we get the following equation after elementary 
transformations: 

A,b'-A,b'-A,b'+A.b-A,=O, 

where 

A,=o'-p', A'=IIO', A,=2l'na.-·p(Il'-p') (p+a.'''P) , 

..4\ =21lIla n-'p [ (rccx..) "'IlP+2<pp (cos ~+p l' ;-Q) ], 

A,=4p'a n-'(Il'-p') [(cos ~+pn"'Q)'-nd~: pP], 

b=BIG, 1l=4rc;l/IG, G=v(3n'''nom)'\ 

Il= 1 mel e<pa~", P=C (p') -S (p') , 
Q=C(p')+S(p'), ~=n/4+p', 

(13) 

band J.L are the normalized induction and the magneti­
zation, respectively. 

The numerical solution b(p) of this equation is shown 
in Fig. 3 by the solid curves. In the calculations, we 
used 41TM=22 kG, no = 1OZ3 cm-3, y=2x107 G-l_sec-i , q; 
= 10-z. The effective mass of the conduction electron 
was assumed to be equal to the mass of the free elec­
tron. With these values of the physical parameters, 
the normalized magnetization was J.L = 0.6 X 10-2 and the 
dimensionless quantity II = 115/ a!/z» 1. In the case of 
a normal metal, the equation that is analogous to (13) Is 
biquadratic. The solution of this equation obtained ear­
lier[5J is 

(14) 

where L=p_pa!/Z, F=2(1T-1/2 cos{3+pQ). The depen­
dence of b~(p) for n = 5 and n = 7 is shown in Fig. 3 by 

I 
1.2 r-

1 -
,-

0.8 ~ 

P! 

b 

0.2 0.0 '-,I 0.0' J.11 P 
FIG. 3.. The solutions b(p) of the dispersion equation (13) at 
fixed an are shown by the continuous curves; a) at n =5, b) at 
n = 7. The dashed lines indicate the spectrum of the electro­
magnetic waves in a normal metal; the curve 1 corresponds 
to the upper index in the expression for the spectrum b.(p), 
the curve 2 to the lower index. The dashed line, which inter­
sects the axis of the ordinate at the point Il corresponds to the 
spectrum b s of the magnetostatic oscillations in the ferromag­
netic dielectric. 
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FIG. 4. The spectrum of electromagnetic waves in a metallic 
ferromagnet. The number of the curve is the same as the value 
of n for which this curve is constructed. The interval of change 
of p is broken into two parts. On one of them (a), the scale 
along the ordinate is 20 times greater than on the other (b). 
The curve shown by the dashed lines is determined by the ex­
pression (18). 

the dashed lines. The dashed line which nearly coin­
cides with the straight line b = /J. corresponds to Eq. 
(10), which has the form 

b.=J!6'1 (1I'-p'). (lOa) 

in the variables p and b. As has already been noted, 
6» 1, and for p-1, it follows from (lOa) that bs '" /J.. 

There are two types of solutions (Fig. 3a and b) of 
Eq. (13), depending on how close the maximum of the 
curve b. is to bs • Curves of the type shown in Fig. 3a 
are obtained for a wave with n < 7; in the case n :;;, 7, the 
situation shown in Fig. 3b is characteristic. In both 
cases, the changes in the spectrum of the electromag­
netic wave in the ferromagnetic metal in comparison 
with the normal metal are most significant near the in­
tersection of b+ and bs ' In an isotropic ferromagnet, 
the value of the induction B < 41TM has no physical mean­
ing; therefore, of all the solutions of Eq. (13), we must 
choose only those satisfying the inequality b :;;, /J.. It then 
turns out that, depending on n, the spectrum of oscilla­
tions consists of one or two branches. Figure 4 also 
showsthesolutionsforn=4-7. Atp"0.7, (Fig.4a), 
the scale along the b axis is increased by a factor of 20 
for visualization. 

We now make clear the character of the polarization 
of the electromagnetic field in waves with a discr~te 
spectrum. From Maxwell's equations, we get the con­
nection between Ex and E~: 

E,=-iDEx• (15) 

The coefficient of polarization D here can be obtained 
only in the form of a complicated function of p and b; 
therefore, the analytic expression for D will not be writ­
ten down. The dependence of Don p is shown in Fig. 5. 
It is seen that in the case in which the spectrum of the 
electromagnetic oscillations consists of two branches, 
one of which has alternating polarization. This branch, 
as is seen from Fig. 3a, tends toward the curve of b+ 
at values of b> /J., for which the sign of the coefficient D 
is positive, and at b'" /J., it tends toward the curve b., 
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which has the polarization that is opposite in sign to 
b+. [5) Upon decrease of p the quantity D increases rap­
idly. In a normal metal, the polarization of the wave 
at small p is close to circular. [4) 

ADDITIONAL CONDITION. SPECTRUM, DAMPING 

If we take in place of (12) the condition p« 1, which 
does not follow from (8), then the expression (11) for 
the conductivity is simplified. As a result of the ex­
pansion of (Jail in the vicinity of the point p = 0 the results 
of Kaner and Skobov are obtained for the conductivity. [4) 

In this case, the dispersion equation (9) is brought to 
the simple form 

[cos' 1Jl+a(x cos 1Jl+ (:n/4kR)'/') ]p'+i(:n/4) "aXAp-ax/4kR~O, 

X=HIB, A=1-sin (2kR), 1Jl=2kR-:n/4, a=(kIR),"b'. 
(16) 

In the case kR = an, the quantity A =0, and it is easy 
to obtain the following dispersion law for the electro­
magnetic wave from (16): 

(17) 

where an'" a at kR = an' If an «1, then wn is identical 
with the expression obtained by Chudnovskir6) in the 
case w« II, i. e., in a ferromagnet as also in a normal 
metal, the spectrum of such a wave does not depend on 
the relation between W and II. [4) 

In the more interesting case an» 1 (strong field b) at 
X« a~1/2, the expression (18) becomes 

(18) 

This expression does not obey the Chudnovskit formu­
la[6) wn = WOn rx, where WOn is one of the expressions for 
the spectrum of the wave in the normal metal. The de­
pendence b(p) at n =7, which follows from (18), is shown 
in Fig. 4a by the dashed lines. In the case of a large 
external field H(x» a;1/2) the expression (17) goes over 

D 
a 

FIG. 5. The dependence on p of the coefficient of polarization 
of the electric field in the electromagnetic wave. The number 
of the curve is the same as the value of n for which this curve 
is constructed. At p < O. 7(a) and at p ) O. 7 (b). the scales 
along the ordinate axes is chosen differently. 
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into the expression for the spectrum of the wave in a 
normal metal. 

At kR '" an the electromagnetic wave is damped. For 
a wave with the dispersion law (18), we get from the 
solution of Eq. (16), assuming the relative damping r 
= - 1m p/Re p to be small, 

(19) 

It is seen that at small X, i. e., H« B, the damping can 
be small at any kR. Substituting the value r = r max cor­
responding to the maximum value of A in Eq. (3), we 
estimate the magnetic field at which excitation of an 
electromagnetic wave with a discrete spectrum through 
the skin layer becomes possible. It follows from (3) 
that 

X<a.n'b'/2n"'n'. (20) 

For a wave with n =7, we get H<50 G. 

CONCLUSION 

Thus, in a metallic ferromagnet, there exists an 
electromagnetic wave the maximum damping of which 
is less than unity at arbitrary kR. The spectrum of 
such a wave is discrete upon satisfaction of the condi­
tion 1> r max» r', where r' is the damping not connected 
with the Landau mechanism. At 1» r max "" r'. the spec­
trum of the wave becomes complicated. 

The decrease in the attenuation of the electromagnetic 
wave at small H is due to its polarizations. The absorp­
tion of energy of the wave by an electron, connected 
with the Landau damping, takes place only in the case 
of motion of the electron in the x direction. If the elec­
tric field in the wave in this direction is small, then the 
absorption of energy of the wave becomes small. It fol­
lows from Fig. 5a that at p« 1 the polarization coeffi­
cient D can reach values of several orders of magnitude. 
This means that the transverse (relative to k) part of 
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the electric field of the wave is basically directed along 
the z axis. The results obtained for the polarization 
are easily understood if we turn to the expression (18). 
We can draw the conclu~ion from the dependence wn(H) 
that at small H (p« 1), the electromagnetic wave is 
close in its character to the magneto static one. Since 
the magnetic field h in the magnetostatic wave is di­
rected along the x axis, then we can assert that the mag­
netic field is polarized in the direction of the x axis and 
in the electromagnetic wave (18). Consequently, the 
electric field in the wave is principally directed along 
the z axis. 

We have identified throughout the oscillations consid­
ered in the work as electromagnetic. Such a conclusion 
follows from Eq. (13). The gyromagnetic ratio enters 
into this equation only through the parameter O. As al­
ready noted, 0» 1; therefore, Eq. (13) can be divided 
by Ii with great accuracy and y can be eliminated from 
the dispersion equation at the same time. 

HE, A. Kaner called the attention of the authors to this fact. 
2 )However, we must now keep it in mind that there are two 

mechanisms that lead to Landau damping-ordinary (motion 
in an "electric field) and "magnetic" (motion in a magnetic 
field). 
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