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We construct a theory of magnetic resonance in antiferromagnets. The theory contains the maximum
possible number of independent phenomenological functions of the temperature that can be determined in
principle from dynamic and static experiments. In the high-temperature region the equations of the theory
are essentially those of Onsager’s theory of thermodynamic fluctuations. At low temperatures, in the so-
called spin wave region, several parameters of the Onsager theory turn out to be the same. We describe this
situation by new equations for magnetic resonance which are second-order equations in time and which can
be derived by means of Lagrange’s mechanical principle. As actual cases we consider the most lucid cases
of a two-sublattice antiferromagnet in an external field and of the antiferromagnets CoCO;, MnCO;,

FeCO,, CoF,, and MnF,.

PACS numbers: 76.50.+g, 75.50.Ee

1. INTRODUCTION

When studying magnetic resonance and spin waves in
antiferromagnets theoretically or experimentally it is
extremely useful to have general phenomenological ex-
pressions for the spectra which contain the maximum
number of constants compatible with the symmetry and
physical properties of the phenomenon. The first step
along this path was the famous Landau-Lifshitz equa-
tion™! which describes ferromagnetic resonance and the
essentially long-wavelength spin waves in a ferromag-
net. The first phenomenological theory of antiferro-
magnetic resonance (AFMR) was the theory of Kittel and
Keffer'?! (see also™®!) constructed in the molecular field
approximation. Borovik-Romanov and Turov (seef* %!
and also'®’) developed a phenomenological theory of
AFMR in the large spin approximation for 7=0. The
first attempt to construct a theory of AFMR containing
the maximum possible number of constants was under-
taken by Gufan. ™

An essential step in the range of phenomenological
theories was the hydrodynamic theory of spin waves
constructed by Halperin, Hohenberg, and others. tel
Finally, a complete phenomenological theory of spin
waves in the exchange approximation and for the case
where there are no external fields was very recently
produced by Andreev and Marchenko. ! Essentially
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they determined all possible kinds of “acoustic” oscil-
lations in a magnetic system. It turned out that while
for oscillations of atoms there are always three and
only three acoustic branches, for oscillations of mag-
netic moments the number of acoustic modes can be
both less and more than three. It is determined by the
specific exchange group of magnetic symmetry intro-
duced by the authors. Exchange magnetic groups dif-
fer from the magnetic groups (including time-reversal)
introduced by Landau®®’ (see also™!?) in his time and
are the same as the so-called color groups.

In the high-temperature range T<T, (T, is the mag-
netic phase-transition temperature) the theory of AFMR
can be constructed in a natural way as a particular case
of the general Onsager theory of thermodynamic fluc-
tuations (see, e.g.,''?!). Infact, one can write the
AFMR equations as Onsager equations for thermody-
namic variables:

. _ _ of
dt = g'{ub—az. (1)

Here f is the free energy of a small deviation from

equilibrium which is, in general, an arbitrary positive
definite quadratic form of the variables g,. The coef-
ficients 7,, are the Onsager coefficients; their form is
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restricted only by the symmetry principle of the kinetic
coefficients. It is clear that if the motion described by
Eq. (1) is undamped, f must be an integral of the mo-
tion and the coefficients y,, must therefore be antisym-
metric: 7, =-%,. The symmetric part of v,, de-
scribes damping.

The thermodynamic variables g, themselves can be
introduced in two ways. We can neglect in first ap-
proximation the lattice deformations connected with
magnetostriction and we can consider the motion of the
system of spins against the background of the spatial
symmetry of the paramagnetic phase (this method has
been used earlier by Gufan and one of the present au-
thorst®?). In such an approach the set of quantities g,
will be the same as the set of “vectors” S,,, where the
vector index i of Si, describes the direction of the spins
in space while the set of indexes na describes the coor-

. dinate dependence of the spin density. In our case n is
the number of the irreducible representation of the
space group of the paramagnetic phase, while « is the
number of the function in its base. On the other hand,
we can understand by the irreducible representation n
either a representation of Landau’s magnetic group in
the magnetic phase''® or a representation of the ex-
change group introduced by Andreev and Marchenko. te]
In the first case, however, it is difficult in practice to
separate relativistic from exchange effects while in the
second case there remains the unsolved problem of how
to find the exchange group itself from the available ex-
perimental data.’

The AFMR frequencies given by Eqs. (1) are clearly
determined both by the static properties of the system
such as the spin-flip fields H, and the perpendicular x,
and parallel X, susceptibilities which occur in f, and by
the dynamic coefficients vy,,. However, a comparison
with the results of a microscopic theory (e.g., with
Oguchi’s theory‘*!) and with a phenomenological spin
wave theory (see Sec. 4 below) shows that at low tem-
peratures in the spin wave region not all coefficients

¥.» allowed by Onsager’s principle are independent. The

fact is that, as was first shown by Dyson, '**! there are
two kinds of temperature dependence for all physical
quantities for T<T,: a series expansion in powers of
T/T, and a dependence of the form exp(- T,/T). The
region T < T, where only the power-law temperature
dependence remains while all exp(-T,/T) are negligibly
small is also the spin wave region. Knowing the be-
havior of a quantity only in the spin wave region we can
therefore say nothing whatever about the region T~T,.
However, in return we can conclude from the results of
" the spin wave theory which of the quantities y,, or of
their combinations turn to zero as exp(-T,/T).

Of course, we can always turn directly to the micro-
scopic theory. However, concrete microscopic calcu-
lations taking into account anisotropy and external dif-
ferently orientated fields, e.g., in the framework of
Holstein and Primskoff’s method (see, e.g.,*’) are
extremely laborious. It is therefore always useful to
have a phenomenological method in which the part of
the microscopic theory is reduced to merely calculat-
ing the temperature dependence of two or three coef-
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ficients. Moreover (see the end of Sec. 4) a phenome-
nological method enables us to make a number of gen-
eralizations which go beyond the framework of present-
day microscopic theories which operate in the limit of
large spins S.

The phenomenological method proposed by us is es-
sentially a generalization of the usual Lagrangian meth-
od in the small oscillations theory. We shall consider
the free energy f of the oscillations, which occurs in
(1), as a potential energy and we shall introduce apart
from it a Lagrangian function Z. In contrast to the
standard situation in the theory of oscillations there can
now occur in %, in the case when the variables are mag-
netic moments, i.e., quantities which change sign under
time reversal, also terms which are linear in the de-
rivatives.

The general expression for £ is of the form

_ 1 dg, 1 dq. dg,
& —.T Z,\hl,f{a dl’ T TZ‘ “ub?ﬁ_ f (2)

ab

The coefficients p,, must be antisymmetric: p,, =~ pyq,
in order that the first term in (2) does not reduce to a
total derivative with respect to the time. Since, as is
clear from (2), the p,, must change sign as ¢ — —¢, they
are, like the y,, in (1), proportional to odd powers of
the equilibrium values of the spin density (see Secs.

3, 4).

The equations of motion are now the Lagrangian equa-
tions (¢ =dg/dt) which with the £ from (2) have the form

’Z‘pn g+ Zuq =— U%j 3)

At first sight this equation (at least when w=0) is
Eq. (1) solved for 9f/8g,. However, in actual fact the
tensor p,, (and ¥,,) may not have an inverse and, as al-
ways, Eq. (3) is equivalent to a set of first-order equa-

- tions with double the number of variables (coordinates

and momenta), i.e., Hamiltonian equations, and not
Eqgs. (1).

Equation (3) has an energy integral &, in our case the
spin wave energy

3 1
&= 2 q. — & = —)2 RonGafe 1. 4)

“

which equals the sum of kinetic and potential energies.
Equation (4) requires that the tensor ,, be positive
definite.

Apart from the energy of the excitation & we can also
determine its (spin) angular momentum J. To do this,
as always in mechanics (see, e.g., ¢’ Sec. 43), we
must consider the action

9’=j9dt

as function of the coordinates and recognize that when
we vary the endpoint of the trajectory 6g,(¢) the action
changes according to the formula
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02
87 = Z—qaq,. (5)

We consider now how the action changes when all spins
i.e., the above introduced quantities S,,, are rotated
over the same infinitesimal angle 6¢. Equation (5) be-
comes in that case

" s7=loq, ®6)

where, by definition, J is also the angular momentum,

In the case when the angular momentum is an integral
of motion, i.e., when the Lagrangian function & does
not change under rotation around any axis (this means an
exchange interaction or that the crystal is magnetically
uniaxial) it can be connected with the motion of the mag-
netic moment .#, averaged over a period, by introduc-
ing the magnetomechanical ratio ¥, for the excitation:

H=x.J. - (7)

On the other hand, we can evaluate the magnetic mo-
ment .Z(¢) as the derivative with respect to the external
magnetic field H using the normal mechanics formula
(see''®, Sec. 40)

«0=(3a),, = (F7).. ®

where the derivatives of the Lagrangian function & are
taken for constant coordinates g and velocities ¢, while
the derivatives of the Hamiltonian function 5 are for
constant ¢ and their conjugate momenta p. We shall see
below in Sec. 4 that Eq. (7) imposes well defined limi-
tations on the coefficients p and p in (2).

The damping of the AFMR is in the Onsager version
(1) of the theory evaluated, as always, by using the
positive definite entropy generation:

ds i
dt = 2 Yab Qaqo,

ab

where v}, is the symmetric part of the Onsager coeffi-

cients. For small damping we can always use the rela-
tion

df ds 2 ds

4 __pds 2 %

dt a7 al !

which is averaged over a period and which also deter-
mines the relaxation time 7.

In the spin wave version a positive dissipation func-
tion # (see''®!, Sec. 25) is introduced

dt 9da 04qa 0§a (9)

while the relaxation time 7 is determined from the rela-
tions
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z (10)

We apply in what follows the proposed general scheme
to the simplest case of a two-sublattice uniaxial anti-
ferromagnetic in an external field. Of course, the
scheme with a Lagrangian function is applicable to spin
waves with a finite wavevector; to do this we must in
the usual manner take into account terms with deriva-
tives with respect to the coordinates in f in (2) and in %
in (9). Equations, similar to (9) and (1) then completely
determine the momentum dependence of the spin wave
damping.

2. THERMODYNAMIC RELATIONS

We start with a calculation of the free energy f of the
oscillations which occurs in both versions of the theory,
both the high-temperature and the spin-wave one. We
consider a uniaxial ferromagnetic and a uniaxial two-
sublattice antiferromagnetic in an external magnetic
field H. We then restrict ourselves to the first approxi-
mation in the anisotropy a and in H and we shall neglect
the anisotropy in the basis plane.

In the ferromagnetic case the free energy is of the
form (z is here and henceforth the crystal axis)
F=F,(M*)—'/,a (M’).M,‘—MH, (11)
where M is the magnetic moment per unit volume,
F,(M?) the exchange part of the free energy, a(M?) the
anisotropy energy which, in general, is a function of

M2, The value of the moment M in equilibrium can be
found from the condition

oF
S =0, (12)
One can also find easily the energy f connected with a
small deviation m of the moment from equilibrium. In
the “easy axis” case and the field H along z we have?
f="2(a+H/M)m *+/ sy, m2. (13)
Here a and M are given functions of the temperature,
X;! is the susceptibility of the paraprocess, and
Yo '=a+H/M (14)
is the perpendicular susceptibility of the uniaxial ferro-
magnet. It depends, of course, on the field and on a.

The state of the simplest two-sublattice antiferro-
magnet in an external magnetic field is determined by
two vectors S,, mentioned in the Introduction, viz., the
antiferromagnetic vector L and the magnetic moment M.
For a uniaxial crystal when there is no anisotropy in
the basis plane we can write for the free energy

F=F,(L*) +'/,P(L*) (LM)*+'/.Q(L*) M*—*/,a(L*) L,*—MH. (15)
We retained in Eq. (15) solely the quadratic terms in
the expansion of the free energy in terms of the quantity

M which is small for an antiferromagnet. This corre-
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sponds to the main approximation in powers of the ratio
H/H, of the external field H to the exchange field H,.
Moreover, we neglected the intrinsic relativistic an-
isotropy of the magnetic susceptibility (i.e., terms of
the form M2 which give the anisotropy of the suscepti-
bility in the paramagnetic phase). As in the ferromag-
netic case, all quantities F;,, P, @, and a which occur
in (15) are arbitrary functions of L2,

The equilibrium values of L, and M are determined
from the conditions

oF _oF

GL oM

=0,

and the second of these gives, as always,

M=y . H+(y,—y.) L(HL)/L?,
x7'=0, T =i

_ (16)
~1=PL,

where x, and X, are the parallel and perpendicular sus-
ceptibilities defined in the usual way, neglecting rela-
tivistic effects.

The formulae for the free energy of the oscillations of
1 and m depend on the actual situation.

a) Easy axis, Hllz. We must here distinguish two
cases: weak field H<H, (H, the spin-flip field, see be-
low) and strong field.

In a weak field H<H, and the antiferromagnetic vec-

tor Lz, In that case
f=71{a——7-“L£(1 —%)} l:‘—%%(l—%)l;nu

1)
LRI 1 )
+,)_7.; m*-+_—‘)—Alz_+BH1:m‘+TX;\—lm;'.

The constants A and B which determine the energy of
the longitudinal oscillations do not have a direct experi-
mental meaning and can be expressed in a well defined
way in terms of derivatives of F,, P, @, and so on.

The condition that the energy of the transverse oscil-
lations be positive definite has the form

H*<H?=aLl?/(y.—y.), (18)

where H, is the above-mentioned thermodynamic spin-
flip field. The condition for stability with respect to
longitudinal perturbations B?H? <A/, is normally used
together with (18).

In a strong field H>H, and L IIx. In that case

2py2
f:i{-a+hi’ (1= 2 ) 2 (1= 2 Y,
2 YL yan Ly Y

oy~ m gy my AL+ BH L m A oy~ m (19)

The energy f is positive in fields H>H,, but such that
BPHE<A/x 1. Usually the second condition is also sat-
isfied.

b) Easy axis, HIX. In that case
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g2 1 H

/:i{ﬁ"-—,(n— )}1 +—a12+—£(1~ —)lml
2 7L ya Ly -

Y m 2 y m m A AL BHLm Ay, m (20)

c) Easy plane, LIIx, Hllz,
a<0 is, of course, valid.

In that case Eq. (19) with

d) Easy plane, LIix, Hily. In that case

v :H* H
j=1= _,(1—ﬂ) S lall? + o 7*(1—ﬂ)1m,
2y L* Y1 . 2
+ax o mE oy, T m A AL+ BH L, oy~ m R (21)

3. HIGH TEMPERATURES

We start with the ferromagnetic case. It is clear that
in the case of a magnetic field which is parallel to the
easy axis the longitudinal oscillations can be split from
the transverse ones. As always the longitudinal ones
appear to be purely relaxational and we shall not con-
sider them. On the other hand, it follows from Egs.
(13) and (1) that the frequencies will be small, propor-
tional to H~a. Inthe main approximation in a and H
we must thus restrict ourselves to the exchange ap-
proximation for the coefficients 3,,. This gives at once
the simple equation

dml=.[MX af] 22)

di om,

.e., the linearized Landau-Lifshitz equationm and the
well known expression for the ferromagnetic resonance
frequency

o=y (il+aM)=1Iy_~ (23)

The resonance frequency is thus determined by means
of the quantities M, a, and x;' which are measured in
static experiments and one new dynamic constant, the
magnetomechanical ratio y.

In the AFMR case comparison of Eqs. (17) to (21)
with Eqs. (1) shows that the AFMR frequencies are
again small and proportional to ~H, a'/?, We must
here take into account that it can be seen from the for- .
mula for the energy f that in any mode the oscillating
magnetic moment m is less than the corresponding anti-
ferromagnetic vector I, or more precisely, m ~Hl,
a'’?], It is therefore also in this case sufficient to re-
strict oneself to the exchange approximation for the
coefficients v,,.

The general equations with exchange values of y,,
have the form

Z—:—'yl [Lx f]»,(y2 ')q)(LM)[Lx g{]+y,Lz [Mx 8{]

(24)

%‘- =% [LX :—{] + (73 - 75)(LM) [LX aanl‘l]v-‘.‘yst [MX %]’

with, in general, five arbitrary “magnetomechanical
ratios” v.

To find the spectrum of Eq. (24) it is impossiblé to
allow extra accuracy and we must drop all corrections
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of relative order H/H, and H,/H, (H, is the anisotropy
field). In particular, the terms proportional to ¥, and
7, in the first of Eqs. (24) are such corrections.

We now give the formulae for AFMR frequencies.

a) Easy axis, Hilz, H<H,. There are two frequen-
cies:

o == A+ [H 1 (v v 3] (25)

Here H, is the thermodynamic spin-flip field (18) and
we have introduced instead of the coefficients 9, and ¥,
new ¥y and ¥, through the formulae

A

v (i) vmn () g (26)

In the molecular field model we have the relation
n=v L= L= 27)
where v, =gy, is the magnetogyric ratio for a free spin,

and (25) becomes Kittel and Keffer’s well known for-
mula 3!

12 =:11(|— L )+[“Lz Sy ] (28)

i 2y y Vi

In a strong field H>H,, LI x and
o, =[—H +vy H] . w.=0. (29)

where instead of the constant y; we have introduced a
new magnetogyric ratio y,:

e (1) B e -] o

In the molecular field limit y, = ¥,.

b) Easy axis, HIIX.
o=l v+ 21, 0o=Hoy.. (31)
With the above indicated accuracy the frequency of the
second branch is independent of the magnetic field.

c) Easy plane, Hllz, Equations (29) remain valid for
this case, but we must substitute for the term - H3y%:
la| L%/ (Xy - x)=v§lal L2/ X,.

d) Easy plane, Hlly. We have

laiL* - «/7lalL?
Wy = —— =

11 -

w,=v_H.

. (32)

The formulae for the AFMR frequencies are thus in
the high-temperature region of the same structure as
the formulae from the molecular field theory (see,
e.g.,®). However, there now occurs in them instead
of a single dynamical constant y, three phenomenologi-
cal constants: v, ¥, and y,.

4. LOW TEMPERATURES

As in the high-temperature case the ferromagnetic
resonance (FMR) and antiferromagnetic resonance
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(AFMR) frequencies will be small: w~a, H for FMR
and w~a'’?, H for AFMR. Moreover, the estimates
for the amplitudes of the oscillations, m ~ HI, a'/?] also
remain valid., It is therefore again sufficient to write
the kinetic part of the Lagrangian function # in the ex-
change approximation.

In the ferromagnetic case
ff=lpM[ Xd—mj|+i(u——u)(\lﬂ):
2 dt 2 TN @

In the equation of motion for the transverse components
the term with the second derivative is a small correc-
tion and the low-temperature equations give the same
result as the Landau-Lifshitz Eq. (22) with

y—1/pM". (34)

In the equation of motion for the longitudinal mode
the term with the second derivative must be retained:

(35)

In the right-hand side of this equation we included the
general form of the relaxation term given by the dissi-
pation function #. However, the value of this equation
is not particularly large as in actual fact it only de-
scribes a relaxation mode. This is not ultimately con-
nected with the large magnitude of x, as already in the
Bloch model of spin waves x,~T/H2, T/a’/? (for de-
tails see, e.g.,"").

In the antiferromagnetic case the Lagrangian function
has the form

- dam| . h d
g-pL[lx I] T(?, 02) (L\I)L[l X dt]
) Al L dlyi 4 dly:
*thal MEXE]+ g ML (dt) g (Ldt) h o (36)

where f is in the various cases given by the formulae
from Sec. 2. When writing down Eq. (36) we took into

“account the above mentioned relations between the os-

cillation amplitudes m and 1 and dropped small ex-
change terms of the kind

dm dm ) : ( dm) ( dl )
—_— —), L—)(M—
M[m X dt]’ ( dt dt dt
and so on.

We now find the ratios y,, mentioned in the Introduc-
tion, between the coefficients in the kinetic part of the
Lagrangian 2 and the magnetomechanical moment for
the excitation from Eq. (7). We start with the simplest
ferromagnetic case. The Lagrangian & of the system
is invariant under a rotation of all transverse moments
m, (in what follows we denote m, simply by m) over a
small angle 8¢ around the z-axis: i

Sm=[z Xm] 8p.
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In accordance with Eqs. (5), (6) to this rotation there
corresponds a conserved angular momentum of the os-
cillation (of course directed along the z-axis):

J="/pMm®. (37)

On the other hand, evaluating the magnetic moment
# using Eq. (8) gives

H=—m¥2M. (38)

As the magnetic moment # itself is according to (38),
(37) a conserved quantity, direct comparison with Eq.
(7) gives

v.=—1/pM.

Comparison with (34) shows that the constant y in the
Landau-Lifshitz equation is the same as the magneto-
mechanical ratio ¥, for a spin wave.

We now consider an antiferromagnetic with an easy
axis in a weak field (H <H,), parallel to the z-axis.
The Lagrangian function for transverse oscillations®’
has the form

7—1{Q—X”—Ijz(1~%)}l-’—%(l7;’;)1111—-%;(L"m3. (39)

It is invariant under a rotation of 1 and m around the
z-axis over the same angle d¢:

dm=[zxm]bp, 6I=[zxI]6p,
which according to (5), (6) gives the following formula
for the conserved angular momentum of the oscillation:

J=pLml+p, Loy, HE+pL? [1 X %] z (40)

On the other hand, the use of Eq. (8) to evaluate the
magnetic moment leads to

= 2 d 7’”” _L 2_i _E.
A =p,L x,,[lxﬁ]n = (1 7_;)1 - (1 h)lm. (41)

In order to apply now Eq. (8) we must average (41)
over a period of the oscillations. To do this we write
down the equations of motion defined by (39):

pL[zX%]=_;lm—£(l—ﬂ)l,

XL L XL
d’l
pLfpx G2 ] +2mrinanfex Gl u g
Yol 1 X H 14l
=—qa— l—=—)H——(1—"=)m.
{a L xl)} L (1 XJ_)m (42)

Using them we can reduce Eqs. (40) and (41) for J and
A (t) to the form

dl
J= (XLPZ + M)Lz [IX Et_]z +H{' p(Xe = Xu) +pleXu}12:
dl H
e+ 2o -xe. @)

Jl(t)={—p(x1—7..)+p1L2x..}[1>< Iz
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A comparison of . with y,J in (43) gives in fact two
relations as .7 and J are functions of the magnetic field
H. In particular, the fact that # is the same as y,J for
H =0 leads automatically to the fact that the coefficients
of 1% and of [I1]z are the same. Hence we have the rela-
tions

L*(yoo®+m) = (ra—n) 1L,

oLy —p (=) = (=) /y.L?,

(44)

which connect p, p;, and p with the magnetomechanical
ratio yx for a spin wave.

The AFMR spectrum is given by Eqs. (42). It is
here important that the second derivatives in them give
the same contribution as the first derivatives. Using
(44) we get from the calculation the simple formula

o1, :=Y. (Hy=H), (45)

where H; is exactly the same thermodynamic spin-flip
field. This formula is the same as Eq. (25) from the
Onsager version with

v,=Y-+0(exp(—T./T)). (46)

On the other hand, neither Eq. (25) with y, #7,, nor
Kittel and Keffer’s Eq. (28) give the correct low-tem-
perature asymptotic behavior (45) which, however, is
the same as the result from microscopic theories

(Cf. [14]).

In all other variants of field orientations and signs
the equations of motion simplify even more. In fact, if
we neglect terms which are of higher accuracy (cf. the
preceding section) we can use for finding the frequency
spectrum the Lagrangian function

geprfixdm L (0, ‘ @)

20 al

Calculations give for the AFMR spectrum the same
Egs. (29), (31), and (32) where, however,

v_o=.+0 (exp (=7 /T)). (48)

The structure of all low-temperature formulae ob-
tained in this way is the same as that given by micro-
scopic or phenomenological theories (cf. %), How-
ever, they allow us to find the temperature dependence
of the AFMR frequencies more exactly and in a more
economical way; this occurs in the spectra only through
the spin-flip field Hy(T) and v, (T).

In particular, in the Holstein-Primakoff approxima-
tion, i.e., in the large spin S approximation, ¥, (T) can
be found immediately if we use Oguchi’s results, "'4! In
his paper the energy of the spin wave system, as in
Landau’s Fermi liquid theory ("'*, see also''?’, Sec.
68) is determined in the form of a functional of the spin
wave distribution function », , for the two kinds of oscil-
lations in (45). In Oguchi’s theory the functional has
the form
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where ¢, , are the spin wave energies when we neglect
the interaction, while f!!, 72, and % are the analogies
of Landau’s f-functions, which in Oguchi’s theory are
small: f~1/S. Following Landau and defining the ex-
act spin wave energy as '

6F 1,22 12,24
o= =g, + E frx' nyoxe T+ frxr okt
on,.» e e

and substituting here

n, .=[exp(e, /T)—1]"".

we find after some straightforward calculations that
Y=Y (1=:/2y..).

where ¥, =g, is the “free” magnetomechanical ratio,
while x,~T?, x,=const.

However, the difference between the low-tempera-
ture phenomenology proposed here and theoriest 514!
which are valid only in the limit S -~ can in principle
be made even more pronounced. Namely, we can drop
the requirement that the magnetic moment of the exci-
tation be connected through Eq. (7) with the angular
momentum, This is completely possible in metals
where X,(T =0) may be finite while, on the other hand,
it seems altogether improbable that theories operating
with the Heisenberg exchange Hamiltonian (e.g.,
Oguchi’s theory™*)) will give anything which is prin-
cipally different in terms of order eS.

There are no special difficulties in performing cal-
culations with the Lagrangian function (39) without the
limitations (44). Their results consist in the fact that
Eq. (46) is then violated while Eq. (48) remains. The
AFMR frequencies will in that version of the theory
thus again be described by Eqgs. (25), (29), (31), and
(32) where now, however,

_eGu—x) —plLy (49)
L (y.0*+ 1)
o iy 2= Y™V
1=, —_L'(V.J"’*LU - (50)

It would be interesting to observe the new qualitative
features, viz. that y,#7, =%, which arise in such a
theory experimentally. Of most interest would be the
feature involving the presence at low temperatures of a
term under the square root sign in Eq. (25) which is
quadratic in the field H. We emphasize once again that
this differeice must be of the order of magnitude of the
exchange in contrast to the trivial relativistic correc-
tions which appear due to the dependence of HZ on the
external field.
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5. FeCO,, MnCO;, CoCO,

For these substances we must add to the free energy,
given by Eq. (15) a term b[LxXM], corresponding to weak
ferromagnetism.

a) FeCO;. Weak field Hilz, We add to the energy of
the oscillations f (Eq. (17)) a term b[Ixm]z. Equation
(25) remains for the AFMR spectrum, in which we need
only change the definition of the spin-flip field

’ a—b*%.

Ho2 = .
XL—Xe (51)

b) MnCO;, CoCO;. Hlly, LIIX. These materials
have a weak ferromagnetic moment M, which has the
absolute magnitude x,|b| L. In equilibrium in an exter-
nal field we have instead of (16)

M=bx, [z X L] +7. U=y (M, +y, H).

Instead of Eq. (21) we shall now have for f

I= O HAM) [ (=) HHMo]1

2Ly,

1 1 1
o~ [ lal+ M 1) ] L+ ) B,

oy m T mE AL BH L m, oy, R (52)

The equations of motion in the Onsager version also
are changed. The first of the equations remains with
the required accuracy in the old form:

d af] ’

T{Y—Y.L[xxm , (53")
while instead of the second one we must write

d_m = g 2, af n

i 7,L[x X al] + (yaLP H+ ay Mo [y)( EE]' (53'")

The appearance of the term
Ol'YlMoI:Y X 1]
om

with a new phenomenological coefficient a is connected
with the fact that the symmetry of crystals which per-
mit the appearance of the term [LXM], in the energy
allows also the appearance of a term of the form

[[z X L]x i]

om

in the equation of motion for m. We remind ourselves
that My~[zx L], we are led to Eq. (53"').

We note also that the appearance of the coefficient o
destroys the “easy plane” symmetry, introducing its
own kind of dynamic anisotropy which exists even when
there is no static anisotropy in the plane (Eq. (52)).

We give only the most interesting formula for the
“ferromagnetic” mode w;:

=gt + S ol (i (54)
L Il

where the dynamic gap A is given by the formula
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At low temperatures the solution of problem (47) with
f from (52) gives for any version of the low-temperature
theory (as in both ¥, =7v,)

0/ E=H+MH/ (=) (55)

There is thus no dynamic anisotropy in the spin wave
region;

a=1+0(exp(—T/T)). (56)

6. MnF,, CoF,

We consider here the easy-axis MnF,, CoF, in a weak
field parallel to the crystal axis. Their symmetry al-
lows in the energy (15) a term b(L M, +L,M,). This
leads to the additional analogous expression b(l,m,
+1,m,) in the expression (17) for the energy of the os-
cillations. In particular, the equation for the thermo-
dynamic spin-flip field H, is changed. In fact, now

a—=b*,) L'’
Hy= blL. 57
[ XL X ] ~lol ( )

The evaluation of the spectra of the oscillations by
means of Eqs. (24) or (42) leads at high temperatures
to

Yy 2 v b2
)| =y} B (58)

M

+ I3 (y—

{ 1. (a— bzXLﬁ)L
—Xii

We have here for the sake of simplicity denoted by 8
the quantity

5=1_1_-”’2(1_£). (59)

The same formula is also retained in the second ver-
sion of the spin wave theory with v, # ¥, =v. Inthe
version with all gammas equal B8=x,/x, and Eq. (58)
simplifies:

2
[OFE
y.2 ={

One of the authors (I.D. ) expresses his gratitude to
A. F. Andreev and A. S. Borovik-Romanov for a dis-
cussion of the problems touched upon here.

(a—b%)L* 1"
X=X

:tH}Z—szZ, (60)

DOne can find a more detailed description how one must con-
struct equations such as (1) in the already cited papers by
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Gufan'!”! and by Andreev and Marchenko. 11
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ly a relaxational mode. We shall not spend time on it and in
the subsequent calculations we drop the index . of m and l.
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