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Results of theoretical and experimental studies of the dynamics of the superradiance spectrum and the

physical mechanism responsible for the periodic fine structure in the emission of a superradiant laser are
presented. It is shown that the fine structure of the spectrum arises from nonstationary diffraction due to
time variation of the gain coefficient of the medium. Experimental data on a superradiant dye laser excited
by picosecond optical pulses are presented. A quantitative calculation of the magnitude of the fine structure
of the spectrum is in good agreement with experiment. The proposed theory can explain the space-

frequency structure of the near radiation field.

PACS numbers: 42.50.+q, 42.60.Eb

INTRODUCTION

Interest in the study of superradiance (SR)"-!°' rose
with the appearance of high-gain resonator-free lasers.
In SR lasers the emission is formed in one or two tra-
versals of the active region with a definite transverse
gain profile, In this connection the problem of the for-
mation of the spatial coherence of the emission arises.
Bespalov and Pasmanik™’ analyzed the establishment of
spatial coherence for the stationary case in the para-
bolic approximation and, using the reciprocal operator
method, found the asymptotic behavior of the spatial
correlation function. The effect of the unsteadiness of
the waves due to the difference between the group ve-
locities of the SR and pumping pulses on the formation
of the spatial coherence was investigated by Abdulin et
al."™) These authors found an asymptotic formula for
the correlation-function parameters that characterize
the spatial coherence of the beam and calculated these
parameters on a computer for finite distances from
zero to the diffraction length.

Distinctive features of the formation of pulsed SR
laser spectra are the high gain at the diffraction length
and the nonstationary character of the interaction of the
radiation with matter. Abrosimov'!’ and Ishchenko et
al.™ have shown experimentally that, within the region
of spatial coherence, the SR spectrum consists of equi-
distant components. A general property of the phenom-
enon, first noticed by Ishchenko ef al.,"®’ is that it -
takes place in solid and liquid media under excitation of
stimulated Raman scattering, *® in gas lasers, "*3* and
also, as we discovered, in the SR of rhodamin 6G solu-
tions excited by picosecond second harmonic neodym-
ium laser pulses. Studies of the dye SR also showed
that during the development of the emission, the total
SR spectrum narrows to an extent determined by satu-
ration,

The experimental facts indicate that the formation of
the SR spectrum is closely associated with the estab-
lishment of spatial coherence and the dynamics of the
saturation process, The purpose of the present study
is to obtain a consistent solution of such problems. The
theoretical results obtained are compared with experi-
mental studies of the SR of a dye excited by an ultra-
short second harmonic neodymium laser pulse and with
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the experimental data of Abrosimov'! and Ishchenko
et al. ™!

SATURATION AND SPECTRAL CHARACTERISTICS
OF SUPERRADIANCE

The fine structure of the SR spectrum, observed with-
in the limits of a single spatial coherence granule, %
disappears, and the SR spectrum becomes smooth, if
radiations from several granules simultaneously enter
the spectrometer. Digressing from the fine structure
of the spectrum, which is due, as is shown below, to
saturation and nonstationary diffraction, we shall in-
vestigate the contraction of the spectrum in the geo-
metric optics approximation. Let us consider the
change in the “instantaneous” spectrum of a lumines-
cence pulse, Let T be a time interval that is long com-
pared with the correlation time 7 of the light pulse but
is fairly short compared with the length of the pulse.
We define the instantaneous spectrum of the lumines-
cence pulse as follows:

14T

Em(t,z)=2;1Tj E(t,z)e™ dt. 1)

t-T

The function E (¢, z) varies slowly in times of the order
of the reciprocal width of the luminescence line and
satisfies the following equation in the approximation of
slowly varying amplitudes:

] 1 4 2nio
(—6;+TW) E.(t, z)=_c‘Pm(tvz)+jm(tvz)7 )

‘where f,(¢,z) is the spectral component of the random
force that describes the spontaneous transitions, P,
= waw,

oo (0, t—2z/1,)

x“’=x“,+i{x°”_ (4no/c) (H— jm,[u de ) ' @)

ag(w, t —z/u,) is the spectral profile of the gain coeffi-
cient corresponding to the resonance transition, I,
=c|E,|%/(an)? is the spectral density of the light flux,
n,, is the saturation parameter for the component of
frequency w, u and u, are the group velocities of the
SR and pumping pulses, respectively, and Xo= Xg+iXo'
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is the contribution of the nonresonant transitions to the
susceptibility. The saturation model adopted for the
formula reflects the basic features of the phenomena
under consideration, &7

Let us pass from Eq. (2) to the Fokker-Planck equa-
tion for the light flux spectral intensity distribution
function W, (I). Here w enters as a parameter. It is
not difficult to see that

3 10 P a¢ o
(EJ“TW) W,=—W{G.IW.}+D.H{IWW.}, 4)
_ ao(e, t—2/u,) _

T 1+ xl.de ¢ )

where @, is the spectral profile of the gain coefficient,
D, (t - z/u,) is the spectral intensity of the noise due to
the medium, and C=(4n/c)wx}’ is the nonresonance ab-
sorption coefficient. The subscript w on J, indicates
that the stochastic value of the spectral intensity corre-
sponding to frequency w is to be taken.

An idea of the distribution W, can be obtained by
analyzing the equations satisfied by the first moments
of the distribution function. Multiplying both sides of
the equation by I and integrating from zero to infinity,
we find that the spectral density of the radiation,

I.= JTIW.,(I)dI

satisfies the equation

7] 1 dy _ I (0, L—2/1.) _
— ), =1 —Cl,+D..
<U:. uw '/l)I § I 4-<nl> C} L (6)
in which
x> = I »l.do. : (7)

The appearance in the denominator of the gain coeffi-
cient of the average spectral intensity is quite reason-
able, since the intensity fluctuations already contribute
little to the saturation on account of the averaging over
frequency.

Equation (6) determines the development of the spec-
trum of the luminescence pulse. Let us integrate it for
the case in which the pulses have the same group ve-
locity, v=0, and the contribution from the intrinsic
noise of the medium is small as compared with the in-
tensity of the radiation incident on the boundary of the
active medium, D/a < I,. This assumption involves no
loss of generality in treating the development of the ra-
diation, but merely simplifies the calculation, since the
second term on the right in Eq. (6) can be neglected.
Let us transform to the variables z, £ =t —z/u, in Eq.
(6); then the integral

I.=Io.exp{!![j—°_‘fz—’;—§>l—-C] dz} (8)

gives the luminescence spectrum as a function of z and
¢. Here I, is the spectral distribution of the radiation
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at z=0. As is evident from Eq. (8), in the region of
exponential growth the spectrum of the pulse narrows
in accordance with the frequency dependence of the gain
coefficient, For Lorentz and Doppler line contours,
when a,(wy)z > 1, the spectrum narrows in accordance
with an (ay(wg)z)™'/? law (w, is the central frequency of
the active line). As az increases the narrowing be-
comes less rapid since the gain coefficient decreases
on account of saturation,

Assuming that the width Aw of the SR spectrum is
much smaller than the width Aw of the active line and
that the second derivative aj’(w,, £) is equal in order of
magnitude to 20y(w,, £)/(Aw)?, we obtain, using Eq. (8),
the expression

dz ] =

A—_m%'[ ao(mo,E).f ) ©)

Y NEERI

which describes the z dependence of the width Aw of the
spectrum, On account of saturation, the contraction of
the spectrum continues only to a certain limiting width

Aw,, which is equal in order of magnitude to

Aelln

sat

/Iy1",
where I, =1/%(w,).

SPATIAL COHERENCE AND TRANSVERSE MODES
OF AN SR LASER

To elucidate the physical phenomena associated with
diffraction it is sufficient to consider a two-dimensional
model, assuming that the gain coefficient is a function
of just one coordinate x and that the group velocities of
the pumping and SR pulses are equal, The spatial co-
herence of the SR is determined by the correlation func-
tion

I(z, 2|3 8)=<E(", 2, §) E(x, 2; E)), (10)

where E(x, z; £) is the slowly varying amplitude of the
radiation field, which, in the parabolic approximation,
satisfies the equation

a(z,§)
2

] @
(o

o B 5 ) =T E a5 8). (1)

The angle brackets indicate an average over realiza-
tions, and a(x, ) is the gain coefficient profile,

Using the Green’s function, the solution of (11) can be
expressed in terms of the field at the input end of the
SR laser. The latter is found analytically in the par-
axial approximation, in which

a(z, ) =ao(§) (1—-22"/a%), (12)

and has the formf1!

G(z,z'l2,8)=F(3,8)

Qo2 ie s 2ezy
X exp'{'z_+ sin (Zez/k) [(’ ta )°°S( % ) 2az ]}
e ' ik (B) 1"
= —F—= -[- . 13
F@d [ ni sin(2ez/k) ] o e® [ 242 (13)
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. The root in the last of Eqs. (13), which defines ¢, is
chosen so that Ime <0,

With the aid of formula (13) one can find an expres-
sion for the correlation function for a 6-correlated sig-
nal at the input:

[(2#15,8) =0 G B)exp{ — 5~ — 5 — iDoR }. (14)
=y

Here the function ®(z, £) is independent of the trans-
verse coordinate, R =(x+x')/2, p=(x-x')/2,

r. (2, &) =—4[ (Re A)*+(Im B)*]/Re 4,
R,~*(z, &) =—4[ (Re 4)*— (Re B)*]/Re A4,
D(z,%)=2[2 Im A Re A— (Im B)*]/Re 4;

7. is a characteristic dimension of the region of spatial
coherence, R, is a characteristic dimension of the
beam, and D is the phase of the correlation function.
The functions A and B are defined as follows:

2e(E)z

2e(3)
¢ e z).

k

A(z.§)=ie(‘{;)ctg( ), B(z,§)=ia(§)cosec(

Figure 1 shows the z dependences of »2/»2 and »2
R? normalized at »%=a?/4 for G, = ayl, =100 (I, =ka?/4 is
the diffraction length, 7,(0)=0, and R;'(0)=0). It is
evident from the figure that the size of the coherence
region increases monotonically with increasing z, while
the radius of the beam decreases, tending to the single
value D,/2 =a/2(G,)*'* for 2> 1,/VG,. The distribution
of the field on the cross section does not change for z
> 1,/YG, and is given by the formula

E(z,12; 8)=Eq(z, t) exp (—ea?), (15)

in which Ey(z, ¢) depends only on z and &.

Expression (15) is an example of a field configuration
(mode) that retains its form when propagating in a me-
dium with the gain coefficient a(x, £). A complete set
of transverse modes of the active channel is defined by
the eigenfunctions of the operator.

~ 1 0% a2t

(16)

and can be expressed in terms Hermite polynomials as
follows:

E,(x)=C.H,(Y2ex) exp (—ea*), (17)
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where C, is a normalizing factor. The eigenvalues cor-

responding to (17) are

}\n=—i%(2n'+1), n=0,1.2.... (18)

Functions (17) are not orthogonal, and they form a
complete set. In other words, an arbitrary solution of
Eq. (11) can be expressed as a linear combination of
functions (17) with coefficients independent of x. Let
us expand an arbitrary field of the SR laser in the eigen-
functions (17). Then the solution of Eq. (11) takes the
form

E(I,z;§)=i‘€,(0)E"(z)exp[ (%4—1..);]. 19)

N0

where the C,(0) are constant coefficients determined by
the field E(x, 0; £) at the boundary of the active medium.
Owing to the difference between the gain coefficients for
two successive modes, the increase in the amplitude of
each higher mode on propagating through the distance

z =2l,,/w/Ed is less by a factor e than the corresponding
increase in the amplitude of the next lower mode. Thus,
the relative weights of the higher modes in expansion
(19) decrease as a result of the higher diffraction
losses. Asymptotically, only the zeroth mode remains
when z>1,/VG,, and spatial coherence is fully estab-
lished.

FINE STRUCTURE OF SR-LASER SPECTRA

Experimental studies of the spectra of the radiation
from regions of spatial coherence (granules) at the face
of an SR laser have shown that the SR spectrum has a
quasiperiodic fine structure,+%*! The period of the
fine structure corresponds to the coherence time of the
SR laser radiation. !

The real parts of the eigenvalues of the operator R
determine the gain coefficients for the corresponding
modes (@, = @, +2 Re),, where Re ),<0) and describe the

_ diffraction losses, which increase with increasing mode-

number n. The imaginary parts give the phase shifts,
which depend on the distance:

Agn=—ImAnz = zj—w_,,(nwz). (20)
2y

The phase shift of the field of the »-th mode follows
from the Huygens—Fresnel principle. The vectors in
the complex plane that describe the contributions of the
secondary waves from elementary areas (Fresnel zones)
turn through angles that depend on the optical path and
the mode number. The resultant vector, which deter-
mines the resultant field of the n-th mode, turns
through the angle (20). For a pulsed SR laser, the
phase of each mode changes with time, and the n-th
mode suffers a frequency shift proportional to ». The
power of the SR emission beats at the difference fre-
quencies. Because of the saturation effect, these beats
are shifted according to the gain coefficient and phase
shift of each of the modes.

Let us examine this process within the limitations of
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perturbation theory. We expand the field in a functional
series in the transverse modes of the active wave guide
and introduce the correction term due to saturation,

U(z,5)E=—"/sa(£) (1—22%/a*) »IE, (21)

on the right in Eq. (11). Using the properties of the
Hermite polynomials, it is not difficult to obtain the

following set of coupled equations for the coefficients
of the expansion functions:

dC.(z)
dz

=(F+m)e@+ Y tumt@e@ae), (22

Lmk .

where the U, ;7 are the matrix elements of the per-
turbation operator (21).

It is evident from Eq. (22) that the nonlinearity leads
to two effects: 1) a change in the increments and phase
shifts of the complex amplitudes of the individual modes;
and 2) a redistribution of energy among the modes. Let
us consider the case in which the nonlinearity becomes
appreciable at distances z21,/VG,. By that time the
field is represented mainly by the zeroth mode.” Terms
proportional to the matrix elements Uy, oz; = Up, ;56 CON-
tribute to the change in the increment of the zeroth
mode. The transfer of energy into this mode is deter-
mined by the matrix elements U 115, Up, 131, etc., i.e.,
by terms of the next higher order in the perturbation
parameter. The change in the amplitude C,(z) takes
place in a similar manner, and only for C,(z) does the
source proportional to U, g5 turn out to be significant.

An elementary estimate of the contribution of satura-
tion to the change in the increment of the zeroth mode
shows that the diffraction losses become comparable
with the correction to the gain coefficient when «I~1/
VG,. For the higher modes (r >2) the matrix elements
are so small that the change in the increments due to
saturation can be neglected. Thus, when the intensity
I../VG, is reached, the losses in the higher modes are
comparable with those in the lower ones and the rate of
formation of spatial coherence falls.

The further development of the radiation consists in
transfer of energy from the zeroth mode to the second
mode. Assuming that C,=R,e'*", let us find the con-
tribution to the amplitude R, due to energy transfer up
to the time when saturation just begins to play a part:

Re[Uz,nio] Ro’(z). (23)

Ri(2)= a—2Relo

From Eq. (23) it is evident that the induced part of R,
becomes comparable with the value due to the boundary
conditions at the input face of the SR laser when ®I~0.1.
Subsequently, R, continues to grow until it becomes of
the order of R;. Then energy exchange between even-
numbered modes, accompanied by an increase in the
angular spread of the radiation, becomes important.
The phenomenon under discussion has been observed
experimentally by Ishchenko et al. !

An important new factor characteristic of SR under
saturation conditions is the establishment of definite
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‘phase relations among the even modes.

As a result
there arises a regular amplitude~phase modulation.
Let us illustrate this by a calculation of the correction
to ¢, proportional to the product of R, and expression
(23):

dpo=¢sin {[Im (A:—Ao) +e& (ctg—2 Re Ao) ] 2+6}, (24)

where ¢ is a numerical factor approximately equal to
0.0178. The modulation depth ¢ and phase shift 6 are
found from the equation

- 2Uo,ziu—Uo.,uin
2 (cto+2 Re Ao) i Im (ha—Ao)

2,18

qe

R:(z)Ro(2).

The SR pulse changes the inversion in a time of the or-
der of 7. Then the phase (20) changes with a frequency
of the order of

Ao=2z[Im (}.—A¢) ]/t=82/tkD¢, (25)

if ®z<100. An estimate of the modulation frequencies
according to the formula is in good quantitative agree-
ment with the experimental results of'*3!, Estimating
the size of the spatial coherence region with the for-
mulas of the preceding section, we find that under
Abrosimov’s experimental conditions'!! the theoretical
value is Aw=0,003"; The experimental value is 0.003.
The corresponding figures for the work of Ishchenko et
al.®! are 0.054 and 0.058, respectively. The experi-
mental results for the dye SR are presented below.

EXPERIMENTAL STUDY OF A PULSED SR DYE
LASER EXCITED BY AN ISOLATED PICOSECOND
PULSE

For an experimental test of the theoretical conclu-
sions we investigated the SR excited in a dye solution by
a traveling ultrashort pulse (USP). The picosecond (5
psec) second harmonic pulse produced a traveling in-
version pulse in a rhodamin 6G solution. With pumping
throughout the entire length (=10 cm) of the cell con-
taining the dye solution at a concentration of 10'® cm™3,
the product of the gain coefficient by the length reached
values of 10-20. The traveling inversion pulse formed
an SR pulse with a small angular spread ((3-5)- 107
rad) and a broad (300 cm™) frequency spectrum at a
frequency of 17850 cm™, The conversion factor for
USP energy into SR radiation reached 5%. The cross-
section area of the SR beam was 10 cm?, Measure-
ments with an ultrafast optical gate' of the duration of
the SR pulse gave a value of 10-15 psec and made it

AW, cm™?
500 %
FIG. 2, Width of the SR spectrum
at the exit from the cell vs time
290 1= reckoned from the pumping pulse.
! 1
d 4.5 g
T, pséc
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54614

possible to estimate the total SR power density as 108
W/cm? at the exit face of the laser. The SR intensity

at which saturation of rhodamin 6G sets in is 10® W/cm?.

Hence the SR pulse was formed under nonlinear condi-
tions.

Using a spectrum-time analyzer consisting of an
ultrafast optical gate and a spectrograph, 51 we investi-
gated the dynamics of the SR spectrum. The spectrum-
time development of the SR pulse for each separate shot
was recorded on an RF-3 photographic film. The re-
sults on the spectrum-time behavior of the SR are pre-
sented in Fig. 2, which shows the contraction of the in-
stantaneous SR spectrum obtained by measuring the
spectrum-time recording with a photometer. The ex-
perimental points give the width of the SR spectrum at
different times with respect to the second harmonic
pulse exciting the dye. As is evident from the figure,
the greatest contraction of the spectrum is reached 9
psec after arrival of the pumping pulse. The time T,
=9 psec corresponds to the vibrational relaxation time
of rhodamin 6G. %! The theoretical curve was calcu-
lated with formula (9), it being assumed that a,(t) was
proportional to 1 — exp(= £/T,;)-

To investigate the fine structure of the pulsed SR
laser spectrum, the radiation was focused onto the slit
of an ISP-51 spectrograph equipped with a UF-90
camera, using a long focus (F=1 m) lens mounted at
the focal distance from the slit. Typical experimental
spectra corresponding to different SR intensities and
different pumping beam profiles are shown in Fig. 3a
and b, The spectrum of Fig., 3a was taken with a beam
having a smooth Gaussian profile. Fine structure with
a minimum period of 2 cm™ can be seen. Formula (25)
gives the same result for the period of the fine struc-
ture. The spectrum of Fig. 3b was excited by pumping
with a beam having an irregular profile and is there-
fore scattered. We note that a similar situation is ob-
served in gaseous lasers'® pumped with a traveling
transverse discharge. We also investigated the spatial—
frequency structure of the SR spectrum in the near field
(Fig. 3c). According to the theory developed here, in
addition to the modulation there should be a frequency
_shift of the radiation on moving away from the axis of
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FIG. 3. Fine structure of the SR
spectrum of rhodamin 6G: a) recorded
with a smooth Gaussian pumping-
beam profile, b) recorded with an ir-
regular pumping-beam profile, c)
space=-frequency structure of the
spectrum.

the beam, described by the exponential in formula (17).
As a result, a spectrum line in the near field should be
curved. The observed curvature of the lines in Fig. 3¢
is in gualitative agreement with the theory.

CONCLUSION

The theory of SR lasers presented above makes it
possible to explain the formation of the spatial coher-
ence of the radiation, the dynamics of the contraction
of the spectrum, the effect of saturation on the angular
structure of the beam, and the quasiperiodic fine struc-
ture of the emission spectrum. The explanation of the
fine structure of the spectrum by nonstationary diffrac- -
tion is applicable to any pulsed laser with a large total
gain (product of the gain coefficient by the length) and a
limited profile of the active region. The agreement be-
tween the theoretical and experimental results for such
diverse media™'*®! and excitation mechanisms and such
different ratios of relaxation times to pumping pulse
length permits us to assert that the fine structure of the
SR spectrum and stimulated Raman scattering is due to
nonstationary diffraction.

The authors are deeply grateful to S. A. Akhmanov
for valuable discussions, advice, and critical remarks.

Ufrequencies are given in reciprocal centimeters.
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Effect of a strong electromagnetic wave on the radiation
emitted by weakly excited electrons moving in a magnetic

field
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A quantum-mechanical treatment is given of the spontaneous emission of radiation by electrons moving in
a constant uniform magnetic field and the field of a circularly polarized plane wave propagating in the
direction of the magnetic field. Electrons occupying low-lying levels n =0, 1 are considered. An analysis of
the emission probability is presented. The behavior of spin during the emission process is considered and it
is shown that the n =1 state with the electron spin lying along the magnetic field is stable against a

transition to the n =0 state.

PACS numbers: 03.65.—w

There has been undoubted recent interest in the in-
teraction between a strong radiation field and electrons
moving in a magnetic field. Spontaneous emission by
electrons in fields of this configuration is of particular
interest since such problems arise in calculations in-
volving lasers, electron excitation, behavior of electron
spin, and so on. In many respects, these problems are
analogous to those arising in connection with the inter-
action between radiation and systems of atoms or mole-
cules. The latter subject was reviewed in‘'!, The
spontaneous emission of electrons moving in a constant
uniform magnetic field and the field of a plane wave
propagating in the direction of the magnetic field can be
investigated in the greatest detail. This is so because
the Dirac equation for an electron in a field of this kind
has been solved exactly, [’

Individual problems connected with the properties of
radiation emitted by a relativistic electron in.fields of
this kind have been treated by the methods of classical
electrodynamics in‘'™3!, In particular, Bagrov and
Khalilov®®! have derived the combination spectrum of
frequencies emitted by an electron, and have obtained
expressions for the spectral and angular distribution of
the emitted radiation, and for the total radiated power.
They also investigated the polarization of the emitted
radiation., An analysis of the total cross section for the
scattering of a strong wave by plasma electrons in a
magnetic field, taking into account deceleration by radi-
ation, is given in''*!, Some aspects of this problem
were considered quantum-mechanically in®=11, in
which equations were obtained for the radiation frequen-
cies, and the problem of scattering of a weak wave by a
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relativistic electron in a magnetic field was investigated.
In addition to the relativistic case, there is considerable
interest in the interaction between a strong electromag-
netic wave and electrons occupying low-lying energy
states in a magnetic field. This interaction and the as-
sociated electromagnetic emission by electrons are in-
vestigated in the present paper. In particular, we re-
port an analysis of the properties of the radiation emit-
ted when an electron undergoes transitions between the
n=0,1 levels. The effect of the field due to a strong
wave on the behavior of the electron spin in this pro-
cess is also discussed.

Consider a charge ¢ moving in a uniform magnetic
field H parallel to the z axis and the field of a circularly
polarized plane wave propagating alo: 'he z axis with
frequency w, =cn,y and electric-fiei amplitude E, (g=1
and g =-1 will correspond to right-handed and left-
handed polarizations, respectively). The wave function
that is the exact solu ion of the Dirac equation is
known®®! and c... be written in the following form in
terms of the two-uimensional Pauli matrices o:
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