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Coherent effects in superconducting bridges of variable 
thickness 
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Coherent microwave phenomena in thin·film superconducting tin junctions of "variable" thickness are 
investigated experimentally. It is shown that the dependence of the superconducting current on phase 
difference, which is approximately harmonic, is preserved up to the limiting junction dimensions, which 
exceed the coherence length by several times. Some features of the coherent phenomena, which manifest 
themselves when the relative dimensions of the junctions and the conditions for the transition from the 
resistive model to ordered motion of Abrikosov vortice in the film are varied, are elucidated. The 
experimental results are compared with current theoretical concepts. 

PACS numbers: 74.50.Tk 

The possible existence of the Josephson effect in 
superconductor-constriction- superconductor junc­
tions with small cross sections (a« ~) was first demon­
strated theoretically by Aslamazov and Larkin. Start­
ing from the Ginzburg-Landau equations, they have 
shown(l) that the Josephson effect can be due in this 
case to a redistribution of the current I among the nor­
mal and super conducting components without breaking 
the Cooper pairs. According to Aslamazov and Larkin, 
near the critical temperature Te, at currents not great­
ly exceeding the critical value Ie, the current in the 
junction region is 

/=/0+1,= l"/R+I, sin ",. 

drp!dt=2eV/fl. 
(1) 

In and Is in (1) are the currents of the normal and super­
conducting electrons, V is the voltage across the junc­
tion, R is the junction resistance in the normal state, 
and q; is the phase difference of the wave functions of 
the super conducting electrodes. A relation of the type 
(1) in super conducting point contacts and in film bridges 
of small size was confirmed many times in experi­
ment. 1) 

At the same time, phenomena typical of Josephson 
junctions, for example the appearance of current steps 
on the current-voltage characteristics following appli-
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cation of microwave radiation, are observed in super­
conducting point junctions and film bridges having 
transverse dimensions much larger than ~. [2,3) These 
phenomena are attributed to the formation and coherent 
motion of magnetic-flux quanta (vortices) in a direction 
perpendicular to the transport current. A detailed 
analysis of the vortical motion in such junctions was 
carried out in a number of studies. (4,5J It is impossible. 
to obtain in this case a simple analytiC relation similar 
to (1), although the very concept of coherent vortex mo ... 
tion turned out to be quite productive when it came to 
explain the properties of large-size junctions. 

A theoretical analysis of the conditions for the change 
of the model (1) and the transition to the concept of co­
herent vortex motion when following a change in the 
weak-coupling geometry has been carried out in the 
last few years (see, e. g., (6J). The variable parameters 
are in this case usually the geometric dimensions of the 
junction relative to characteristic parameters such as 
the coherence length ~ or the penetration depth fiL of 
the perpendicular magnetic field into the film. One of 
the most interesting conclusions(6.7J is the existence of 
"limiting" dimensions; when these are exceeded, a 
qualitative change takes place in the character of the' 
dynamic processes in the weak-coupling region. 

In the experimental studies known to us, (e,9J the con-
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ditions under which deviations take place from the de­
pendence of the super conducting current on the phase, 
similar to (1), have been established numerous times, 
but were not studied in detail. In this study we have 
investigated experimentally coherent effects in thin­
film superconducting bridges with geometry that is 
variable relative to ~ and (\, for the purpose of ascer­
taining the conditions for the transition from the model 
of type (1) to coherent vortical motion, and with an aim 
at comparing the results with contemporary theoretical 
concepts. 

EXPERIMENTAL PROCEDURE 

To solve our problem in principle it is very conve­
nient to use thin-film superconducting bridges. Bridges 
of constant thickness films (Dayem bridges), in which 
this transition were investigated, [9,10) are not very 
suitable for this purpose. When the current in such a 
bridge is increased, the region in which nonlinear ef­
fects come into play expands, so that the geometric di­
mensions do not coincide with the electrodynamic di­
mensions. In addition, for a study of vortical motion 
in bridges, it is of considerable interest to use broad 
and short bridges (with length L smaller than the width 
W). [3) It is impossible to obtain this case for Dayem 
bridges because of the strong dependence of the effec­
tive length Le on the width. (By effective length Le we 
mean here the distance in the current direction over 
which jc 2: jOL, where jc is the critical current density 
in the bridge and jOL is the density of the pair-breaking 
current in the conducting film of the banks. Le 
- max{L, W} for Dayem bridges.) To obtain a distinct 
spatial localization of the nonlinear effects we chose 
therefore a bridge with "variable" thickness, [4) with a 
film thickness much less than that of the bank film. 

We have investigated tin bridges of rectangular shape 
with length L'" O. 4-8 J1., width W'" 0.8-30 J1., bridge 
film thickness d'" 100-1000 A, and bank film thickness 
db'" (2-5)x 103 A. The samples were prepared by two 
different procedures. [3,11) The procedure used to pre­
pare the CS series of samples[l1) yielded small bridges 
(L - 0.5 J1., W -1 J1.) with practically identical proper­
ties. To obtain bridges with L > 1 J1., however, it was 
necessary to use the procedure for the preparation of 
K-series samples, [3) since the procedure ofUlJ could 
not yield bridges that are long enough and are suffi­
cientiy homogeneous over their length. 

The current-voltage characteristics (CVC) were 
measured in the temperature interval 4-2 OK. The 
relative temperature was measured accurate to 10-3 OK. 
To match the bridge impedance to the external elec­
trodynamic system, the sample was connected in the 
central lead of a two-half-wave coaxial resonator and 
placed at the midpoint. The microwave-generator fre­
quency was chosen equal to the resonant frequency of 
the resonator, iT =9. 85 GHz. To decrease the harmful 
effect of external induced nOise, permalloy screens 
were placed around the helium cryostat, and LC filters 
were connected in the dc circuit. 

The bridge-film parameters were determined in the 
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following manner. The bridge resistance R at room 
temperature can be calculated from the resistance of 
the entire sample, putting RsamPle =R +Rbk +Rleal" where 
Rbk is the resistance of the bank film. The leakage re­
sistance was determined from the expression 

(2) 

where D is the smaller of the two quantities, half the 
substrate thickness or the distance to the contact. In a 
variable-thickness bridge one adds to this quantity the 
contribution from the leakage of the current over the 
thickness of the edge film (from d to dhk ). This con­
tribution amounts to -10-1 of Rleak (2) for a width W-1 J.I 
and decreases with width like l/Wln(DIW). 

The bridge resistance RN at helium temperature was 
usually determined from CVC that had clearly pro­
nounced sections with constant differential resistance 
Ra = const (see Fig. 4 below). In the case when the evc 
of the bridge had several sections with constant Ra, the 
value of RN was assumed to be equal to the Ra corre­
sponding to the region of small voltages and currents. 
The correctness of this choice was confirmed by an 
estimate of RN from R(T) (see the insert in Fig. 4a). 
It is possible that the existence of a constant differen­
tial resistance not equal to the bridge resistance at high 
voltages is connected with the start of disintegration of 
the bank sections adjacent to the bridge. 2) 

The film thicknesses were determined from the re­
sistance RlJo of a square of film at room temperature 
and from the residual resistance R~2 at helium temper­
ature, in accordance with the method described by 
Harper and Tinkham[12) (assuming a phonon reSistivity 
PPh=11.5x10-60-cm). 

The residual electron mean free path in scattering by 
impurities, Ab , was determined from the values of R 300 

and R4.2 of the film. Assuming that the Matthiessen 
rule holds for our films, we have 

(3) 

where Aph =95 A is the electron-phonon mean free path 
at 300 OK. This estimate is correct when the film thick­
ness greatly exceeds Aph, and was used to determine 
the mean free path in the shores. In the bridge film, 
the mean free path A was estimated3) with account taken 
of the scattering from the boundary, using the for­
mula(13) 

/ [ 3 .\, ] 
.\=.\, 1 +Sd (1-p) , (4) 

where p is the fraction of the electrons specularly re­
flected from the boundary. The value of p was esti­
mated from a comparison of the resistivities of the film 
and of the bulk material in accord with the formulas de­
duced from Fuchs's theory (see, e. g., (3)). In our case 
p '" O. 5 for the films of the bridge and of the banks. 

According to Gor'kov's calculations, [14) the scatter­
ing of electrons by impurities leads to a change in the 
value of x = 6/~, which can be expressed in terms of xo 
for the pure material: 
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TABLE I. 

Bridge IL, I' I :. 1«0). A I 
CS-216 0.4 0.8 0.1 610 0.2.7 3.78 
C8-8 0.6 1.2 0.06 940 0.14 3.77 
C8-1,3 0.6 1.5 0.065 800 0.17 3.67 
CS-31 0.7 0.8 0.7 830 0.87 3.76 
K-4Jt.· 1.5 7 1.1; 490 5.8 3.81' 
K-ID 2.5 11 M 990 2.2 3.84 
K-46 6 28 0.96 570 3.9 3.84 

(J is the conductance of the material in the normal state, 
6L (0) is the London depth of penetration of the magnetic 
field at T = 0, and ~o is the coherence length of the pure 
material at T=O. The function X(p) tends to unity as p 
-0 and to 1. 17p-1 as p_oo. In the range ~o/A=o to 10 
we can approximate X(p) with accuracy better than 6% 
by the expression[151 

x(p) =[ 1+0.76s,/A)-'. (5) 

Substituting the proposed approximate formula for X(p) 
in the expressions for ~ and 6~, and taking the relation 
between 6L (0) and (J into account, we get 

~, ( T, )',. 
s(T)=0.74 (1+0.76;,/;\)'1, !'!T ' 

Il.l. (T) =0.83 (1+1.32;\/s,)R~· / t:.T. 

tl T = Te - T. Table I lists the values of ~(O), 6~tl T, 
and other bridge parameters. 

EXPERIMENTAL RESULTS' 

(6) 

(7) 

Figure 1 shows plots of the critical current Ie against 
the relative temperature t = TIT e for several typical 

o.~ 

0.3 

0.2 

0.1 

0.8 0.9 
t=T/Tc 

1.0 

FIG. 1. Temperature dependences of the critical current for 
three samples: o-K-46, o-K-80, tl-CS-13. Solid line-theo­
retical plot for the resistive model, [11 dashed-for the vortex':' 
motion model. [41 
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FIG. 2. Plots of the critical current and of the amplitudes of 
the first two steps, for the sample CS-13 at three different 
temperatures, vs the level of the incident microwave power. 
The critical current Ie' the relative temperature t, and the 
ratio of the voltage V, corresponding to the microwave fre­
quency to the characteristic voltage VO =1,!lN are given by: 
a) 1e=0.88 rnA, t=0.975, V,/Vo=0.34; b) 1e=2.04 rnA, t 
=0.910, V,/Vo=0.14; c) 1e=3. 9 rnA, t=O. 872, V,/Vo=0.08. 

bridges. The experimental values of Ie were normal­
ized to the theoretical value obtained by Ambegaokar 
and Baratoff[161 for the critical current at zero tem­
perature, Ie(O) = 1Ttl(0)/2eRn (where tl(O) = 1. 76kTe). 
Such a normalization is convenient because the value of 
Ie(t) given by Ambegaokar and Baratoff coincides in the 
region t - 1 with the theoretical Ie(t) obtained by Asla­
mazov and LarkinU1 in the "dirty" limit[16, 11 and from 
the vortex model, [.1 as shown by the solid and dashed 
lines in Fig. 1, respectively. The plot of le(t) for the 
vortex model[41 is drawn in the region of applicability 
of this model for the sample K-46. 

A change in the slope of le(t) is observed for the 
bridge eS-13 at t <0. 9. The dependences of the critical 
current and of the heights 11,2 of the first two current 
steps of the eve on the power level P of the incident 
microwaves, are shown for the same bridge in Fig. 2. 
It is seen that lowering the temperature causes a grad­
ual change in the form of the curves, and in particular 
a vanishing of the zero-voltage minima of the oscilla­
tions. 

Figure 3 shows analogous I e• 1(pl/2) plots for a K-80 
bridge at two different temperatures. Attention is 
called to the qualitative difference between these curves; 
below a certain threshold temperature, the oscillations 
of the critical current and of the steps vanish abruptly 
in the microwave field. The change.of the character of 
the function l e•1(pl/2) of the K-80 bridge is not accom­
panied by a noticeable change in the slope of the plot of 
the critical current against the temperature. 

Figure 4 shows a family of eve of the eS-13 bridge 
as functions of the temperature. This family is typical 
of the small bridges investigated by us. 
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FIG. 3. Plots of the critical current and of the amplitude of 
the first step vs the level of the incident microwave power for 
the sample K-80. The dashed lines show the section on which 
the critic~ current and the jump steps vanish. a) Ie = 63 /lA, 
t = 0.994, V/Vo = O. 76; b) Ie = 292 !lA, t = 0.975, V,/Vo = 0.16. 

DISCUSSION OF EXPERIMENTAL RESULTS 

We note first that to determine the conditions under 
which the Josephson effect appears in bridges, it is im­
portant to determine not the absolute values of their 
geometrical dimensions, but the relative ones, as com­
pared with the characteristic parameters. In our ex­
periments we varied ~(T) and 6L (T) of samples with 
different dimensions by changing the temperature. 

Let us discuss first the results obtained for the bridge 
CS-13. As seen from Fig. 1, in the region t;:; O. 95, 
when the bridge dimensions are LS W) and W ~ ~(t), the 
linear character and the slope of the experimental Ie(t) 
plot agree with the theoretical ones. 4) [1] In the same 
temperature region, we observe oscillatory dependences 
of Ie and of the current steps on the microwave power 
level (Fig. 2); although the agreement between the 
curves calculated earlier[17) and the experimental 
Ie,l,z .. Jpl/Z) curves is not complete, the zero minima of 
the oscillations of I e ,l,Z indicate that the higher harmon­
ics (of the sinmcp type, where m >1 is an integer) make 
a small contribution to the function Is(cp). 5) The ratio 
of the oscillation periods of Ie, 1, 2 in this temperature 
range are also in good agreement with the calculation. 

With decreasing t, the Ie(t) plot of the CS-13 bridge 
deviates from a straight line. This deviation is most 
likely due to the non-uniformity of the current distribu­
tion over the bridge cross section. Calculation[18) has 
shown that a non-uniform distribution of the current 
over the width changes the slope of Ie(t) by about 10% at 
W = 1T6 J, where 6 J is a parameter that depends on the 
electrodynamic properties of the bridge and of the 
banks. In the bridges investigated by us 6 J '" ( 6 LL )1/2 . [18) 
For the CS-13 bridge a 19% change in the slope of Ie(t) 
occurs in the regiont=0.89, where W/6 J ", 3, ingood 
agreement with the theory. 

When the current is not uniformly distributed over 
the bridge width, it is necessary to take into account 
the appearance of an additional phase difference in Is(cp), 
due to the currents flowing from the center to the edges 
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of the bridge. A qualitative analysis of the results of[181 
shows that this is equivalent to increasing the influence 
of the highel'" harmonics in the integral dependence of 
superconducting current on the phase, at least if the 
non-uniformity is small. In turn, the influence of the 
higher harmonics on Is(cp) eliminates the zero-voltage 
minima of the oscillations of the critical current and of 
the steps as functions of the microwave power. [17) This 
deformation of the functions Ie,1,2(pl/Z) has been ob­
served in experiment; it is clearly seen on Fig. 2. The 
temperature at which non-zero voltage minima appear 
corresponds to the temperature at which the change of 
the slope of Ie(t) begins. 

The appearance of higher harmonics sinmcp in the 
function I.(cp) may be due6) also to an increase of the 
relative length L/~. Estimates[17,19] show, however, 
that the deviation of the first minimum of the oscilla­
tory function Ie(Pl/Z) from zero does not exceed 3% even 
atL/~"'3. 

In contrast to CS-13, an abrupt vanishing of the os­
cillations is observed in the K-80 bridge when a thresh­
old temperature 0.97 <tthr <0. 99 is reached. This in­
dicates a strong qualitative change of the form of the 
Is(cp) dependence (see Fig. 3). In this case 3<L/~<4. 

As shown in[6, 19], bridges with variable thickness 
should have a critical length Le that depends in the gen­
eral case on W (in bridges of sufficient width (W / ~ 
2:10) we have Le"'3.49~(T», and Abrikosov vortices 
can be produced in the bridge when this critical length 
is exceeded. [6] This is accompanied by an abrupt tran­
sition from an unambiguous relation such as Is =Ie sincp, 
and consequently from oscillations of Ie,l,Z(pl/Z), to a 
multiply valued Is(cp) function that is therefore compli­
cated by virtue of its nonlocal character and is accom­
panied by a non-oscillating variation of the current 
steps in the microwave field, a variation typical of co­
herent vortical motion. [3] In this transition there should 
be no noticeable change in the slope of Ie(t), [4,19] and the 
Ie(t) plot itself should lie between the theoretical curves 
of Aslamazov and Larkin[1] and of Likharev. [4] This is 
confirmed by the experimental results for the K-80 
bridge (see Fig. 1), for which, according to the esti-

2] R,n 

,00 ~,=.",j ' .. 0,1 
/" o.or 

.~ 
,]65 J,7 1. 7S M 

i.K 

200 

Z.972 
T"-Z.71J/'. 

5 8 1, rnA 
a 

FIG. 4. a) Family of eve of sample eS-13 in enlarged scale 
(characteristic voltage V ~ 100 /lV) with variation of temperature. 
The insert shows the change of the bridge resistance R(T) as a 
function of the temperature at a measuring current 1=5 /lA; b) 
eve family in small scale (characteristic voltage V ~ 20 /lV). 
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FIG. 5. Variation of the relative bridge dimensions with chang­
ing temperature: .-relative dimensions at which the oscilla­
tions of I e•1•2(Pt/2) have zero-voltage minima; o-there are no 
zero-voltage minima of the I e•1•2(pl/2) oscillations. with 
I e(Pt/2)/Ie(0»::, 0.03; Ll.-current steps are present. but there 
are no oscillations of I e•1•2(pl/2). The dashed lines correspond 
to the change of the parameters of one and the same sample 
with changing temperature. The solid line shows the boundary 
of the region of existence of Abrikosov vortices in the bridge 
according to(6). The insert shows the region of applicability of 
the relative bridge parameters when the width is normalized 
0,,= (0!£)1/2. 

mates, the current region of the transition from the 
resistive to the vortex model occupies the temperature 
interval 0.B4<t<0.99B. At the same'time, the tem­
perature dependence of Iem of the K-46 bridge, as seen 
from Fig. 1, is in good agreement with the theoreti­
cal C41 slope of Ie (t) obtained when the conditions ~«L 
« W« oJ. for the vortical model are satisfied. These 
conditions are satisfied for the K-46 bridge at t <0.99. 

The general situation observed when the relative di­
mensions of the bridges are changed is illustrated in 
Fig. 5. It shows the experimental results of the tem­
perature variations of the bridge parameters and at the 
same time their behavior in a microwave field. Since 
the length and width are normalized in the diagrams of 
Fig. 5 to the values of ~ and 0", which have identical 
temperature dependences, all the trajectories of the 
bridge parameters are parallel to the diagonals of the 
diagrams. Figure 5 shows also the boundary of the re­
gion, calculated inC61, in which a solution of the two­
dimensional problem of the current and field distribu­
tion in the form of an Abrikosov vortex exists for a 
variable-thickness bridge. According to the calcula­
tion, CSl the vortices can exist in the bridge only when 
the parameters lie above this limit. It is seen that the 
temperature region where the oscillations of Ie• l (P 1I2 ) 

vanish for the K-BO bridge correspond exactly to pas­
sage through this boundary. For the bridges K-41 and 
K-46, the parameters of which lie in the region above 
the boundary, there are no oscillations of I e• l (p l / 2 ). 

It is interesting to note that the eS-31 bridge reveals 
a similar gradual deformation of the oscillatory varia­
tions of Ie• l •2(p1l2) as in the eS-13 bridge. In contrast 
to the eS-13 bridge, however, the uneven distribution 
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of the current over the cross section is much less for 
the eS-31 bridge, since the condition W/oJ <1 is satis­
fied for this bridge in the entire investigated tempera­
ture region (see the insert in Fig. 5). In all probability, 
the change in the Ie• l•2(pl/2) dependences is connected in 
this case to a considerable degree with the change of the 
bridge length. As shown inC7• 19l, if the current is uni­
formly distributed over the cross section, an increase 
of the bridge length in the region L;:: 3. 5 ~(T) leads to 
Ginzburg-Landau pair breaking and to a monotonic de­
crease of the amplitude of the Josephson generation in 
proportion to 1/L, owing to the appearance of an am­
biguity in the function Is(({J), which should be accom­
panied by a gradual distortion of Ie• 1•2(p1/2). 

Thus, the, previously obtained theoretical re­
sultsC1,4,6.7.191 are confirmed by experiments. We note 
that the calculations inc 1. 191 were made on the assump­
tion that the order parameter in the banks remains con­
stant and equal to its equilibrium value. Tliis assump­
tion is satisfied if the effect of destruction of the super­
conductivity of the banks is small enough when the crit­
ical current of the bridge is reached, i. e., under the 
condition Ll. L '" t(Le - L)« ~,L; Ll. L was determined 
from the formula Ll.Lr::: (Obt/oj2(~bt/L)d, which is valid if 
Ll. L « min {~k' dbk}; in the opposite case we have Ll. L ' 
r:::(Obk/ohd/dbk)(~bk/L)W, where ~bt' 0bt' and dbt are the 
corresponding parameters for the shore film. For all 
the bridges reported here, the condition AL/~<0.1 
was satisfied, so that a comparison of the results with 
the calculations OfC1,191 is quite correct. 

Let us examine in conclusion the temperature depen­
dences of the eve of small bridges (Fig. 4). Without 
discussing the details of the eve, we note the follOWing 
features: 1) in contrast to formula (1), the eve of the 
bridge become straight lines at I» Ie, and these lines 
are shifted relative to the eve for the normal state; 2) 
in the region of small V, when the temperature is low­
ered, hysteresis jumps appear in the voltage; 3) at 
large V, on the order of several hundred microvolts, 
dV / dI undergo strong changes that shift towards larger 
V with decreasing temperature, like (AT)1/2. 

The existence of the first Singularity was observed 
by us earlierC201 and was expiainedCZ11 by taki, into ac­
count, in the model of Aslamazov and Larkin, 11 the 
finite relaxation time of the order parameter in the 
weak-binding region; this however, does not affect the 
periods and the existence of zero minima of the 
Ie, 1, Z (P liZ) oscillations at currents that do not exceed 
greatly the critical value. Our previous conclusions 
remain therefore in force. The singularities of the sec­
ond type were observed in bridges also by other investi­
gators. These voltage jumps in the region of small V 
are attributed inC91 to vortex motion, and the region of -
existence of the vortices is revealed by the appearance 
of a voltage jump with decreasing temperature. No es­
timate was made inC9J, however, of the local heating of 
the bridges because of the imperfect cooling, nor was 
account taken of the possible appearance of voltage 
jumps on account of thermal processes (these effects 
were investigated in bridges, e. g., by Tinkham and co­
workersC2Z1). We therefore regard as more correct the 
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estimate of the pOint at which vortices appear from the 
results of microwave experiments. The nature of the 
singularities of the last type is not quite clear at pres­
ent; investigation of their causes are being continued. 

The authors thank K. K. Likharevand V. K. Semenov 
for a discussion of the results and for useful remarks. 

llWe note that the resistive model (1) is used in most calcula­
tions of the practical devices based on the Josephson effect. 

2)ln this case it is no longer possible to estimate the leakage 
resistance by means of formula (2). 

3)This estimate of A was made for CS-series of small sampies, 
in which the films of the bridge and of the banks were evapo­
rated simultaneously. 1111 The value of A for bridges of 
series K, which were obtained by evaporation in two stages, 131 

was determined from measurements of R~oO / R~·2 of a control 
bridge film. 

4)We note that although the expression for Vo =IcRN' with al­
lowance for the value of X(P), takes in the range ~ol A:::: 0-10 
the form Vo[IlV]::::630 1+1.32A/~o -I, AT(Kl, the experimental 
values of Vo of all the small samples agree much better with 
those calculated for the dirty limit. 

5)This conclusion is confirmed also by data for other similar 
bridges and with experiments on Josephson generation. 1111 

S)The effect due to the increase of the relative length can be 
separated, in principle from the influence of the increase of 
R~·2 on the width, which leads to an increase of oJ. 
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