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Coulomb collisions in a

The photon absorption coefficients for various photon polarizations (dissipative part of the high frequency
conductivity tensor) are found in the case of Coulomb collisions in a magnetized nonrelativistic
nondegenerate plasma for arbitrary values of hwy/kT and hw/kT. (w is the photon frequency, T the
electron temperature and wp the electron cyclotron frequency). The absorption coefficients are expressed in
terms of the longitudinal and transverse effective collision frequencies v, and v, which depend differently

on the magnetic field strength. The frequency dependences of v,

and v, are considered and in particular

the shape and height of the peaks (cyclotron resonances) for ® = swg(s =1,2...) which are most
pronounced for v, in a quantizing magnetic field with hwp> k T. The functions v ,(w) for hwp/kT =3,
10 and 0.01 are found by numerical integration. The inverse bremsstrahlung coefficients in a quantizing

and classical (hwz< k T) fields are compared.

PACS numbers: 52.25.Ps

1. INTRODUCTION

The emission and absorption of photons in electron-
ion collisions (bremsstrahlung processes, free—free
transitions) are among the main processes whereby ra-
diation interacts with a magnetized plasma. To find the
emissivity and the absorption coefficients of electromag-
netic waves in such a plasma it is necessary to know the
anti-Hermitian part of the dielectric tensor ie,;. Ina
nonrelativistic plasma without allowance for the motion
of the ions and for spatial dispersion, in a coordinate
system with a z axis directed along the magnetic field,
the tensor e.;, cited for example in Silin’s mono-
graph, 1 j5 conveniently represented in the form

PO LI N S S A— o8
o ¢ (o—awg)*

Here a, =0, 1 are the indices of the cyclic coordi-
nates (e, =e,, e,, =¥27/2(e, +ie,)), wy=eB/mc and

w, =(47N,e?/m)!’? are the electron-cyclotron and Lang-
muir frequencies, w is the frequency of the electromag-
netic field, v’ =y, and v’ =1V =y, are the longitudi-
nal and transverse effective electron collision frequen-
cies. In a tenuous plasma, when the refractive indices
n, 1 - wf/2w(w - awg) differ little from unity, the quan-
tities %, have the meaning of the absorption coefficients
of radiation with different polarizations (a =0 corre-
sponds to linear polarization along the magnetic field,

a =+1 corresponds to right-hand and left-hand circular
polarizations in a plane perpendicular to the magnetic
field). Formulas (1) are valid for frequencies much
higher than the ion-cyclotron frequency and not too close
to the first cyclotron resonance (|lw— wg| »>v‘®’),

Silin!! has derived in his book formulas for v, and v,
under the condition zwg < 2T, when the quantization of
the transverse motion of the electrons can be disre-
garded. If the Larmor radius of the electron is much
larger than the effective dimension of the region of the
electron-ion interaction (w; « max(w,, w)), thenv,=v,
=v,, where v, is the effective collision frequency in the
absence of a magnetic field. In the opposite case the
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magnetic field influences the collision act and the colli-
sion frequencies (especially the transverse frequency)
can differ noticeably from v,. For many applications,
particularly in the study of magneto-optical properties
of semiconductors, the region of interest is 7wy 27T.
This region is of particular interest in astrophysics in
connection with the discovery of pulsars. For example,
the characteristics of the x rays from pulsars can be at-
tributed to the presence in the radiating region of a
dense (N,~10% -10% cm™), hot (T~107-10° K), strong-
ly magnetized (B~10'° — 10! G) hydrogen-helium plas-
ma, for which the ratio zwy/kT can be either of the or-
der of or much larger than unity.

We shall show that the coefficients k2, can be ex-
pressed in the form (1) for arbitrary #wg/k7T and 7w/
kT, and we shall calculate the values of v, and v, for a
nondegenerate plasma, We seek the absorption coeffi-
cients by examining the interaction of the radiation with
the electron in an individual act of electron-ion collision
in the Born approximation. This approach was used in
a number of studies.‘'®~®! Goldman and Oster'?! have ob-
tained the probability of bremsstrahlung by a quasi-clas-
sical method, which is valid only for Zwp <<kT. Sazo-
nov and Tuganov*®’ and Pavlov and Kaminker*’ have cal-
culated the emissivity and the absorption coefficients in
a very strong magnetic field zwy > kT, wgy>w. Canuto
and Chiu‘®! obtained cumbersome formulas for the prob-
ability of bremsstrahlung of an extraordinary wave at
angles 0 and 7/2 to the magnetic field by an electron of
given energy in a transition between definite Landau lev-
els. Canuto and Chiu‘®! did not average these quantities
with the electron distribution function, and carried out
neither an analysis of the obtained formulas nor actual
calculations with their aid.

The bremsstrahlung and absorption probabilities in
Coulomb collisions in a magnetic field were investigated
also in a number of studies, '®~®! the results of which, as
shown in %) are in error. Gurvich'®’ investigated the
contribution of the bremsstrahlung processesto ¢.; for
an arbitrary magnetic field by the method of the quantum
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kinetic equations. Although his formulas are valid for
any type of interaction potential of the colliding parti-

cles, the actual results were obtained only for short-

range 0-like potentials at zwg > kT,

In this paper we obtain formulas for the effective fre-
quencies of the Coulomb collisions v, and v, at arbitrary
relations between fiw, 7wy, and kT (Sec. 2); these for-
mulas are convenient for analysis and calculations. In
Sec. 3 we analyze the frequency dependences of v, and v,
at iwy > kT, Near the cyclotron harmonics w=swg(s =1,
2,...) the quantity v, has peaks, the heights and widths
of which are determined by different broadening mecha-
nisms, which are considered in the same section. The
function v,(w) also oscillates with the period wg, but the
amplitude of the oscillations is much smaller than for
v,. At w> wp, the oscillations decrease rapidly (v,
~1p). At w < wy our results coincide with the known re-
sults of®>*!, In Sec. 4 we consider the case fiwy S k7.
At Fwp S kT and w <<wp we obtain Silin’s results, 1! At
w=swg the frequency v, can oscillate also at Fwy <kT.
At an arbitrary value of zwg/kT the values of v, and v,
can be easily obtained by numerical integration with the
aid of the formulas of Sec, 2. We present the results
for swy/kT =10, 3, and 0.01.

Knowing the absorption coefficients %, and the corre-
sponding refractive indices #,, which are independent of
temperature if the spatial dispersion is neglected also
in a quantizing magnetic field, "%’ it is easy to calculate
the coefficients %, , for the absorption of normal waves
(ordinary and extraordinary), propagating in an arbi-
trary direction in a rarefied plasma, by means of the
formulas presented by Gnedin and one of us.!! Ina
plasma with a definite electron temperature T, the gen-
eration power of these waves (the emissivity) is

Q=kB.(T)/2, j=1,2,
where B, (T) is Planck’s function, and the total emissiv-
ity is

Q=0Q.+Q.=["2(ks+k_y) (14cos® ) +k,sin’* $]1B.(T)/2,

where 9 is the angle between the direction of the emis-
sion and the magnetic field. Bearing these relations in
mind, we confine ourselves henceforth to a determina-
tion of the coefficients &,.

2. DERIVATION OF THE FORMULAS FOR THE
COEFFICIENTS £, IN AN ARBITRARY MAGNETIC
FIELD

We consider the absorption of photons by a nonrela-
tivistic electron as it moves in a homogeneous magnetic
field B=B, and in the Coulomb field U(r)= - Ze?/r of an
immobile ion with charge Ze. If we choose as the vec-
tor potential of the magnetic field A =(- By, 0, 0), then
the wave functions and the energy levels of the electron
in the absence of a field U(r) take the form

[7pap> = (LuL.) ™" exp [i(psz+p.2) /M tnpe (B) (2)
K= (3) = (27Rlpor™) "exp (—1%/2) H (1), 1= (y—y0)/po 3)
Eop=(n+12) hoatp./2m. (4)
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Heren=0,1, 2,... is the number of the Landau level,
p. is the projection of the electron momentum on the di-
rection of the magnetic field, p, is the quantum number
that determines the y coordinate of the center of the
Larmor circle: yo=p, 8%, p,=(ck/eB)’'?=(/mwy)'?
is the magnetic length, L, and L, are the normalization
lengths, and H,(n) is a Hermite polynomial. In (2)-(4)
we did not write out the spin parts of the wave functions
and the energy levels, since we confine ourselves to the
dipole approximation, i.e., we do not take into account
the spatial dispersion of the plasma.

When a Coulomb field is added to the magnetic field,
the wave functions and the energy levels can be obtained
only approximately, We use the Born approximation,
which is valid if the electron energy is much larger than
the electron binding energy with the ion. Then the prob-
ability of the bremsstrahlung and absorption of a photon
are expressed in terms of the squares of the moduli of
the matrix elements

Muli
h(o—any) ' ®)

M, /'=(n)"<n'—1, p'p. | U|npp.>— (n+1)"<n’p/p./ | U|niA, psps>, (8)
M_fi=— (M), Mo=(p./—p.) (mhon)~"n'p.p. |U |npp:>.  (7)

A
flvald> = (h“"’ )
m

Here v, are the cyclic components of the electron veloc-
ity in the magnetic field, and 1{) = [np, p,) and |f)

= |n'p/p)y are the states of the electron before and after

the interaction with the photon. In the derivation of (5)-
(7) we took into account the relations

vo|np.p.>=p.m~t |np.p.; (8)
K A
oY inppo = (”L) { () I, p.po ©)
v m n"|n—1, pp.>

and the energy conservation law, which made it possible
to express the level-energy difference in (5) in terms of
the photon frequency.

Expressing in the usual manner the coefficient &, of
absorption of radiation with polarization e, (see the In-
troduction) in terms of (5), we obtain formula (1), where
the effective collision frequencies are

@) ®sp N J ’ , T WEE PN
V=N Zg_jjdp, ap: U (p) = () 142" (04
X8[hos(n'—n) —hot (p."*—p.*) /2m], (10)
n'n B (LoL:)? ¢ ;
Al up) =2 (g ap (11)

—o0

Here N; is the ion concentration, f,(p,) is the electron
distribution function. The term containing f,. (p;), takes
into account the contribution of the induced transitions.

To calculate A" "(p, p,) we expand the potential U(r) in
a Fourier integral
U(r)=(2nh)~* [ dqUse's™, (12)

and, using formula (7.374) oft'2) transform its matrix
element into
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n'p’p |Unp.p.>= (2nhL.L,) | dg.dg,

. igy (ptg+/2) . ‘
X8(p:'—ps—qs)Su'n exP(JTnT) Us; ¢:=p.’—ps; (13)|
nl \'% . - *+q,’
Spra= (_) —u/2y(n =) /2 " _ 4 v
o) € (1), u T (14)

Here L% ™(u) is a Laguerre polynomial. Expression (14)
for S,., is valid at n’ >n; in the opposite case these sub-
scripts must be interchanged, this being equivalent to
multiplication by (-~ 1) ™, Substituting (13) in (6) and
(7) and integrating with respect to p/ and p,, we obtain

a'n (ps"'—
A P, 0 —P:)”
o (plp) = 2an

A:;" (Pz'Pz) = (221) -t j dqx quFI Uq ("“"Sn'—l,n—' (n+1).hSn',n+|) Izy (1 6)
A (p p) = (2m) jdq, dgy | Ug((n'+1) Sy sy n—1" S my) |2 17

jdq,dqnv Sual?, (15)

It is seen from (10) that the quantities A” "(p, p,) deter-
mine the probabilities of absorption (emission) of a pho-
ton if the electron undergoes the transition np, =n’p;.
Expressions (16) and (17) were obtained by Canuto and
Chiu, %!

We now use (14) and simplify (16) and (17), taking into
account the recurrence relations for the Laguerre poly-
nomials (‘2! p, 1051). Then

A:'"(p:p,)=(p/—p,)m!(n'l)-‘jduu"'—"e-u[L:""(u)12|U.|2. (18)

AN =AM =hmogn! (n'])- ’jduu —ntig=u [ LY () LU (19)

It follows from these formulas that in an arbitrary mag-
netic field there are two effective collision frequencies—
longitudinal v, =v‘® and transverse v, =v"*!’ =y’ For
an arbitrary electron distribution function and for an ar-
bitrary potential U(r) they can be determined from the
formula

vy PR ST ; T -
=N, — 2 S W (p2) =1 (P o
ot s X [ Jem o a1 0001 faulvara

x{ (2'=p.)* }e*"[L;"_"(u) ]"6[ hm,,(n’—n)ﬁ-—m,;%p’~ hm] . (20)

uhmawy
In the present paper we are interested in bremsstrah-
lung processes in a nondegenerate plasma with definite
electron-component temperature 7. Then

4nZe*h* . _ l—exp(=hos/kT) ¢ nhos pt
Ue=- ¢ fn(p:)= (2amkT)™ ( kT- 2ka)
(21)
and in place of (20) we have
4 Yz N(Z2
v"'*_?(m) Iy hw[ _e’p( ‘)]A“'*’ (22)

Lexp[—(ntv*/2) b—u]

where
2 (1—e?) 2 Hdvdu jduu W

(i}

(v'—v)* w-n 2 vi-vt oz hws ho
S S A Wy S L
{ w } L ")]6(" "TT b)' i T RT

(23)
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From a comparison of (22) with the known'!?! formulas
for the effective collision frequency at B=0, it follows
that as B—0 we have

Ay, 1+ Ao=exp (ho/2kT) Ky (ho/2kT), (24)

where K, is a Macdonald function. At 7w << kT the quan-
tity A, goes over into the Coulomb logarithm A, ~1n(447/
hw) - C, where C=~0,58 is the Euler constant. We note
that the formulas presented here are valid for a suffi-
ciently tenuous plasma and for high frequencies (w > w,)
when the maximum impact parameter in the Coulomb
logarithm is determined not by the Debye radius p,, but
by the distance ~ (¢7/mw?)!/2, that the electron tra-
verses during one period of oscillations of the electro-
magnetic wave. To take into account the Debye screen-
ing it would be necessary to add the term #/2mwg 0% in
the square brackets of the denominator in (23).

We proceed to the calculation of the quantities A, and
A,. We first use the fact that the 6-function in (23) de-
pends only onn’-n=s and, assuming s to be fixed, we
carry out the summation in (23) over » if s> 0 or over
n' if s <0, with the aid of formula (8.976) of'!2), Then

{A*} 2 ”dvdu .!.d"e\p[s'*——ucthfb]

X{ 4 ——v)m;I.’Eu/Sh(bm)] o (s+ v zz_vz __:_) , (25)

[ut (v —v)?/2]*

where I,(x) is 2 modified Bessel function, Integrating
in (25) with respect to »’, we obtain with the aid of the
6-function

(52X iwr

(ool v bR,

Jout-| i)

where

vo=%x[v*--2(s—2/b) 1", a.=(v.—v)%2,

and O is the Heaviside function. The two signs + in this
formula correspond to two scattering channels, when the
z component of the electron velocity is directed after the
scattering either along the magnetic field (+ sign) or in
the opposite direction (- sign). The second method of
transforming (25) consists of introducing new variables
(v+v")/2 and v’ - v and integrating with respect to

(v’ +v)/2 with the aid of a 6-function. The resultant dou-
ble integral reduces to a single integral

(e £ 08T (s engra)

4hb=* (4y/b+1) 'K, (k)
[Isl+ (y+cth(b/2)) g~ 1K, (k) }
g=(y*+2y cth(b/2) H1)%,  h="/s|z—sb| (4y/b+1)".  (27)

The third method consists of using the expansion of
the 6-function in a Fourier integral with respect to the
variable #; this enables us to sum in (25) over s with the
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aid of formula (8, 511) of'!2!, Integrating then with re-
spect to (v’ +v)/2, introducing w=(v’-v)?/2, and making
the substitution ¢— ¢ +i/2, we obtain

S R e e e P L

1 b b
A=b(prr+— = — _
(t ), D =cth 3 cos(bt)/sh 2 (29)

We integrate (28) with respect to » and w. As a result
we get

3 D A"+ (A—D)"%
Ay=——b"e */’ t 30
1= cos i A D (A D) n " ] dt, ( )
b4 VA _ " _Dy*
A= ?T b"'e"“j cos It[ _ AV_D (i{DD)": n A"+ (A”' D) ] dt (31)

Formulas (26), (27), (30), and (31) give three repre-
sentations for the quantities A, and A,, and one of these
expressions turns out to be the most suitable in differ-
ent regions of the parameters x and b.

3. INVERSE BREMSSTRAHLUNG IN A QUANTIZING
MAGNETIC FIELD (ﬁwB > kT)

If e®/2«1, then the plasma electrons are at the Lan-
dau ground level »=0. In this case formulas (26) and
(27) for A, and A, are simpler, Instead of (26) we ob-
tain

()= e L X Ty o

u'exp(—u—bv*/2) (2a.
e 2y
1w

= e (nta.)?
(32)
and instead of (27)
() et
{An }=3—e*/22e-wz° ydy l i | (33)
T R I Az L (s 1) Ky (R)

In (32) and (33), the number s of the cyclotron harmonic
has the meaning of the number of the Landau level to
which the electron is excited. The harmonics with s <0
make an exponentially small contribution at b >1.

Let us investigate the dependence A, , on the frequency
x=Hw/kT. According to (32) and (33)

A,,L-ZA“, e AL (z<sb) =AL) (w>sb).

s=0

(34)

Recognizing that a, <1 at x — sb <« b and that a, ~a.
=(x - sb)/b at x — sb>1, we obtain from (32) the follow-
ing at x> sb; if x—sb<«<b

o 3 . T o 3 b . z
A= 7(3"’1(0(?) A= (m7 —1—0) oK, (T) ,

(35)
=[5 - (5) (5]
(36)
A 2?((: 1sb) e (I_ sb)‘ AL = 3 e‘-‘*-‘“’/zK‘,(z;"‘b);
(37
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if x-sb«1
A“(°’=% (m%—c), M"’:%(ln——c) ( ln%— 1 —C), (38)
AP =2 (m7 1), (39)
(A
ifl<x-—sb<(s+1)b
=3 (E) w0t (E) (wore). @
Aﬁ:%( zjb )'/= I;b (m xfb "I_C)_%]' 42)
= R =
if x—sb>(s+1)b
A= (z—sb) =%, AL =%/.a"b* (s+1) (z—sb) "2, (44)

The values of A{) at x < sb are obtained from (35)-(44)
with the aid of (34).

Relations (35), (38), and (41) were obtained by Kamin-
ker and one of us'*! by another method. It follows from
them that at w < wg and Awg > kT we have

3 3 )
Vi & 5 Vo, VLvao(ln%-—l—C). (45)

The appearance of the additional logarithmically large
factor in v,, which is typical of the case of strong mag-
netic fields, {? is due to the increase of the character-
istic time of the electron—electron interaction.

When values x~sb -1 are reached with increasing fre-
quency, transitions to the Landau levels n =s begin to
contribute. The quantities A{®’ take the form of asym-
metrical peaks with logarithmically infinite maxima at
the points x =sb. The quantity A{®’ decreases exponen-
tially when the frequency decreases from this point, and
decreases in power-law fashion when the frequency in-
creases. The quantities A{*’ also take the form of
peaks, but with a finite maximum (~3v7/2s%/2p!/2) that
is shifted by a distance ~ sb to the right away from the
resonance. The logarithmic divergences of A, at
w=Swp are due not to the actual form of the potential
U(r), but by the root singularities in the density in the
number of the final states, which influence in one way
or another all the processes in quantizing magnetic
fields, 14

For inverse bremsstrahlung in the scattering of elec-
trons by a 8-function potential, divergences of this type
were investigated in'™®, This case differs significantly
from Coulomb scattering. Thus, the absolute intensi-
ties of the oscillations of the coefficient &,; in Coulomb
collisions increase much faster (by approximately s®
times) with increasing s than in scattering by a short-
range potential. According to Gurvich, ®? £ increases
in proportion to wy with increasing magnetic field at
wp > w, while k,, tends to a constant value, whereas in
our case k; tends to a constant value and k,; decreases
in proportion to wf. The increase of the coefficients
k, in scattering by a short-range potential is due to the
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increase, by a factor b'/2, of the maximum value of the
transverse momentum transfer in a strong field 5>1.
In scattering by a Coulomb potential, this increase is
negligible, since the main contribution is made by small
momentum transfers. This difference in the behavior of
the high-frequency conductivity at w <« wy makes it pos-
sible to distinguish between scattering by short-range
potentials (acoustic phonons, point defects) and scatter-
ing by ionized impurities in experiments of the type de-
scribed int!5,

We note that if we use formula (31) for A,, then the
logarithmic singularities at x =sb are due to the diver-
gence of the integral with respect to ¢ at the upper limit,
Since the variable ¢ has the meaning of the dimension-
less interaction time, it follows that the divergences can
be regarded as a consequence of an unlimited increase
in the time of interaction upon absorption of resonant
radiation. Infact, the time of interaction is restricted
to the value ¢, (see below). If ¢, >1, then it follows
from (31) that the maximum height of the peaks of the
function A,(s) at x =sb is equal to

(AL?) mes = 3(In 1.) /45, (46)
The same effect can be otherwise described as a broad-
ening of the cyclotron resonance, which is equivalent to
replacing the §-function in (25) by a function with a finite
width 0x~#!. If 6x > b, then the resonances smear out
to such an extent that they become unobservable.

We present some of the most important broadening
mechanisms.

A. Broadening due to the motion and recoil of the
ions. Owing to the change of the ion momentum as a re-
sult of collision with the electron, its energy changes by
an amount (- 2Pq +4?)/2M (P and M are the momentum
prior to the collision and the mass of the ion, g is the
momentum transferred in the electron). Under cyclo-
tron-resonance conditions we have

q~q.~(smhou)", g/P~(msb/M)"~(mz/M)"<1,
and the recoil of the moving ion leads to smearing of the
frequency by an amount bx;~ Pg/MkT~ (msb/M)'/2  i.e.,
in (46) we have ¢+~ (M/msb)*/2, At b=10 and s =2 we
have £x~10.

Formally, the motion and the recoil of the ion can be
easily taken into account if b < M/m and the ion moves
in the interaction region along a straight-line trajectory.
This reduces to making in (30) and (31) the substitution

A, D~A, D+mb(£2+'.)/M. 47
We note that the effect of the Doppler broadening, which
is the result of the change of the ion energy upon absorp-
tion of a photon with momentum ~ h’w/c, can be taken into
account in similar fashion. At sw < mc?, however, the
contribution of this effect is small in comparison with
the broadening due to the ion recoil (~ zw/cq~ (Fw/
m CZ)I / 2) .

B. Broadening due to the action of the Coulomb field
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~ with respect to v (with respect to p,) at the point p, =0

on the electron. The influence of the Coulomb field on
the electron was taken into account by us only in first
order of perturbation theory (the Born approximation).
We note that the logarithmic divergences appear at

x =sb in the form of a divergence of the integral (26)

’
near which the condition for the applicability of the Born
approximation pZ/2m > ¢ (the electron-ion binding energy
e depends, generally speaking, on the magnetic field)
may be violated. The criterion for the applicability of
the Born approximation in this case is (besides 2T >¢)
smallness of the integral with respect to p, from zero

to (2me)*’2 in comparison with the integral from (2me)!/2
to infinity. The sufficient condition for this smallness is
lx=sbl>e/kT.

The influence of the Coulomb field at frequencies
closer to cyclotron resonances leads to a decrease in the
height and broadening of the peaks. At € > (msb/M)}/2kT
this broadening may turn out to be larger than that con-
sidered in subsection A. Then allowance for the latter
in the region of applicability of our formulas is immate-
rial. The values of A,, calculated with allowance for
the broadening due to the motion of the ions at |x - sb |
<&/kT, yield the upper limit of the height of the peaks.
The frequency interval between resonances 6x,~¢/kT,
in which our results are not accurate, is small in com-
parison with the distance b between the peaks at 7wy
>e(B>»>22-10°G). K B=10'%2 G, then £ ~0.1 keV'®! for
Z=1, and at T=10""K (b ~10) we have dx.~ dx;~0.1 and
0x,/b~0.01. At kT < hw, < € the broadening can be-
come so large that the function A,(x) becomes almost
smooth.

C. Natural widths of the Landau levels. In very
strong magnetic fields, the broadening of the resonances
due to the electron losses to synchroton radiation be-
comes important. In this case

t.~kTm>c*/e*B*h~b=*(mc*/kT) (he/e?).

At B=10" G and T =107 °K we have £, ~ 10,

D. Collision broadening. The finite lifetime of the
electron at a given level due to collisions with particles
of the surrounding medium also leads to a broadening of
the resonances. In the plasma, the main contribution
is made by the the electron-ion collisions and

ta~kT/Avegs ~ (KT)"*m'"/ N Z%e*A.

At N;=10% cm™, T=10"°K, and A~10 we have #x~10°,
i.e., the collision broadening can be neglected under
these conditions.

We note that the considered broadening mechanisms
can alter the value of A, also at x < b (the zeroth cyclo-
tron harmonic). Thus, at x < (mb/M)*/% <1 we have in
place of (36) (with logarithmic accuracy)

(48)

We consider now the behavior of A, , at x> b, when a
large number of harmonics with large s contribute to the
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FIG. 1. Plots of A, (a) and A, (b) against the dimensionless
frequency x=Fw/kT at b=Rwg/kT =3 and 10. The values of b
are marked near the curves. The dashed curve is a plot of
Ao(x).
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absorption coefficient. Recognizing that at s >>1 and
x = sb>1 we have

-y

and replacing in (32) the summation over s by integra-
tion, we obtain

f—— jdu._u.; ~ _;
s! (uta.)? (sta.)?

0

My (@>b)=Ae(z>1) [1+0 (b/2) ] +AL (49)
where sx =E(w/wp) is the number of the last harmonic
that contributes to the absorption of a photon of frequen-
cy w. The quantity A*’is negligibly small at s« >1,
while A{**’ can reach a value ~ (wg/w) Int,, i.e., itis
also small at sufficiently high frequencies. Thus, even
at fwp > kT at frequencies w > wy the values of A, tend
to A, and the influence of the magnetic field on the ab-
sorption coefficients can be neglected.

4. INVERSE BREMSSTRAHLUNG IN A CLASSICAL
MAGNETIC FIELD (Fwg S kT)

At b «1 it is convenient to represent the integrals with
respect to ¢ in (30) and (31) in the form of a sum

bt -
A||,¢=A|T,2+Alf,z}_= J' Ao dtt+ j. Ay, dt,
0

bt

where )\, , are the corresponding integrands. If the
magnetic field is so small that b «<x, then

Aﬁ<AﬁL’_zb”'e"“j A" cos xt dt=e"*K, (2/2) =A,. (50)
]

We have used here the fact that at b/« 1 in A, , we have
A-D<«<A, D,

With increasing fields, the quantity A, remains close
to A,, while A, can change significantly. At b >x we
have with logarithmic accuracy

ALY =In b~ =In(p./Tmen), (51)
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where p, =(kT/mw?)!/? is the Larmor radius of the elec-
tron and 7, = #(mkT)™/2 is the minimum impact param-
eter at kT > me*/%? (the Born approximation). The val-
ues of A{?’ depend on the emission frequency

A= (m.“"' )

(0]

) . m '
it wos(g7) (52)
M osm m\ 'k

gy i e<es () (53)
In (53) the maximum interactiontime is bounded by the
thermal motion of the ion, which is taken into account
by formula (47). Formulas (52) and (53) are equivalent
to formulas (64.37) and (64.39) in Silin’s book, ‘! where
the influence of the Debye screening and the limitation
of the time of interaction due to the Coulomb accelera-
tion are also analyzed. We note that at b <1 and x <1
formula (28) goes over into (64.10) of*!! if the integra-
tion limits are suitably cut off in (28) and the substitu-
tion A - b# is made in (29), i.e., if it is assumed that
the classical approximation of the minimal impact pa-
rameter is larger than the quantum approximation (e?/kT
> B(mkT)M?),

The quantity A, can oscillate also at b« 1, having
maxima at x *sb, Without allowance for the limitations
on the interaction of the time, the heights of the peaks
A, turn out to be logarithmically infinite, as also in the
case b>1, If the time of interaction is limited to ¢,
then a rough estimate of the height of the peak can be
obtained by using the expansiont!?!

ln(ch—g— cos bt) =—g—ln2—22

s=1

Pt

cos sbt. (54)

8§

Substituting this expansion in the formula for A{?’ and
retaining only the resonant term (the sum of the nonres-
onant terms in A{!’ is close to A,), we obtain an esti-
mate of the maximum height of the s-th peak:

8AL ™ ~ %ln bt.. (55)

If, in particular, the interaction time is limited by the
departure of the ion from the interaction region, then
(see (47)) tx~b™ (M/m)*/? and

mazy 3 M
oA S M3 (56)
8s m s

With decreasing magnetic field, the relative value of
the s-th peak decreases because of the increase of A,
due to the shift of the given cyclotron resonance to the

FIG. 2. Plot of A,(x) at =0, 01,
The notation is the same as in .
Fig. 1.
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region of lower frequencies. The influence of the Cou-
lomb field on the collision process (which is not taken
into account in the Born approximation) leads to an addi-
tional decrease of the height of the peaks. This influ-
ence, however, is less significant than for quantizing
magnetic fields, owing to the increase of the effective
values of the impact parameters at b« 1. In any case,
it cannot lead to a vanishing of the peaks at
kT>hes>2Z*me'/h* (B>2*-10° G).

At b~1, the values of A, , can be obtained by numeri-
cal integration with the aid of formulas (30) and (31).
We present the results of the integration for Ay, at
b=10 and b =3 (Fig. 1) and for A, at b=0.01 (Fig. 2).
In the calculations we used formula (47), which takes
the ion motion into account.
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Interactions and bound states of solitons as classical

particles
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Gor’kii Radiophysics Scientific-Research Institute
(Submitted February 2, 1976)
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The interaction of localized nonlinear waves (solitons) is investigated. A theory is developed of weak

interactions whose energy is small compared with the total field energy. In this case, for solitons with close
velocities, the motion is described by the classical Newton equations with potential forces determined by
the structure of the field far from the maxima. Three basic types of interaction are distinguished; a
necessary criterion for the formation of bound states is given. In particular, the bound state of a pair of
solitons with tails with an oscillatory structure is investigated. The results are presented of experiments
with chains of nonlinear oscillators, in which oscillating solitons and all the types of interaction considered

have been observed.

PACS numbers: 03.65.Ge

1. INTRODUCTION

The question of the interaction of solitons has already
been studied, by analytical and numerical methods, for
a number of years, It has been found that, as a result
of the interaction of infinitely separated (for ¢ - — =) soli-
tons there remain (for ¢- +«) diverging solitons with
the same parameters as before the interaction (this
property has even been used to define solitonsf!?), At
the same time, there are now certain exactly soluble
equations which permit the existence of bound states of
two or more solitons, By means of numerical methods,
it has recently been made clear that solutions in the
form of unrestrictedly diverging and bound solitons are
characteristic not only of exactly integrable types of
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equations, 3! Thus, the numerical calculation carried
out in'¥! by Kudryavtsev for application to the Ginzburg-
Landau equation showed the possibility of the existence
of a bound pair of solitons, This question is interesting,
in particular, in connection with the possible interpreta-
tion of the solitons as field particles, However, up to
now there do not exist any general criteria determining
the character of the interactions of solitons,

As shown in the present work, this question can be
elucidated in a fairly general formulation applicable to
weakly interacting solitons, when at each moment of
time the total field differs little from the superposition
of the fields of the individual solitons, The most im-
portant case of weak interactions is realized when the
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