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The role of long-range dipole forces in two-dimensional and quasi-two-dimensional (layered)
ferromagnetic substances is considered. It is shown that in a two-dimensional ferromagnet the dipole forces
stabilize the ferromagnetism, for in the presence of these forces, a term linear in the momentum appears in
the Hamiltonian. This result is not inconsistent with the absence of long-range order in two-dimensional
degenerate systems, since it is based on the assumption of a finite interaction range. In layered three-
dimensional structures the dipole forces of all other planes acting on a selected crystal plane completely
destroys (because of the long-range action) the stabilizing effect due to the dipole forces in the selected
plane. As a result, long-range ferromagnetic order arises in the plane, as in the absence of dipole forces,
only as a consequence of exchange between planes; dipole forces contribute a short-range correction which
is related to the discreteness of the lattice and is antiferromagnetic for a tetragonal lattice. The spin-wave
spectrum and temperture part of the magnetization of the plane are calculated for the case of anisotropy of
the easy-plane type in the presence of dipole forces. The calculations are carried out for both ferromagnetic
and antiferromagnetic ordering of the planes. The dipole interaction tensor is analyzed in the last section in
greater detail than hitherto and a formula for the magnetic anisotropy energy is derived in the form of a

rapidly converging sum.

PACS numbers: 75.30.Fv

1. INTRODUCTION

It is well known that no long-range order can exist in
two-dimensional degenerate systems at finite tempera-
tures (see the books of Landau and Lifshitz'!! and of Pa-
tashinskii and Pokrovskﬁ[z]). This means, in particular,
that two-dimensional ferromagnetism is impossible in
the case of isotropic exchange interaction. In fact,
there is no two-dimensional long-range order because in
the expression for the free energy the principal term
that describes the spatial inhomogeneities is the square
of the gradient of the order parameter. As a result, in
two-dimensional space the mean squared fluctuation of
this parameter is proportional to a logarithmically di-
verging integral and is therefore not small.

However, if the system contains unscreened long-
range forces, then the situation may turn out to be es-
sentially different. Indeed, if we trace, starting from
the microscopic Hamiltonian, the appearance of the
terms proportional to the square of the gradient (see,
e.g., the book by Akhiezer, Bar’yakhtar, and Peletmin-
ski“im), then it turns out that they are proportional to the
integral [d?r72U(r), where U(r) is the initial energy of
the interaction and d is the dimension of space. If this
integral diverges, then the entire conclusion turns out
to be incorrect and it is necessary to consider more
accurately the role of the long-range part of U(r). The
dipole forces that are inevitably present in any real
ferromagnet decrease like 7 3, and therefore do not
satisfy the condition that this integral be finite, neither
in the two-dimensional nor in the three-dimensional
case.? Therefore the entire investigation of the exis-
tence of long-range order in the presence of dipole
forces must be carried out again. This is the subject
of the present article. In Sec, 2 it is shown that the
expression for the dipole energy of a two-dimensional
ferromagnet contains a non-analytic term that is pro-
portional to the first degree of the momentum and leads
to stabilization of the long-range order. In other words,

1240 Sov. Phys. JETP, Vol. 43, No. 6, June 1976

the dipole forces, owing to the long-range action, sta-
bilize the two-dimensional ferromagnetism.?

In Sec. 3 we consider dipole forces in real three-di-
mensional layered structures. It turns out that, owing
to the long-range order, the action on a selected crys-
tal plane by the dipole forces from all other planes,
destroys completely the stabilizing effect of the dipole
forces acting in the selected plane. As a result, the
stabilization of the long-range ferromagnetic order in
the plane is due only to the exchange interaction between
the planes, to which is added a small short-range di-
pole increment due to the discrete character of the
crystal lattice, For a tetragonal lattice, this incre-
ment is negative, so that if there is no exchange inter-
action between the planes the dipole forces stabilize the
long-range order in the case of antiferromagnetic order-
ing of the planes, It appears, however, that in all real
cases the exchange interaction between the planes is
much larger than that part of the dipole forces. We
calculate incidentally the low-temperature asymptotic
value of the magnetization, The obtained formulas are
a generalization of the corresponding results of Berez-
inskii and Blank®#! to the case when both anisotropy and
and dipole forces are present in the system.

In Sec. 4 of the paper, which is by way of a mathematical
appendix, the tensor dipole forces are analyzed in
greater detail than in the past, and, in particular, an ex-
pression is derived for the magnetic-anisotropy energy
in the form of rapidly converging series.

2. TWO-DIMENSIONAL FERROMAGNET
We write down the Hamiltonian of the system in the
usual manner:
’1 al
H=— _2 2 (Vu"su;'{’ou'a)slmsz’ﬁ,
1=l (1)
Qi = (gn)* (BRIRi—basRi) R,
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where 8, is the spin of the atom at site I, V;;. is the ex-
change integral, and @,;. is the dipole-interaction ten-
sor. We assume that the exchange interaction is posi-
tive and is large in comparison with the characteristic
dipole energy (gu)?a3, where a is the lattice constant,
We assume also that the atoms are located in the sites
of a planar lattice, whose symmetry does not admit of
uniaxial anisotropy in the plane.

~ Changing over in the usual manner to Fourier com-
ponents, we obtain

1
H=- 7; (Vibast Q™) S8,

Se=N " Z e~ *RSpy,

R

(2)

where R and k are respectively the two-dimensional
lattice vector and the two-dimensional momentum (both
lie in the lattice plane, henceforth taken to be the xy
plane), and N, is the number of lattice points.

We need to know Qg8 at small & (the corresponding
formulas for arbitrary k are given in Sec. 4). We write
down @2 in the form

Q=05 +0u™,

0= (en)* Y BR.E—0.8) R, )

Ry

Qu*=(gn)* E (€™ —1) (BR.R,—6,,*) R

R0

@3° is a symmetrical tensor of second rank with zero
trace, for the construction of which two quantities are
available, 0,5 and 2,2, where z is a unit vector normal
to the plane, Therefore

Q=4 (Vsbu—z.z0),  AV=":(gn)* Y R @

R0

In the expression for @, the restriction R+#0 is ines-
sential, at ka <1 the sum can be replaced by an inte-
gral, and simple calculations yield

2s 2 kok .
Qm“=#k(za:5— k: )v (5)

where k=(k,, k,, 0) and v, is the “volume” of the planar
unit cell., This is in fact the interaction term that is
linear in the momentum and stabilizes the paramagnetic
order,

Since A® >0, the spins should lie in the lattice plane
in the ground state. We assume the presence of ferro-
- magnetic order and take the spontaneous-moment direc-
tion to be the x axis., In the lowest order in the value of
the spin deviation we then have the standard formulast!

Sir=—SN 6tV Y aiiau,
)2

, (6)
S=(S/2)"(m*+a-i), Si'=—i(S/2)"(a*—a-x),

where a, and g; are the usual Holstein-Primakoff opera-

tors, and that part of the Hamiltonian (2) which is bi-
linear in @, and a; takes the form

1241 Sov. Phys. JETP, Vol. 43, No. 6, June 1976

H= Z[E,kak*ad—‘/g Bi(aatatat);
n v

Ee=Dk*+"/2Q,[ a— (ka) kk~2], (7
Byi=—"0Q,[a~ka(1+kk)],

where DI =S(V, - V;) at ka<<1; Q;=271S(gu)(va)!
<S8V, and a=SAQ;1~1, As a result we obtain in the
usual mannert® for the retarded Green’s function of the
operators a, and a;

Gk, o)=(0+k) (0*—e*+id) ",
(8)

ex=[ (Dk*+Q.a) (Dk*+Q.ka sin® ¢) 1%,

where ¢, is the polar angle of the vector k and is reck-
oned from the x axis.

We note that at sufficiently small 2 the energy of the
spin wave has the unusual form ¢, ~ Q,|sing, | (aka)¥/2,
i.e., it is proportional to k2,

By virtue of (6) and (8) we obtain for the relative de-
viation of the magnetization from the maximum value

85 | oy —
—_—= "S A Q7=

d’k k. o g
3 T SJ doImG(k.o)n(mw)

v,
(21)%a
k

- (2:)223 [ [%(“p{%}q)q+ g;::k] (9)

In the case of pure exchange interaction we have £, = ¢,
~ 12 and this expression diverges logarithmically at
small k, thus indicating the absence of long range order,
We shall show now that the dipole forces cut off this di-
vergence and that the quantity 6S/S is small in a rather
wide range of temperatures.

The second term in the right-hand side of (9) is the
energy of the zero-point oscillations. Under the as-
‘'sumptions made above concerning the parameters of
the problem (SV,> Q,) the corresponding integral can be
easily evaluated and we obtain

N v.aQ Q,
(_s") 16708 T < . (10)
From this formula it follows, in particular, that the
zero-point oscillations are not small if the dipole forces
become equalized with the exchange forces; but our
theory does not hold in this region.

For the temperature contribution to 6S/D we have by
virtue of ('7) and (9)
A’k [2Dk*+Q, (a—ka cos* ¢) ]

/i 68 _ v
(T) . 2(27):S Y [(DA*+aQ,) (DR +Q,kasin®¢) ]1*
x[exp{T~'[ (Dk*+Quz) (Dk*+Qukasin® ¢) ]} —1]-" (11)

If we neglect in this equation the interaction-induced
term Qka sin?¢ in comparison with D¥?, then we obtain
a logarithmically diverging integral. The cause of this
divergence is that in the analysis of the dipole forces
we took into account only the fact that they lift partially
the degeneracy (introduction of the easy-magnetization
plane xy). Allowance for the terms that are linear in &
and are connected with the long-range action makes the
integral in (11) convergent. This integral must be cal-
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culated differently m three temperature regions:

1) T>Qu:  2) Qa>T>»Qu(Qa*/Da)";
) Qa(Q.a*/Da)" >T.

In the first two cases the k-space must be broken up into
two partially overlapping regions, in one of which the
terms with sin? can be neglected, and in the second
the argument of the exponential is small. The resultant
integrals are easily evaluated, and the final result for
the two first temperature regions takes the same analy-
tic form, In the third temperature region, the integral
is calculated because the principal role is played by
small ¢,

The final results for all three regions can consequent-
ly be represented in the form

N Tv, 4T D \*% T T SV, \*"
(5), 75l e (aae) 1~ zsmnlan (5) 1
S /r 4aDS Q, \ Qaa* 4nS?V, Q,\ Q

T>Qua(Qua?/Da) (12a)

3 /) a? " A ” : ",

(%) - () (a) "~ () ()"
T<Qoa (Qa*/Da)"™. (12b)

It follows from these formulas that the relative devia-
tion of the magnetization from saturation is small if
T<VSHIn(VyS/Q)]*= T,. On the other hand, as is
well known (see, e.g., ), and also'?)), in the case of
pure exchange interaction in a planar spin system, a
phase transition to a state with short-range order takes
place at T~ V,S. 1t is not clear as yet whether the di-
pole forces stabilize the ferromagnetic order all the
way to temperatures of order SV,, or whether there
exists also another phase transition to the ferromag-
netic state at a temperature T~ T,.

We note in conclusion that the dipole stabilization of
the ferromagnetism has a simple physical cause. The
magnetic energy of an infinite plane is minimal if all
the spins are parallel and lie in this plane; the mag-
netic field in the space near the plane is then equal to
zero. Any local violation of this order, with dimension
R, produces a nonzero magnetic field in a volume on
the order of R? and increases by the same token the en-
ergy of the system,

‘3. LAYERED MAGNETS

Thus, dipole forces stabilize two-dimensional ferro-
magnetism on account of the terms linear in the momen-
tum in expression (5) for the dipole tensor. At the same
time, as will be shown in the next section of this paper,
in the three-dimensional case the long-range effect pro-
duced on a selected layer by the remaining layers is
such that the terms linear in the momentum vanish com-
pletely from the dipole tensor. 3) This tensor takes
therefore, the usual three-dimensional form (see,

e.g., 3 that follows from macroscopic considerations
(the magnetic anisotropy energy plus a part that depends
on the momentum direction), with an exponentially small
increment due to the discrete arrangement of the atoms
in the layer and taking the form of anisotropic antifer-
romagnetic exchange between the layers. It will be
shown below that in this case the stabilization of the long-
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FIG. 1.

range order is due only to exchange interaction of the
layers.

Let us make one qualitative remark. The system of
ferromagnetic layers must be oriented in accordance
with the character of the interaction between them (with
allowance for the short-range part of the dipole forces).
In the case of antiferromagnetic interactions, this is

. obvious, since antiferromagnetic order corresponds to

a minimum of the magnetic energy. For a very small
ferromagnetic exchange this is no longer so obvious,
since the ferromagnetic order is accompanied by an in-
crease of the magnetic energy of the system. But the
magnetic dipole interaction of the layers is proportional
to the linear dimensions, ¥’ and the exchange interaction
to their area. Therefore, if the layers are large enough
the exchange interaction overcomes the dipole interac-
tion, and the result is a normal three-dimensional fer-
romagnet in which the domains are already a secondary
phenomenon, Both types of interaction are encountered
in nature (see the review of de Jongh and Miedemat®l),

We start with the simpler case of ferromagnetic inter-
action between the layers and consider only easy-plane
anisotropy, the easy plane coinciding with the plane of
the layers. This anisotropy does not lead to a gap in
the spin-wave spectrum and is the result of dipole forces
if the distance between the layers is large enough. -We
assume for simplicity that the spins are located at the
sites of a primitive tetragonal lattice, with a the lattice
constant in the layer and b >a the distance between lay-
ers. We then obtain for the Hamiltonian, with the aid
of formula (37) of Sec. 4,

H=-1/, 2 {Vebast o (/s 8as—Paps/P%)
]

+(B+A,—4,) (/s 8as—2a2s) } 85°S_P—guN"SH 5, (13)

SP=N_"' 2 e—iprs'___N—'lx Z e—ikn_iqpsnvo'
r R,

2
A= —'w Zexp(—|‘[zl|p|+iqp) AR

e

where N is the total number of spins; p=(k, ¢q) and r
=(R, p) the three-dimensional momentrum and lattice
vectors; w,=4m(gp)?vy!, where v, is the volume of the
unit cell; B is the anisotropy constant and 7, is the layer
reciprocal-lattice vector multiplied by 2m; A, is the al-
ready mentioned layer dipole-interaction component due
to the discrete character of the lattice.

‘Choosing the coordinate system illustrated in the fig-

* ure, and directing the spontaneous moment along the x

axis, we obtain with the aid of formulas similar to (6)
the Hamiltonian of the free spin waves in the form
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H= Z {Esastaptt/s (Bp'ap*a—p*+Byasa-p) }
p

£, =S(Vo—Vp) +1/eS (4,—A,) + /o8 (B+w, sin® 8,) + | gn | H,,  (14)
B,="/5S[w,sin* ¥, exp(2ig,) —B+A4,—A4,],

where H; is the internal field; we shall henceforth put
H,;=0. The energy of the spin waves then takes the form

ep=(50"—| Bp|*) “={[S(Vo—V,) =S (40—4,) ] [SB+Sw, sin® &
+8(Vo—V,) +2:8 (A—A,) 1+82[B+/2 (A;—A,) lo, sin® & cos® @}
= [ (Dk*+d,) (DE*+d,+SB+Sw, sin® 0) +S*Bw, sin® ¥ cos® ¢,

(15)
where DF? +d,=S(Vy—V,), the approximate equality on
the right-hand side takes place at small & and if the dif-
ference A; - A, is neglected. In this case the spectrum
has a well-known form, ! It is interesting to note that,
inasmuch as A,< 0, ferromagnetic ordering of the planes
takes place only if ferromagnetic exchange between the
planes is strong enough and exceeds the short-range
part A, of the dipole interaction of the planes, In par-
ticular, at zero exchange between planes, since 4, is
negative, the planes should become antiferromagneti-
cally ordered.

The expressions for the Green’s function and 5S/S are
direct generalizations of (8) and (9), and will not be
presented here.

We assume that the strongest is the exchange inter-
action inside the layer (Da®>>d,, B, w,) and neglect 4,.
It is seen from the expression for 6S/S, which is anal-
ogous to (9), that if d, is neglected then the integral
with respect to k diverges logarithmically at the lower
limit in the region (cos?9~ cos?¢=0). This means that
the long-range order becomes stabilized in the plane
only in the presence of exchange between planes, just
as in the absence of dipole forces. In the case of great-
est interest, that of not too low temperatures T> B, w,,
maxd,), the main contribution to 6S/S comes from the
region of large g, the corresponding integral is easily
calculated, and the final result is

abt

88 T
=

, In T d\(d,+BS+m.S) }
4105{ [d,(d,+BS+®.S) | - ’

b

T 5 R N T
(16)

where d;=maxd,. This formula generalizes the result

obtained by Berezinskii and Blank!4 for pure exchange

interaction, It is obvious that the heat capacity, just as

int4 is proportional to T.

We proceed now to the case of antiferromagnetic in-
teraction of the layers. Assuming the same lattice
geometry as before, we break up the system of layers
in the usual manner into two sublattices and introduce
the Holstein-Primakoff operators for the sublattice
spins:

Niyth 9\
s (3 st (2)" B
. Py
N ‘1’2 2 ‘/2
(2) +
Sxp = (?) SGP.B_ (T) Z bm+pbm (17)
P

S =(S/2)" (@ +a-p), S =(5/2)" (b +b_,).

S =—i(8/2) " (dg*—ap), S =i(S/2)%(by*—b_p).
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With the aid of these operators, after laborious but
straightforward calculations, taking into account the re-
sults of Sec. 4 below with respect to the properties of
the dipole tensor, we obtain for the spin-wave part of
the Hamiltonian

H= 2 {gn (ap*aptbytby) +1/, By(aga_ptby*b %)
»

+1/, By (a5t acyt + by b_p)+ Ap bpa_,
FAr b tao gt HCoay byt Cotaghyt), - (18)

) ) . 1 1 () 0)
E=S{(vp, —vo )tw,sin®GptB—ve—"/5ayt"/s(a, —a )},

0
By=S {/a(as —as ) +a sin® O, exp (2igs) B},
A,=ei"bA:,0) =e'®S {—w, cos® Op—v,+'/s 2y},
Cp=e"C =€ {a,[ 1+ sin® 0, exp (—2igy) 1=z ),

where the angles 9, and ¢, are shown in the figure and
the following notation is introduced:

Q] . N ) .
o= Y Veexp(ikRtignn), o= YA (pn)exp(igoy),

R.p, Po#0

vp= Z Vrpoin €xp ((kR+ig(p,+0)),

R0

= E A(pyt+b)exp (ig(patb)),
Po

z (19)
Alps) = —i‘_(LE“_’_Z leelexp (=l lpal),

B="/, [A‘“’+Z 4 (po)] —0tB, o=oJ

Pu™0

Here A'? is defined in (4); p,=2nb (n=0,+1,...); B is
the anisotropy constant with B’ the contribution made

to this constant by all but the dipole interactions; we
are interested in anisotropy of the easy-plane type, so
that B>0. The quantity v;"’ describes both the exchange
interaction inside the layer and the exchange interaction
with the layers of its own sublattice, while v, is the ex-
change interaction of the sublattices. The quantities
a3® and @, correspond to the short-range part of the
dipole forces in one sublattice and between sublattices.
From the definitions of the introduced quantities it fol-
lows that

08 1> vl (20)

BZo.>|al > e,

Introducing in the usual manner the Green’s functions

Go(t) =—i0(1)<[ap(t), 4" (0) 1>, Fot=—10(t)<lap* (1), a*(0) ],

(21)

Hyt () ==9(1) (b7 (1), @™ () D, Qp(t)=—i0(t)<[bp(2), a*(0) ],

we obtain for them in the w representation the system of
equations

(0—E8p) Gp—iBy Fy*—CoQp—idHyt =1,
—iBpGyt (o) Fpt—i\QptC_"Hy* =0,

(22)
—Cy Go—id ' F o+ (0—5p) Qp—iBy Hy* =0,
—iAy* Gy C_ F ot —iB, Qpt (0+8,) H,t=0.
The determinant of this system takes the form
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(-2

Z(0)=(0—es ) (0'—e5 ), (23)

where &+

branches.

are the energies of the two spin-wave

We are interested in the stability of the spectrum and
in the gap produced in it as p— 0; this forces us to pre-
sent the cumbersome formulas for &i*’, obtained only by
neglecting the very small difference a” — a{”, allow-
ance for which does not affect the result:

e =4 XD, +D2£[Q+Y,D,+Y.D2]",

) )

D,=S[v, —v, tv,—v,t/s(op—an) ] ®DE*+6,,
Q*=28*(B+w,) [20, sin* § cos? p+u,]
+28% (—a,) 0, sin® 9 cos® @+ (—ap)
~28*(B+o,) [20, sin® § cos® g+u,],
X=2§(B+ow,sin®* 8+uy,), (24)
Y,=85"(B+w,) {[20,(1+sin* &) +u,]sin® € cos® ¢
up cos® 0} +48* (—ap) {20, [0, (2+sin® 8) +B+u,]sin® § cos® ¢
+up[Bto, (1+cos® 8) 1} +25°,° [ 20, sin® & cos® g +1u,]
=88*(B+w,) {[20,(1+sin* §) tu,]sin® § cos® p+u, cos® 8},
Y,=450*(cos' 8+4sin® § cos® ¢) +4S* (—,) o, (cos® 842 sin® & cos® ¢)
+8%a,* =480, (cos* 8+4% sin® 0 cos® ¢).

Here u,=-v,-a,/3; the approximate equalities in these
formulas correspond to small Z and to neglecting, in
accordance with (20), of the terms containing a,.

If B=w, =0, then the formula for ¢ {*’ goes over into
the usual expression for the spin-wave energy in an
antiferromagnet. ™ For the spectrum to be stable it is
obviously necessary that 9, X, and Y,,, be positive for
all 9 and ¢. Since o, >0, the stability condition is the

inequality
p=(—rp—ap/3) >0, ‘ (25)

which means that the complete interaction between
planes, which takes into account the short-range part
of the dipole forces, must be antiferromagnetic. In
particular, the spectrum is stable at v,=0. This con-
clusion agrees with the analysis presented above for the
condition for the existence of ferromagnetism,

From the requirement ¢ -2 > 0 follows one more sta-
bility condition which takes upon satisfaction of (20) the
form

B+u,>0)1. . (26)

In the case of pure dipole anisotropy this condition is
satisfied automatically, inasmuch as in expression (19)
for B, as shown below, we have A‘?~4n(gu)’as, w,
=4n(gu)?(a?2b)"!, and b is always larger than a in layered
magnets.

It follows from (24) that the !’ branch has a zero gap
and at sufficiently small p we have
ey) = (2Q)" =28[ (B+a,) (20, sin’ © cos® p+u,) 1%,
ey = {(DK*+8,) [20,8 (B—0,+; u,) (27)

+Su, (B+u,+20, sin®* 8—0,) |} (2w, sin® ® cos? ¢+u,) ="
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The relative deviation 5S/S of the sublattice magnetiza-
tion is expressed in terms of the Green’s function G, for
which we obtain from (22), taking (18), (20), (23), and
(24) into account

G(p,0)=1(p, 0) [(0'—e; ) (0=, )17,

(28)
Y(p, ©)=(0+D,+Sw,sin*8+SB+Su,) (0*—Q*—XD,—D?)

+25%w,*D, (cos* 0+4 sin? ® cos® @) +
+45°0,(B+ao,) [0, (1+sin® 8) +u,]sin® 8 cos? +25*w,u, (B+a,) cos® 9.

The expression analogous to (9) for 6S/S in terms of
ImG, takes, as can be easily verified, the form

88 2bv, n_/fbdq_[d’k{ [1(e4) +y(—e,) In(es) +y(—e,)

s $(2n)° 2e, (e,2—e-?)

a/2

4 D) Hy(=e ) In(e) +y(—e-) } 29)

2e-(e-t—e,?)

That part of 6S/S which is connected with the zero-point
oscillations is small and vanishes when B, w,, and the
exchange between planes tend to zero, and will there-
fore not be calculated.

The temperature contribution to §S/S diverges loga-
rithmically if we neglect in expression (24) for D, that
part of the dispersion 6, which depends on the interac-
tion between planes. This follows directly from the fact
that in the region e,< T the integrand in (24), as can be
easily verified, is proportional to Dj!. At temperatures
T> B, w,, %, the quantity 5S/S can be easily calculated.
It is necessary for this purpose to break up the region
of integration with respect to % in (29) into two parts:
in the first Dk?> B, w,, u, and ¢, ~DK?, and in the second
¢, < T'and n(e,)= Te;', As a result, the main contribu-
tion is made by ¢ <k, so that we can make the substi-
tutions sin®9 =1, cos?9 =cos?¢ =0, after which the in-
tegration becomes elementary and the final expression
takes the form

68  wv.T T
S " %aDs (ln[S(B+m,+u,)6‘+5,2/2]""

+2L; “j‘:bdq In [(S(B+m,+u,)6‘+6T'2)
' (30)

)

where 8, = max5, and u, is the value of #, at the maximum
of 5,. Formula (30) is also a generalization of the cor-
responding result of Berezinskil and Blank, %

6

2
2

5 2
x{[ S(B+o.+1,) 6,4 -;—] [ 252 (B+o,) u,+S (B+o,+u,)8,+

Comparing (12), (16), and (30) we see that all these
expressions differ, as expected, only by a dimension-
dependent quantity that cuts off the logarithmic diver-
gence, and by an inessential constant of the order of
unity. In real three-dimensional layered systems, the
final result is due only to the existence of exchange in-
teraction between the planes (in which we include also
the short-range part of the dipole forces).

The appearance of the logarithmic divergence in 6S/S
at zero exchange between the planes is connected with
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the fact that actually the dipole forces introduce an an-
isotropy of the easy-plane type and in practice they do

not lift the degeneracy in the xy plane at ¢ > k. Indeed,
it is seen from the figure that at g> %

sin®9=1, sin*¥cos’pxk, g™, cos® O=kig?
¢ q 1

and, as can be easily verified, the terms dependent on
the direction of the vector k in the expressions for the
spin-wave energies (15) and (24) are small, while the
energies themselves are proportional to 2, The com-
binations of the residues of the Green’s functions (of the
coefficients of the (u, v) transformation), ©®! which enter
in (9) and (29), turn out to be proportional to e;l, so that
the produced integral is of the same type as in the case
of short-range action.

It is interesting to note that in both ferromagnetic and
antiferromagnetic ordering of the planes the situation
is in fact the same, namely, there are no terms linear
in 2 and the quadratic combinations of the trigonometric
functions become proportional to k% as k-0,

4. PROPERTIES OF THE DIPOLE TENSOR

In this section, which is by way of a mathematical
appendix, we investigate in greater detail than before
the properties of the dipole tensor in momentum space:

0= (g1)* Y e (Brars—r6.0) 1= (1) (=35, 4 8.V ) P

=)
F,= E e'rrrr,

ra0

(31)

This tensor was previously investigated many times,
and its part connected with large » has been thoroughly
studied; to analyze this part it is best to use a macro-
scopic approach (see, e.g.,®). As to the contribution
from small 7, it has been investigated so far only by
numerical calculations, the most complete of which
have been made by Colpa.!™® We derive here analytic
expressions for the different contributions made to @,
and in particular, we express the magnetic-anisotropy
energy in the form of rapidly converging sums.

We regard an arbitrary Bravais lattice as a system
of crystalline planes and write down the vector r in the
form

r=R+p, R=na, tn.a, p=n.a,
where a; are the principal lattice periods and R is a
planar vector. The quantity F in (31) can be represented

in the form

Fy=0y+ Ze“’" D,,

P+

0=y "R 0,=) "lp+RI7
R

R0

(32)

We consider first ¢,. Using the known procedure for
transforming lattice sums, t8! we write

i =
Op=——\ dtt"exp(—pt) ¥ expli(p,+2ip,t)R—R%t], 33)
[ 3 Vn§ P ZR' Py O (
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where the symbol Il denotes the projection of the vector
on the R plane. We use the well known formulat®!

N 1 di2 — + ’2
i € BT e D)

where d is the dimensionality of space, v, is the corre-
sponding unit-cell volume, and 7, is the reciprocal-lat-
tice vector multiplied by 27.

Putting d=2, we can easily transform (33) into

(35)

2n 140 Ay .
D, = Z—w“p [—oo|py+ % | — igg(py+72)],

(. T‘z < p.3
where the symbol L denotes that part of the vector which
is perpendicular to the R plane.

For a tetragonal lattice this formula was obtained by
Benson and Mills, !

Substituting (35) in (31) we obtain for the contribution
of the p plane to @,

2 27 (gp)? . . ,
0’ = %}1)9”’”29"9 [— oo P+ %2 | — igy(py + )]
= T
(py + %) (P + %) pp.?  plt
X {— Rl )t RV R S N 2 s S L L I
ey ol TR B i (py+ %2)
. )_L"’ \
T Env (o + "z)’} . (36)

At small p this formula can be written in the form

(Jn"5=0m“a+0m“°;
2 2n 2
032 = —-—-——l(fp) tZloexp(ﬁp;r2 — ipyTa)

(37

17,5 29 3 £ 3
X(— LT 'r‘l'-zg:‘g).‘;‘”;‘ip;f'z;%ip' T-)J)v
N T'. !'—- p-— p— °
o 2@ 4
Qpu*" = ————exp (ipp—p_p;—ip;T=)

v,

a 0,% ¢ ’
X( _bhpC +p;_p‘_‘:i+i9-l—ﬂuﬂ+i'p—il’ﬁu) .
Py 0 s P

The quantity @%f describes the short-range part of the
dipole interaction of the planes; this part decreases
exponentially with increasing distance. Since 7,2 2majl,,
this interaction is very small for layered magnets in
which a;>a, ,. Inthe case of a rectangular lattice, @,
leads to the short-range dipole terms written out above
in (13) and (19). @, is linear in p, and in the limit as
p,—~ 0 it makes a finite contribution to @,, inasmuch as
the terms with p, ~p;! play the important role in the sum-
mation over p. In particular, if p~! is of the order of the
system dimensions, it is precisely @, which leads to the
appearance of the demagnetization tensor in @,, as can
be easily verified with a sufficiently thick infinite plate
as an example.

We now calculate the contribution made to @, at small
» by the terms with p#0. If we recognize that p*p;!
=24¢(p,) and p3p8=p2z,2,, where ¢ is the sign function,
then all the sums over p turn out to be geometric pro-
gressions, and we have

Z exp (ipp—p_p,) 2p; (as.p) 7' 1,
(38)
Z exp(ipp—p.py) p. p. " =2iza(pras) (aa,p)

p+0
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We have retained in these formulas all the terms that do
not vanish in the limit as p— 0; substitution of these
terms in (37) leads to the following expression for the
contribution of the planes with p#0 to the dipole tensor:

4n z o 2 2 a,
0= (gp) ( P fa) " 7 (gu) (Pn Dip _puzm) B,
Vo 3 p Uz 141 (39)
2 2 . B an B
B= ad'12) Zexp (—pLT—ipyT2) { T +Tz_pJ_ ‘:J~
Uy - T2 PL
om0

a B 4 2

+i—pir23+ip_*_1:z“} n (gp) (— Sas— z,zz,,)
L PL Uy 3

Here v,=v,a;, is the volume of the three-dimensional
unit cell.

The first term in @, is that part of the dipole tensor
which follows from macroscopic considerations; the
second term is not a three-dimensional tensor, it dif-
fers in sign from the dipole-sum part linear in the mo-
mentum for one plane (5) and vanishes in the complete
expression for Q% % finally, B, is the contribution
made to the magnetic anisotropy by the planes with p
#0.

We proceed now to the sum with p=0. Breaking up
the crystal plane into lines, we have

e'(p(tpR,) exp (ipR,)
O,= + 2
Z goﬂp(lpl‘)z RIRT (40)
where R;=a;n;. With the aid of transformations that

are perfectly analogous to those given above, we can
rewrite (40) in the form

e R 2 i
- XP(lP exp(ipRy) . o > exp (ipzReg)
Rir0

Ri=0 270

Xz exp (—iRy®) —5—— (Pl + ‘:1) Ky (Roo | Py + %1 ))s (41)

L1

where T, =2raj'm, is the reciprocal-lattice vector for
the line R, and is directed along this line, p, and R,
are the projections of the corresponding vectors on
this line, R,, is the component of R, perpendicular to
the line R,, p, is the component of the vector p, per-
pendicular to R, and K, is a Macdonald function.

From (41) we obtain for the dipole tensor of the plane
p=0

- !
Q=G ("1 ) (@1)* Y, = cos BB

R,>0

2
+(gn)* Z exv(iszz)mZ exp [—iR,, (t,+p)) ]

P i 6:1.HR222 2
X{(Rgz Ry _T) (P12 K, (Raclpita])

+ (6173 _(p1+ra)a(P1+Tl)B

ol ‘P ey )|P1+T1|23222K0(‘P1+T:|Rzz)
9 1 1

o
+[iotr) R i)t (22 |
X Vp.+T1|R:zK1(|p‘+Tx'R::) }, (42)
where x, is a unit vector along the R, axis.
At p=0 the sum over R, is the dipole potential of a
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chain of magnetic atoms. At large x we have K,(x)xe™
and therefore only the first terms in the sum over R,
are significant at 7, #0. The terms with 7,=0 require
at small p a more accurate analysis. Since K, and K,
are infinite at zero, the sum over R, cannot be replaced
by an integral even in the limit as p—~ 0, Expressing

K, in terms of K, and using the well known presentation
(see[ 10])

K.(2)=z [ dte=(-1)", (43)

we can carry out the summation over R, and then cal-
culate the corresponding expression at small p.

We do not present here these simple calculations, but
formulate the result directly: the terms linear in p, co-
incide exactly with (5) and cancel out the corresponding
term in (39), while the final expression for the tensor
@, becomes

0,7 = 4n(gp)? (Gaa p;pa) By (44)

vy 3
6% (3 2a* 6q 4n* [\ P
Bms=(gu)2{( G(?) o )(zx— .”)+, i .(yauw . )
a, 3a,a;z, 3 3a,a,:* 3

*ﬁ (:u:g - 6: )}—{-3& 2 exp (—iRo7,) Ry {(z“z,, — 61” )
: a

to L Ry=o 9

=0

X| TuRoaK, (TRuz) — 12 Res?Ko (ResT)) (

2a(gu)*®

a,az>

Bup 12
_'._‘) R..*t1K.(R..1))

V exp(—p, t.—ip.T.)

:ﬁo
%0

S21.P ﬂ -2
x(-E e LD T i)
T [ p; Pr

+ (T Raf 1 Ro®) TR (T1R.: )}

Here vy, is a unit vector in the R plane and is perpen-
dicular to x,.

The tensor B,; is the magnetic dipole anisotropy,
despite its cumbersome form, the expression for B,,
is convenient for the calculation of the anisotropy, since
the sums contained in it converge very rapidly and only
the first terms are significant. If we neglect these
sums completely, then we obtain formulas somewhat
more accurate than those of Colpa.!™ The accuracy
of such an approximation can be assessed by starting
from the requirement that B,, vanish for the primitive
cubic lattice. The equality B,,=0 is ensured by the
equality of the numerical coefficients of all three tensors
(%4 %g = 8, B/ 3 etc.). The approximate values of these co-
efficients are —13.8, 13.2, and 12,6, i.e., the scatter
is ~10%. With the same degree of accuracy, A in (19)
has a value 4n(gp a3,

In conclusion, I wish to thank V. A. Ruban and B. N.
Fillippov for interesting discussions.

DBy two-dimensional system we mean here a situation wherein
the spins lie in on a plane located in a real three-dimensional
space.

2)The reason why the stabilization of the ferromagnetic order
is actually the result of long-range action and not of the lift-
ing of the degeneracy is that, as we shall show, 1) the homo-
geneous part of the energy is invariant to planar rotations,

2) the stabilization stems from Hamiltonianterms that are
linear in the momentum.
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3If the number of layers N, is large, then the cancellation of
the linear terms is complete at gb <1 (¢ is the momentum
perpendicular to the layers and b is the distance between the
layers). On the other hand if N, ~2 or 3, then there is no
complete cancellation and the dipole forces should stabilize
the long-range order, but an investigation of this question is
beyond the scope of the present article,

OThus, the magnetic interaction between two uniformly mag-
netized closely-located monatomic layers with sides I and
m along the axes x and y is described by the formula

He=2(gu)? (v2d) - {(m2+1) S- 87 4 (B may 53 8 a4 m+a) stV 5™y,

where d? =1>+m?, v, is the “volume” of the planar unit cell,
and 82 is the average spin of the atom in the layer.

51t is interesting to note that if we consider the region of the
crystal near the boundary, then the summation over p has a
finite limit on one side, and as a result the linear terms are
not completely cancelled out in the expression for ;. The
terms linear in p, also remain if p, ~a§1.
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Contribution to the theory of liquid *He

A. M. Dyugaev
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We show that the anomalous properties of liquid *He can be explained by assuming that the fluctuation
spectrum of its spin density has a deep roton minimum. This means that *He is close to a phase transition
to an antiferromagnetic state. Comparison between theory and experiment confirms this assumption. We
find the spin-roton parameters: A=0.09 K, k,=0.7 p, M =0.06 m. We determine the temperature
dependence of the specific heat up to T= 1.5 K. For 0.05 < T< 0.5 K the main term in the specific heat is
</ T. A temperature of T=0.5 K has the meaning of the degeneracy temperature of the spin-roton gas.
We find the quasi-particle spectrum and the Landau Fermi-liquid theory parameters. We determine the
wavevector dependence of the magnetic susceptibility x. At k = k; the value of x is 50 times larger than

the susceptibility of a perfect Fermi gas of the same density.

PACS numbers: 64.50. —b

1. PHYSICAL PICTURE

Liquid *He can be satisfactorily described by Landau
theory only for 7<0,1 K. At T >0.1 K the specific
heat, viscosity, and other physical characteristics of
He have a different order of magnitude than the values
predicted by Landau and Pomeranchuk. *~*’ The strong
difference between the properties of *He and those of a
gas of quasi-particles can be explained if we assume
that the liquid is close to a phase transition. Four
types of instability are possible in a Fermi liquid which
are connected with the two forms of its excitations—
zero and spin sound. The first kind of instability is
connected with long-wavelength density fluctuations.
This instability arises when the velocity of the virtual
zero sound is much smaller than the quasi-particle ve-
locity on the Fermi surface. It is clear that such an in-
stability can not be realized in *He as real zero sound
can propagate in it, which has been observed experi-
mentally. :

The second type of instability is connected with short-
wavelength zero sound which has a roton gap A for 2
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~ 2pr. Such an instability is destroyed when the liquid
goes over into the solid state. As the zero sound spec-
trum is unknown for k= 2py it is necessary to consider
the theoretical arguments for and against the existence
of soft zero sound rotons in 3He. The arguments for
such a possibility are based upon the fact that *He un-
der pressure becomes a solid, Moreover, in liquid
‘He, which differs from 3He only by the statistics of the
particles and an unimportant difference in the mass of
the atoms, there are sound excitations with a roton gap.
The argument against consists of the fact that a phase
transition into the solid state is always a first order
one and it seems doubtful that it takes place when A

<« ep, when the rotons strongly affect the properties of
the liquid phase. In particular, *He which in the solid
state is very much like *He undergoes a transition into
the solid state before the roton gap decreases so much
that it becomes necessary to take the effect of the ro-
tons on the nature of the transition into account. If,
nevertheless, it turns out that when the density changes
A becomes much less than ¢ prior to the occurrence
of the phase transition, the exchange scattering ampli-
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