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The nonlinear current-voltage characteristics of microscopic copper point junctions are investigated at low 
temperatures (~4.2'K). The electron-phonon interaction function g(w) = a 2(w) F(w) is reconstructed from 
the voltage dependence of the second derivative of the current-voltage characteristics. It is found that g(w) 
differs appreciably from the phonon state density F(w), owing to the strong mean square matrix element 
dependence. of the electron-phonon interaction energy a2• New effects are observed at low energies 
corresponding to large mean free paths. These include oscillations of the second derivative and a minimum 
of conductivity at V = O. These effects are apparently due to quantum size effects and to nonequilibrium 
occupation of the electron states near the Fermi level. 

PACS numbers: 71.85.Ce 

1. INTRODUCTION ly demonstrated for point junctions with dimensions on 
the order of several dozens angstroms made of metals 
such as Pb, Sn, [1) and In, [3) for which the function g(w) 
is known from tunnel measurements in the superconduct­
ing state. [4) 

One of us[lJ has proposed a new method of investigat­
ing electron-phonon interactions (EPI) in normal metals. 
It has turned out that at T", 0 the second derivatives of 
the current-voltage characteristics of point junctions 
are directly proportional to a function of the EPI 

g(w) =«'«(,»)F(w), (1) 

equal to the product of the square of the matrix element 
of the EPI, averaged over the Fermi surface, and to the 
density of the phonon states. [2) This was experimental-
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For many metals, however, an investigation of non­
linear effects in point junctions is the only way of deter­
mining the function g(w) over the entire energy interval. 
This pertains primarily to noble metals with weak EPI, 
such as Cu, Ag, and Au. The present paper is devoted 
to an experimental investigation of the spectrum of the 
EPI in copper. The function g(w) obtained by us differs 
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significantly from the known density of the phonon states 
F(w), [5J thus indicating an appreciable energy depen­
dence of the mean squared matrix element of the EPI. 
In addition, new effects have been observed at low en­
ergies corresponding to large electron-phonon free path 
lengths. These include oscillations of the second de­
rivative of the current-voltage characteristic and a 
minimum of the conductivity at V = O. These effects 
were not observed in the previously investigated metals 
with stronger EPI (Pb, Sn, In), and are apparently typi­
cal of metals with weak EPI. 

The function g( w) obtained in the present paper can 
be used to calculate many copper properties, governed 
by the interaction of electrons with phonons. In par­
ticular, it can be used to calculate the temperature de­
pendences of the electric conductivity and of the elec­
tronic thermal conductivity in a wide range of tempera­
tures. 

2. THE MODEL 

We consider the model proposed by Sharvin, [6] in 
which the point junction constitutes a hole of diameter 
do in an infiniteSimally thin partition. The resistance 
of such a junction, which joins two identical metals, is 
approximately equal to[1] 

H"=Il" ([-;-di/), (2) 

where Ro=pl/d~ according to Sharvin, and p is the re­
sistivity. For copper pl = 0.53 '10-11 O-cm2 • [7] The 
mean free path 1 is governed by the scattering of the 
electrons by the impurities (limp) and by the phonons 
(l._ph): 

(3) 

the last term being dependent on the electron energy, 
and consequently on the voltage V applied to the junction. 
If the impurity mean free path is different in the two 
electrodes, then we must substitute in formula (3) the 
mean value 

In real contacts, the conducting channel joining both 
metals can have a finite length L. In this case, to de­
termine the effective junction diameter we can use an 
interpolation formula 

R""- 1+-+-pi ( L d) 
d' d I' (4) 

which in the limit L »d gives the resistance of a thin 
metallic filament with average mean free path equal to 
the filament diameter d. 

As shown earlier, [1] at low temperatures the second 
derivative of the current-voltage characteristic is di­
rectly proportional to the function g(w): 

dRD 2:ndoRo S~ () (/lm-eV) --=-- g oJ (}J --- dm 
dV hvo kT 

o 
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and as T- 0 we have 

dR D _ 2:ndoRo (V) -----g e 
dV hvo ' 

(5) 

where RD=dV/dl is the differential reSistance, Vo is the 
Fermi velocity, and 

(}J(z)=e-' (z-2)+(z+2)e-' 
(1-e ')' 

(6) 

is a bell-shaped function, that differs from zero in an 
interval on the order of several kT. As is well known, [8] 

this function leads to a smearing of the {i-peak into a 
curve with half-width 5. 44kT. 

Formula (5) is valid if the effective temperature of 
the electron T!u is much smaller than the maximum 
energy eV of the "hot" electrons. Hence we have in or­
der of magnitude[1] 

kT:ff ""e V dll, (7) 

The condition formulated above is equivalent to the in­
equality 

d/l'n, (8) 

which holds for high-resistance junctions (R > 10 0). 

The EPI junction can no longer be directly measured 
if d/l"" 1 and kT!ff "" eV. Thus, the main experimental 
difficulty lies in the production of point junctions of suf­
ficiently small diameter, since at eV > 1fwmax (wmu is 
the maximum frequency of the phonon spectrum) the val­
ue of 1 cannot be made to exceed (l._ph)mln = 10-5 - 10-8 cm. 
In the limit d/l «1, the observed nonlinear character­
istics should not depend significantly on the microstruc­
ture of the junction, since they are determined by the 
scattering of the electrons by the phonons at a relatively 
large distance from the junction opening. 

3. SAMPLE PREPARATION AND EXPERIMENTAL 
TECHNIQUE 

The construction of the sample is shown in Fig. 1. 
Copper films several thousand A thick were evaporated 
in a vacuum of -10-6 Torr on substrates of crystalline 
quartz or glass at room temperature. The metallic 
films were separated by two insulator layers of silicon 
monoxide, one of which (with holes) had a thickness 

------7 
I~-=-=-=, , -------, 

FIG. 1. Sample structure. 
The sequence of depositing the 
films in vacuum corresponds 
to their relative arrangement 
in the figure. I-Copper 
films, 2-SiO films, 3-sub­
strate. 
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TABLE I. 

'Junction I Ro, 
number n I V l'imr:AI L, A I do, A I d, A I d.11 I dll I gmax IMethod of. 

- short-cuculting 

I 122 0.06 600 420 21 60 0,056 0.16 0.1 -2 66.2 0.2 600 290 28 66 0.075 0.17 0.116 -3 61.6 0 600 430 29 76 0.078 0.20 0.145 -4 49.5 0.14 700 270 33 72 0,08 0,175 0.13 -5 15.7 0.22 600 290 58 113 0.15 0.3 0.113 Puncture + 

6 13.8 0.15 600 430 62 131 0.16 0.35 0.06 
breakdown 

7 13.7 0,19 600 290 62 119 0.16 0.32 0.051 Puncture 
8 18 0.39 600 290 54 107 0.14 0.28 0.076 Puncture 
9 9.5 0.49 600 430 75 151 0.2 0.4 0.064 Breakdown 

10 8.4 0.36 600 290 79 143 0.21 0,38 0.041 Punctwe . 
11 6.2 0.55 500 150 92 141 0.28 0,42 0.024 -12 3.1 0.34 1050 200 131 195 0,26 0.38 0.031 -13 3.0 0.7 500 150 133 195 0,4 0.58 0.02 -14 1.04 0.86 480 200 226 342 0.7 1.05 0.022 -15 0.81 1 480 200 256 389 0.78 1.2 0.01 -

larger than 1000 A. and served to screen the edges, 
while the other-the thin layer-was used to produce a 
working area of 2.mm diameter at the intersection cen­
ter. The width of the lower and upper copper films was 
3.5 mm, and their lengths were 70 and 25 mm respec­
tively. The thicknesses of the metallic and dielectric 
films were'monitored with the aid of a quartz pickup 
during the course of condensation. In the finished 
structure, the thickness of the metallic films was mea­
sured with the aid of a MII-4 microinterferometer, and 
the thickness L of the barrier layer was calculated from 
the results of measurements of the capacitance of one 
or two non-shorted junctions at helium temperature. 
The dielectriC-layer thickness determined in this man­
ner in the working region agreed well with that specified 
in the course of evaporation, if we put F(SiO) = 3. 

An important parameter is the (effective) impurity mean 
free path in the films, determined from the formula 

(9) 

where 310 'A is the electron-phonon mean free path in 
pure copper at 300 oK, while R3001R4.2 is the ratio of 
the resistances at 300 and at 4.2 oK. It should be noted, 
however, that formula (9) yields the average value of 
limp in the film. In the immediate vicinity of the junction 
opening, limp can be either larger of smaller than its 
mean value, depending on the local structure of the 
film, on the method of producing the short circuit, etc. 
This introduces an appreciable uncertainty in the esti­
mate of the effective diameter of the junction with the 
aid of relations (2) and (4). 

It was possible to produce up to 11 junctions on a sin­
gle structure (Fig. 1). The point junctions were pro­
duced: a) by spontaneous short circuit in the course of 
preparation or subsequent mounting of the sample in the 
cryostat; b) by applying, with a sharply-pointed steel 
needle, a local pressure at the center of the working 
region, thus cracking of the dielectric layer and caus­
ing a short circuit at room temperature (puncture); c) 
as a result of electric breakdown in liquid helium. The 
junctions, which had approximately the same resistances 
but were prepared by different methods, had identical 
characteristics within the scatter characteristic of 
junctions made by one and the same method. 

We selected for the measurements junctions with me­
tallic conductivity. The resistances of such contacts 
increased with increasing both voltage and temperature. 
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Altogether we investigated the current-voltage charac­
teristics of several hundred junctions. Out of these, 
several dozen were of relatively high resistance and satis­
fied the condition (8). The parameters of 15 typical repre­
sentatives of all types of junctions are listed in Table I. 

The effective junction diameter was determined by 
Sharvin's formula without allowance for the channel 
length do=[plIRo]1/2 and by formula (4) with correction 
for the maximum possible junction length L, approxi­
mately equal to the thickness of the insulator layer in 
the working region. Sharvin's value of do was assumed 
to be more probable, since the insulator layer obtained 
by deposition in vacuum was apparently inhomogeneous 
and the short circuit was produced in the place where 
its thickness was minimal. Obviously, the determina­
tion of the effective diameter d and the associated possi­
bility of quantitatively determining the EPI function g(w) 
are arbitrary to a considerable degree, since the model 
depends essentially on the geometry of the junction, on 
the purity of the metal, etc. It is all the more important 
to emphasize that the functional dependence of the sec­
ond derivative is proportional to g(w) and does not de­
pend on these parameters if the condition (8) is satisfied. 

Small nonlinearities of the current-voltage character­
istics were measured by a four-contact method with di­
rect and alternating current. In the former case we 
measured the dependence of the static resistance R.t 

= V lIon the voltage across the junction with the aid of 
the bridge circuit shown in the insert of Fig. 2. The 
advantage of this circuit lies in its Simplicity and reli­
ability. We used in it the same instruments that were 
used to plot the current-voltage characteristics, but the 
dc amplifier was switched over to more sensitive limits, 
which determined in fact the sensitivity of the circuit. 
This quantity can be easily reduced to 0.01% or less of 
the initial sample resistance. 

In the case of alternating-current measurements we 
used the standard procedures for separating, amplify­
ing, and synchronously detecting the first and second 
harmonics of the modulating signal on the sample. [9) 

In this case one measures the differential resistance 
RD =dvldI and its derivative with respect to voltage on 
the sample. This technique is used successfully in the 
investigation of E PI in superconductors[ 10) and in the 

8 ' 

6 i 

q ~ 
r 

Z f 
L 

1 

oLI --~ ____ ~~~~~ 
20 '10 50 v, mV 

FIG. 2. Static resistance RL=Ro+M(V) of point junctions vs 
the voltage. Curves 1, 2, and 3 pertain to junctions 12, 9, 
and 4 from the table. Each ordinate division corresponds re­
spectively to 10.5, 16, and 11 mO. The temperature is 
T = 4.2 OK, The insert shows the bridge circuit used to mea­
sure small nonlinearities. 
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l 
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d 
~~~~~~~.O'-50 

V, mV 

FIG. 3. Dependence of the 
second-harmonic voltage of 
the modulating signal on the 
sample for junctions' Nos. 3 
and 4 (see the table) with 
small i'=A/B. The effective 
values of the modulating 
voltage are 0.8 and 0.5 mV, 
while the temperatures are 
4.2 and 1. 6 OK for curves 1 
and 2, respectively. 

spectroscopy of various excitations in a barrier layer 
by the method of the inelastic tunnel effect. [11] The sen­
sitivity of the second-harmonic channel was - 10-8 V at 
a modulation frequency 464 Hz. 

4. MEASUREMENT RESULTS 

1. Dependence of static resistance on the voltage. 

Since the changes of the static resistance are small 
Rst =R,+ IR (V). IR«Ro, 

it can be easily shown that in the case R.t «R3 (see the 
insert in Fig. 2) a simple relation exists between t:.R 
and the bridge-unbalance voltage t:. V: 

IV/I"<!!1R. (10) 

Therefore the function t:.R(V) of interest to us was ob­
tained from two curves, V(I) and t:. V(l) , automatically 
plotted with an x-y recorder. 

Up to a voltage V", 17 mY, the current-voltage char­
acteristic is linear and t:.R = O. The corresponding ex­
perimental pOints were left out of Fig. 2 so as not to 
clutter up the figure. At eV > 17 mY, for most junctions 
with resistance Ro< 10 n, the increase of t:.R with volt­
age is linear (curves 1 and 2), and the intercept of the 
t:.R(V) curve with the abscissa axis does not depend on 
the junction resistance Ro and is a characteristic of the 
investigated metal. [12] This voltage ('" 17 mV for cop­
per) is an important characteristic of the EPI spectrum 
of the investigated metal. 

On the other hand, high-resistance junctions (Ro 
> 10 n) have nonlinear t:.R(V) dependences (curve 3). We 
note that within certain limits the described character­
istics do not depend on the change in the heat outflow 
from the sample, [1,2] thus indicating that the heating of 
the lattice plays no role. It is seen from Fig. 2 that 
the relative change of the resistance increases with de­
creasing resistance Ro and ranges from 0.2% for high­
resistance samples to 3% and more for low-resistance 
junctions. It is interesting to note that the absolute in­
crement of the resistance is of the same order for all 
samples, despite the fact that their resistances Ro differ 
by more than one order. The additional increase of the 
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reSistance, observed for very low-resistance junctions 
(Ro < 1 n), is due to heating of the lattice, which cannot 
be neglected. 

2. Dependence of the second derivatives of the current· 
voltage characteristics on the voltage 

For junctions with small dimensions, the dependences 
of the second derivatives of the current-voltage char­
acteristics on the voltage are proportional to the EPI 
spectrum in the investigated metal (formula (5)). The 
Rst(V) dependences cited in the preceding section can 
be obtained for any junction by integrating the second 
derivatives. Therefore the automatically plotted ex"; 
perimental second-harmonic voltages V2 of the modulat­
ing signal against the junction voltage V constitute the 
basic initial data used to reconstruct the function g(w). 

The following relations hold for a measuring circuit 
with a current source: 

d'V V, 
-=4-
dl' (i,)' ' 

d (rill) d'V dl V, 
dV dl "" dl' dV = 4 Vii, ".. const· V,. (11) 

where i1 is the amplitude of the modulating current, and 
V1 is the first-harmonic voltage across the sample. 
The last relation in (11) is satisfied with good accuracy, 
since the variation of V1 in the entire interval of voltage 
does not exceed several percent. Thus, the second­
harmonic voltage V2 is proportional to the second de­
rivatives of the current-voltage characteristics d 2 V/d1 2 

and (a/dl') (dV/dl) , which differ only by a constant factor. 

Since the structure of the microscopic point junctions 
remains unknown and depends considerably on the par­
ticular case, the reproducibility of measured character­
istics of different samples becomes particularly sig­
nificant and offers evidence that the investigated prop­
erties a.re independent of the structure of the junction. 
The reproducibility of the V2(V) characteristics can be 
assessed from Figs. 3-5, which show the results for 
samples with different resistances. All the V2(V) char­
acteristics have a maximum at a voltage V", 17 mV. An 
important parameter is the background level at voltages 
higher than '" 35 mY, corresponding to the end of the 
phonon spectrum of the copper. The relative level of 
the background can be quantitatively described with the 
aid of the empirical parameter i' =A/B, the definition 
of which is clear from Fig. 3 (curve 2). The physical 
meaning of the parameter i' will be discussed later on. 

Figure 3 shows the characteristics of junctions with 
small values of i' and with resistances on the order of 
100 n, Fig. 4 shows junctions with intermediate i' and 
resistances -10 n, and Fig. 5-with large i' and resis­
tances - 1 n. If we disregard the initial oscillatory sec­
tion, then all spectra have obvious common properties: 
a principal maximum at V = 17 mV and a small maximum 
at V = 30 mY. The latter, however, does not appear in 
low-resistance junctions with a large background level 
(Fig. 5). The asymmetrical shape of the principal maxi­
mum is well duplicated in different samples, and its 
half -width does not depend on the temperature in the in­
terval 1. 6-4. 2 OK or on the amplitude of the modulation 
voltage, provided the latter is small enough (V1< 1 mY). 
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30 itO 5(! 60 
II mV 

FIG. 4. Dependence of the sec­
ond-harmonic voltage of the mod­
ulating signal on the constant volt­
age on the same for junctions Nos. 
5, 6, l2-curves lb, 2, 3. The 
effective values of the modulating 
voltages are 0.5 mV, the tempera­
tures are 4.2, 4.2, 1.6, and 
1. 6 oK, each division of the V2 
scale (indicated in the figure in the 
upper left corner) corresponds to 
8.5, 3.1, 4.1, and 5. 9x 10-6 V 
for curves la, lb, 2, and 3, re­
specti vely. 

If we compare the parameter i' and the ratio d/l, 
which determines the heating of the electron gas (for­
mula (7)), then we can note a correlation between d/l 
and the value of i' minimal for the given d/l (insert in 
Fig. 5). The fact that such a correlation is observed 
precisely for i'mln is not surprising, since films having 
equal averaged values of limp can have impurity and de­
fect concentrations that are larger in the region of the 
junction, as a result of electric or mechanical damage 
to the dielectric layer during the short circuiting. This 
leads to a local decrease of limp and to an increase of i', 
whereas i'mln corresponds to relatively "pure" junctions, 
for which the model is valid. Thus, the approximate 
correspondence between i'mln and d/l means that the em­
pirical parameter i', roughly speaking, corresponds to 
the ratio of the effective temperature of the electron gas 
to the maximum energy eV of the "hot" electrons (for­
mula (7)). Consequently, only junctions with sufficiently 
small values of i' are suitable for the study of the EPI 
spectrum. 

The V2(V) characteristics of junctions with large i' 
(Fig. 5) are different at eV > lfwmax, depending on the ex­
tent to which the lattice heating plays a role. In the case 
of good heat outflow from the lattice, V2 (V) is approxi­
mately constant or increases very weakly with increas­
ing V, and does not depend on the change of the heat re­
moval within certain limits. On the other hand, if the 

v, 

152 

FIG. 5. The V2(V) charac­
teristics for samples No.9, 
13, 14, and 15. Each 
division on the y axis cor­
responds to 4.6, 3.6, 4.6, 
and 2.6x10-6V, at VI 

~O. 7 mY, for curves 1, 2, 
3, and 4: respectively. 
T~4.2°K. The insert 
shows a plot of 'Y (see Fig. 
3, curve 2) against the 
ratio of the junction diame­
ter to the mean free path 
at eV~35 meV. 
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FIG. 6. Dependence of the average 
period of the oscillations on the re­
cirpocal thickness of the copper films: 
(lit) ~!(1/tl + llt2) , where tl and t 2. 

are the thicknesses of the upper and 
lower films. 

heating of the lattice cannot be neglected, then V2 (V) in­
creases noticeably with increasing V (curves 3, 1, and 4 
in Fig. 5), and this increase depends significantly either 
on the change of the substrate material (glass-crystal­
line quartz), or on the transition through the A point in 
the liquid helium. It follows from the foregoing that the 
characteristics shown in Figs. 3 and 4 correspond to 
negligibly small heating of the lattice in comparison 
with the heating of the electron gas, which is also small 
for high-resistance junctions (small i'). 

3. Singularities of the second derivative of the current­
voltage characteristics in the region of low voltages 

The greater part of the V2 (V) characteristics ex­
hibited singularities, with different relative magnitudes, 
in the region of low voltages « 17 mY). These singular­
ities are observed on practically all the characteristics 
shown in Figs. 3-5, with the possible exception of 
curve 1b of Fig. 4. But even in the latter case they 
can be noticed on the characteristic of the same junc­
tion, plotted up to the instant when its resistance was 
decreased by a factor of two as a result of electric 
breakdown (curve 1a). The observed singularities can 
be divided into two types, which are typical of high­
resistance and low-resistance junctions. 

We include in the first type of singularities the oscil­
lations of V2(V), which can be noted on many of the 
characteristics shown in Figs. 3-5. These oscillations 
hinder the observation of the EPI spectrum, but their 
study is nevertheless of independent interest. The fol­
lowing properties of the oscillations have been estab­
lished experimentally: 

1) The period of the oscillations depends on the film 
thickness. This dependence plays a crucial role in the 
explanation of the mechanism whereby the oscillations 
are produced. Figure 6 shows preliminary data on the 
results of the measurements on three samples having 
approximately the same thickness of the two copper 
films. The error in the thickness determination was 
± 200 A. 

2) The amplitude of the oscillations decreases as 
eV- lfwmax. No oscillations are observed at eV > lfwmax 

=35 mY. 

3) The V2(V) plots of junctions having the same struc­
ture differ only in amplitude and shape, but not in the 
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FIG. 7. Temperature depen­
dence of the minimum of the 
V2(V) characteristic near V 
= O. Curves land 2 corre­
spond to the temperatures 4.2 
and 1.6 oK; ~=O.4 fl, Vi=l 
mY. 

positions of the singularities relative to the V axis. 
Consequently, the period of the oscillations does not de­
pend on the junction resistance and on its detailed struc­
ture. 

4) The amplitude of the oscillations is smaller the 
smaller the junction resistance and the larger its effec­
tive radius. This property can be traced also for junc­
tions whose characteristics are shown in Figs. 3-5. 

Properties 3) and 4) are well supported, both by a 
study of the characteristics of different junctions belong­
ing to one and the same structure, and by studies of one 
and the same contact whose resistance was varied many 
times in such a way that it decreased as a result of the 
electriC breakdown by more than one order of magnitude. 
A study of the Va(V) oscillations during each intermedi­
ate stage of the short-circuiting has shown that the 
shape of the curve remains unchanged, and only the am­
plitude decreases. 

5) In contrast to the prinCipal part of the Va(V) char­
acteristic, which is always symmetrical with respect 
to reversal of the polarity of the applied voltage, the 
Va(V) plots exhibit oscillations, both symmetrical and 
asymmetrical, with respect to the origin. 

6) When the temperature is changed from 1. 5 to 
lOoK, the positions of the oscillating singularities rela­
tive to the V axis remain unchanged, but their ampli­
tude decreases. The character of the cooling (by gas­
eous, normal-liquid, or superfluid helium) does not af­
fect the observed singularities. 

The second type of singularity at low voltages is ty­
pical of low-resistance junctions and corresponds to a 
minimum in the region near V = 0, where Va becomes 
negative. This minimum is symmetrical about the ori­
gin and corresponds to a maximum of dV I dI at V = O. 
The effect is all the more noticeable the smaller the 
junction resistance, and can therefore be investigated 
separately from the oscillations (curves 3 and 4 in Fig. 
5). Figure 7 shows the initial section of the character­
istic Va(V) for one of the low-resistance junctions at 
two temperatures. The position of the minimum shifts 
towards lower V with decreasing temperature, and its 
intensity increases. 

5. DISCUSSION OF EXPERIMENTAL RESULTS 

1. Linear dependence of the static resistance on the 
voltage 

A linear dependence of Rot on the voltage is typical of 
junctions with 'Y - 1. In this case the effective tempera-
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ture of the electron gas is of the order of eV, and the 
model considered in Sec. 2 cannot be used. At suffi­
ciently good heat outflow from the lattice, however, the 
temperature of the latter remains appreCiably lower 
than the temperature of the electron gas, so that the 
theoretical results of Kaganov, Lifshitz, and Tanata­
rov[aa] can be used. According to this theory, the en­
ergy transfered by the electrons to the lattice per unit 
time and in a unit volume is in our case 

w=n'ms'no/6't (T :ff) , (12) 

where s is the speed of sound, no is the electron den.., 
sity, T( T:u) is the free-path time of the electrons under 
the condition that the lattice temperature COincides with 
the effective temperature of the electron gas. Inasmuch 
as at eV > nwmax we have kT:ff '" const 'eV > nwmax, it fol­
lows that TO: lleVand wo:eV. Consequently, the volt­
age-dependent part of the resistance ~R(V), due to the 
scattering of the electrons by phonons, is proportional 
to eV at eV >nwmax • 

The experimentally obtained linear dependence sets in 
somewhat earlier than at eV",nwmax '" 35 meV, namely in the 
vicinity of the principal maximum of the EPI spectrum 
at V = 17 mY. This discrepancy is apparently due to the 
Simplifications incorporated in the theory, in which it 
is assumed that the phonon and electron distributions are 
described by the Bose and Fermi equilibrium distribu­
tion functions, and that the lattice vibrations have a De­
bye spectrum. 

2. Reconstruction of the spectrum of the electron­
phonon interaction in copper. 

To reconstruct the EPI spectrum we used the initial 
section of the Va(V) characteristic, which contains no 
singularities (curve Ib of Fig. 4), and the remaining 
part (with two maxima) of the characteristic with 'Y '" 0 
(curve 1 of Fig. 3). The joining point was chosen to be 
V'" 11 mY, the subsequent behavior of the characteristics 
up to V", 20 mV is practically the same, and the differ­
ence comes into play only at V> 20 mY, when the in­
fluence of the heating of the electron gas becomes sig­
nificant. Replacement of the initial section of the char­
acteristic of the high-resistance junction No. 3 by the 
characteristic of the lower-resistance junction No. 5 
(see Table I) does not lead to deviations from the model, 
for despite the corresponding increase of do (or d), the 
ratio doll (or dll) remains as before much smaller than 
unity, so that at small eV the electron-phonon mean 
free path is large. 

The function g(w) constructed in this manner for cop­
per, and constituting the principal result of the present 
study, is shown in Fig. 8b (curve 1). As expected, its 
initial section is quadratic in eV, therefore the results 
of dividing g(eV) by eV (curve 2) yields a straight line 
at small eV. 

The ordinate axis was calibrated in accordance with 
the known value[13] of the EPI parameter X for copper: 

-s g(",) 1-=2 -",-d",=O.14±O.03. (13) 
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FIG. 8. a) Phonon spectrum 
of copper, averaged in an inter­
val ± 1 mV near each point, for 
from the data of [51. The total 
averaging interval is shown in 
the figure by the horizontal 
segment. b) Spectrum of elec­
tron-phonon interaction in cop­
per (curve 1). Curve 2 is the 
result of dividing g(eV) byeV. 

From this we obtain for the maximum value of g(eV) 

g~x=O.107 ±O.023. (13a) 

The g scale can be calibrated by using relation (5). 
However, as seen from the table, the values of gmax ob­
tained in this manner change significantly from sample 
to sample, decreasing on the average much more notice­
ably with increasing 'Y > O. 4. Recognizing that the as­
sumed model pertains to 'Y «1 and assuming that the 
scatter of the values of gmax is due to random factors, 
we determine the average value of gmax and the standard 
deviation first only from the data for high-resistance 
junctions (Nos. 1-4 in the table): 

gmax=O.12±O.Ol, (14) 

and then from the results for the junctions Nos. 1-7 
with y:S O. 2: 

gm~'=O.lO±O.O 13. (15) 

All three values (13a), (14), and (15) are in surprising­
ly good agreement. This agreement, however, must 
not be regarded as too significant, since analogous cal­
culations for other metals lead to agreement between 
the values of g, calculated by formula (5), and the known 
values on tunnel data in the superconducting state only 
in order of magnitude, reflecting only qualitatively the 
growth of g with increasing EPI strength. 

Since the temperature at which the EPI spectrum is 
measured is much lower than the Debye temperature, 
the spectrum obtained at T= 4. 2 oK differs little from 
the spectrum at T= O. Indeed, the V2(V) characteristics 
do not change noticeably though when the temperature 
is lowered from 4.6 to 1. 6 oK. 

The electron-phonon collision frequency integrated 
over the Fermi surface is an integral of the function 
g(w) 

1 2n'v 
-r -=-Sg(W)dOl. 

.·ph tt 
o 

(16) 

Using the function g(w) obtained by us, we can plot 1he _Ph 

against eV for copper (Fig. 9). The minimum 
mean free path in copper, averaged over the Fermi sur­
face, is'" 10-5 cm (at vo= 108 cm/sec). 

154 Sov. Phys. JETP, Vol. 44, No.1, July 1976 

The function g(w) is usually compared with the density 
of the phonon states F( w), and the agreement between 
the two is good, meaning that a 2 depends little on the 
energy. Such an agreement was observed for metals 
with three and more electrons per atom (Pb, Sn, In, 
and others), the Fermi surface of which greatly exceeds 
the dimensions of the first Brillouin zone. The density 
F(w) of the phonon states for copper is known from neu­
tron-diffraction dataCS ] and constitutes two maxima a 
broad one at eV TA = 14-21 meV, due to transverse ~ho­
nons, and a narrow one at eVLA = 27 meV, correspond­
ing to longitudinal acoustic phonons. After averaging 
F(w) near each point in an interval ± 1 mV, correspond­
ing to the thermal smearing of the Fermi step 5.44 kT 
at 4.2 OK in our experiments, this dependence (Fig. 8a) 
should be compared with the EPI spectrum (Fig. 8b). 

The position of the maximum due to the transverse 
phonons (TA maximum) is the same on both spectra. 
The maximum due to the longitudinal phonons (LA maxi­
mum) is shifted on the EPI spectrum towards higher 
energies (by approximately 2 meV). On the EPI spec­
trum the intensity of the LA maximum is smaller by one 
order of magnitude than that of the TA maximum. Con­
sequently alA (w)« a~A (w). The ratio of the intensities 
of the TA and LA maxima in the EPI spectrum is re­
garded inC15 ] as a rough measure of the fraction of the 
Umklapp processes in the entire aggregate of the elec­
tron-phonon scattering processes. Consequently it can 
be concluded that in copper the Umklapp processes, 
which involve transverse phonons and scattering of the 
electrons, play the principal role. A similar conclu­
sion follows from th", experimentalC16• 17] and theoreti­
cal [18.19] studies of the dependence of the frequency of 
the scattering of Fermi electrons by phonons on the 
position of a point on the Fermi surface. 

3. Quantum size effect and effect of blocking of the 
electronic states at small V. 

The linear dependence of the period of the oscillations 
on the reciprocal film thickness (Fig. 6) suggests that 
the probable cause of their appearance is the quantum 
size effect. Since the period of the oscillations is in 
this case 

~ (eV) =hv,,,/t, (17) 

it follows from the slope of the straight line in Fig. 6 
we can determine vo, which turns out to be equal 0.14 
x 108 cm/sec. This is several times smaller than the 
Fermi velocity of the electrons in copper. [20] The rea-
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FIG. 9. Energy dependence of 
the electron-phonon collision 
frequency averaged over the 
Fermi surface in copper at 
T"'O. 
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son for this discrepancy is not clear. 

A qualitative explanation of the minimum near V = 0 
(Fig. 7) can be obtained by comparing the V2(V) char­
acteristics of point junctions with analogous character­
istics of tunnel junctions, for which effects of nonequi­
librium distribution of the electrons in energy are sig­
nificant. [21] At sufficiently large injection velocity of 
the "hot" electrons, which corresponds to low-resis­
tance contacts, the states near the Fermi level turn 
out to be populated with a noticeable excess as against 
the equilibrium distribution. This decreases somewhat 
the conductivity near V = 0 (the so called effect of block­
ing of states[21]). 

The range of voltages at which the minimum of Va(V) 
is observed, and the dependence of this minimum on the 
V axis and of its height on the temperature for point 
junctions of copper agree qualitatively well with the re­
sults of tunnel measurements on aluminum, [21] which 
also has a weak EPI. 

6. CONCLUSION 

We have shown that an investigation of the nonlinear 
effects in the electric conductivity of point junctions 
makes it possible to determine the function g(w) not only 
for metals with strong EPI, but also for well-conducting 
metals with weak EPI, a typical representative of which is 
copper. The nonlinearity for copper is not much small­
er than in the case of such metals as lead, tin, or in­
dium, and amounts from several tenths of a percent to 
several percent of the initial value of the junction resis­
tance. With the aid of modern tunnel-spectroscopy 
techniques, such nonlinearities can be easily detected 
and can be measured with high accuracy. 

It is obvious that the procedure described in this 
paper for determining the function g(w) can be easily 
generalized to include other noble metals (Ag, Au). 
This was demonstrated experimentally earlier, [1] with 
a silver junction having a relatively large 'Y as an ex­
ample (Fig. 7b in[l]). Further advances in the method 
should therefore follow the path of developing an experi­
mental procedure for producing high-resistance small­
y junctions of silver, gold or other metals. 

It was observed in the present study that metals with 
weak EPI are characterized by the appearance of new 
singularities on the second derivatives of the current­
voltage characteristics, the study of which is of inde­
pendent interest. These include non-equilibrium effects 
of occupation of the electron states, and the quantum 
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size effects. 

From the experimental point of view, an extensive 
application of the method developed by us for the investi­
gation of EPI in normal metals is strongly hindered by 
the lack of methods for controlled production of pure 
junctions with microscopic dimensions (on the order of 
several dozen angstroms). On the other hand, the lack 
of a rigorous theory of nonlinear effects in such junc­
tions also hinders greatly the progress in this field. 
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