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A microscopic quantum theory of a weakly ferromagnetic Fermi liquid is proposed. The spin-excitation
spectrum, consisting of spin fluctuations of the paramagnon type and a transverse spin-wave branch, is
determined. It is shown that at temperatures T4 T¢/€p (T is the Curie temperature, € is the Fermi
energy) in the absence of a magnetic field (H = 0) the spin-density dependence S(T) is determined by the
spin-wave contribution and is described by the law S(T)— S(0)~ T *'. In the region T?/e<T < T the
paramagnon contribution is dominant, leading to the formula S(T) = S(0) [1 —(T/ T¢)**]'%. For T.< T<¢;

the susceptibility varies as x~ T

T ~*2. The longitudinal susceptibility for T< T, H—0 diverges like H ~/2.

The contribution of the spin excitations to the specific heat for T> T2 /e, is proportional to T In T. The

calculations are performed by the methods of quantum field theory.

PACS numbers: 75.10.Dg, 75.30.Fv

1. INTRODUCTION

In most ferromagnets the magnetic order is the re-
sult of the exchange interaction. The Heisenberg model
based on this mechanism gives an explanation of many
properties of nonconducting magnetic systems, at both
low and high temperatures. The interpretation of the
properties of metallic ferromagnets follows from the
consideration of ferromagnetic Fermi liquids. (15

A special place amongst ferromagnetic metals is oc-
cupied by weak band ferromagnets. The most well-
known of these are the intermetallic compounds ZrZn,
and SczIn. A characteristic feature of such systems
is that their average magnetic moment per atom is
found to be considerably smaller than its nominal value
at all temperatures., The Curie temperature T is well
small compared with the Fermi energy ep: To<< €p.
'The magnetic susceptibility as 7- 0 is large compared
with the Pauli susceptibility. The increase in magnetic
moment that occurs with increasing intensity of the ap-
plied magnetic field does not cease, right up to the
strongest fields that have been used in the experiments.

The first attempt at a theoretical treatment of weak
band ferromagnets was undertaken in the papers“'“ of
Edwards and Wohlfarth, who assumed that the main
contribution to the thermodynamics of these systems is
given by the thermal one-electron excitations. Despite
the agreement of the theory of '**! with the experimen-
tal data on the magnetization in strong fields, the tem-
perature dependences stemming from the theory turned
out to be substantially weaker than those observed ex-
perimentally. A result of this deficiency was, in par-
ticular, a considerable overestimation, by a factor of
almost ex/ T, of the magnetic susceptibility in the pa-
ramagnetic region of temperatures.

Murata and Doniach'® pointed out that the principal

temperature dependence of the quantities for a weak
ferromagnet arises from the thermal excitation of spin
fluctuations. However, they ignored the quantum ef-
fects, which are important because of the low-tempera-
ture character of the magnetic transition. In a subse-
quent paper by Murata, "’ the quantum effects were
taken into account qualitatively by the introduction of a
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cutoff in the integration over the wave-vectors of the
spin fluctuations. In both papers'®™ their authors
started from a model classical Hamiltonian describing
a one~-component fluctuating field.

In the present paper a microscopic quantum theory
of a weakly ferromagnetic Fermi liquid is proposed.
In Sec. 2 the spectrum of the spin excitations is found.
It consists of spin fluctuations of the paramagnon type
and a transverse spin-wave branch. In Secs. 3 and 4
the thermodynamic properties of the system are con-
sidered. For T<« T%/ep, in the absence of an external
magnetic field (H=0), the temperature variation of the
spin density S(7) is determined by the spin-wave con-
tribution and is described by the well-known law

S(T)—S8(0)~T™.

In the region T%/ey < T<Tg, H=0, the spin density is
given by the formula

§(T)=8(0) [1—(T/Tc)""1*.

The susceptibility of the paramagnetic phase in weak
fields for T << T« &y varies according to the law

x~T=",

The longitudinal susceptibility for 7< T has a diver-
gence ~H'/%, due to the spin-wave contribution. The
contribution of the spin fluctuations to the specific heat
C, of a weakly ferromagnetic Fermi liquid for 7> T%/
ep is proportional to TInT. In Sec. 5 the limits of ap-
plicability of the theory developed are established. In
the Appendix we give the derivation of a number of re-
lations for the vertex parts determining the interaction
between the spin excitations. In treating the spin den-
sity and susceptibility we neglect the contribution of the
thermal Fermi excitations, which is essentially small
compared with the contribution of the spin excitations.
We also disregard the influence of interactions of a
magnetic nature that are small compared with the ex-
change interaction.

It should be noted that dependences for S(7) (T> T%/
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€r), X and C, analogous to those given above have also
been obtained in the paper'” by Murata. However, the
classical model which he used did not give the possi-
bility of establishing the numerical coefficients in X and
C, or of finding the quantitative relationship between
5(0) and the parameters characterizing the system. In
this sense, unlike ours, the results of Murata have a
qualitative character. Because of the one-component
nature of the fluctuations considered in his paper, m
the effect of transverse spin-waves on the thermody-
namic properties of the ferromagnet was also taken in-
to account in‘™,

2. SPIN-EXCITATION SPECTRUM

The spectrum of the single-particle excitations of a
Fermi liquid is given by the poles of the Green func-
tion G,4(p) ' (p={e, p} is the {energy, momentum}: q,
B are the spin variables). For €-0, |pl-p,, p. (b,
and p_ are the Fermi momenta of electrons with oppo-

site spin projections), the G-function has the form®%%:

a 1
Gu =~ + o Va |
() e—v, (Ipl—p,)+id signe( 2 8y tnS ')
a- 1
+ — §ap—nS, —_ 2.1
e—v-(lpl—p-)+t6signe( 2 8ap—nS ')' 8=>+0. ( )

Here S,; are the spin-4 matrices, n is the unit vector
in the direction of the total spin of the system, &,(p)
=v,(Ipl =p,) are the energies of the quasi-particles,
v, and v_ are their velocities, and a, and a._ are renor-
malization constants.

The weakness of the ferromagnetism corresponds to
the condition

A=mp,—p_<p,, p-.

In the calculation of the spin-excitation spectrum the
difference in the quasi-particle energies ¢,(p) and ¢_(p)
is substantial only in the region of momenta |pl|l~p,,

p., where le (p) =e_(p | = les(p)|. Inasmuch as the ve-
locity difference (v, —v)/v,< &/p, leads to relative cor-
rections to the difference e,(p) = ¢(p) of the order of
A/p, <1, we shall put v,~v_~v. For an analogous
reason, we shall assume that a,ca_.~a.

By virtue of the fact that the difference in the volumes
of the Fermi surfaces of electrons with opposite direc-
tions of the spin projection is relatively small, local
variations of spin density lead to a redistribution of the
Fermi quasi-particles only in the vicinity of the Fermi
surfaces, where, because of the small damping, the
concept of Fermi quasi-particles remains valid.
Therefore, the spin oscillations in a weakly ferromag-
netic. Fermi liquid can be considered as collective ex-
citations in a system of Fermi quasi-particles. This
means that the singularities of the two-particle vertex
part T that correspond to these excitations'® are due
to the same mechanism as zero-sound in a nonferro-
magnetic Fermi liquid. ' Namely, the source of the
singularities of the function [ z,4(p,p’; k) in the mo-
mentum transfer 2={w, k} (p +%, p’ are the four-mo-
menta of the quasi-particles before the scattering, and
p, p' +k are those after the scattering) is the diagrams
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containing sections with two G-lines with momenta p
+k and p.

We first consider the singularities of the transverse
(in the spin) component I'y\(p,p's k)=, p,p ;) of the
vertex part at zero temperature. In analogy with the
case of a nonferromagnetic Fermi liquid'®, with the
aid of the equality (2.1) we separate the singular ele-
ment of the diagrams for I',—the product G_(p + %)

X G,(p)=—into singular and regular terms:

G_(p+k)G, (p) =2nia*5 () 8 (e (p)) ;')Z’Tkac;_ (7+k) G4 (p).

(2.2)
The first term on the right here corresponds to the
singular (rapidly varying with » and k) contribution,
arising from the integration over the vicinities of the
Fermi surfaces, in the integral of the product of G-
functions over p and ¢; e(p)=v(Ip| =p¢); Pr=(D.+1.)/2.
The regular term G_G, corresponds to the integra-
tion over regions of & and p far from the Fermi sur-
faces. The decomposition (2.2) has been performed
in such a way that the quantities G_G, and G_G, coincide
for w=0.

We denote by T,(p, p’; k) the function defined by the
set of those diagrams for I in which the singular sec-
tions G_(p +k)G,(p) are replaced by G{p +#)G,(p).
When (2. 2) is taken into account the equation relating
T, and I, has the form

’ T ’, d0,— o ,
To@,B3 0 =T 1 (0,0 )+ [T 1 (0, ) — TL(pup',B)

—vA—vk

(2.3)
Here we have introduced the notation
T .(p, p'; k) =a’T'L (p, P'; k) |emermny
T L0, 0’ k) =a*T . (p, p'; k) |emermor (2.4)

v=p2/2r? is the density of quasi-particle states at one
of the Fermi surfaces (their difference must be ne-
glected), vi=vp;/Ip;|, and do, is the element of solid
angle in the direction of the vector p;.

We now separate the function 7 ,(p, p’; ¥) into isotropic
and anisotropic parts with respect to the variables p
and p’:

To(p, 05 ) =T (b, p's B)+T L°(p, P's B). (2.5)
The anisotropic part 7 remains finite as w,k~0. In
view of the fact that its (w,k)-dependence arising from
the integration over regions far from the Fermi sur-
faces is much weaker than that in the kernel of Eq.

(2. 3), in the low-frequency and long-wavelength limit
the function 7 { must be assumed to be independent of
w and k:

T (p, p's B)=T 1°(p, P)- (2.6)

As regards the isotropic component 7§ of 7,, it be-
comes infinite as £~0. This is connected with the fact
that for w =0 and k- 0 the isotropic part of the function
731, with which, according to (2.3), 7, coincides in this

1. E. Dzyaloshinskﬁ and P. S. Kondratenko 1037



case, behaves like 1/k%, This follows from the fact
that the transverse component of the uniform static
susceptibility, which is related linearly to 73, is equal
to infinity in the absence of magnetic anisotropy. Thus,
the quantity 7§ can be written in the form

T (p, b k) =—v- /b7, (2.7)
Here b is a constant with the dimensions of length
(~p¥). The negative sign of 7 is dictated by the re-
quirement that the ground state be stable. The order
of magnitude of the constant p is due to the fact that 7,
is determined by the properties of the system far from
the Fermi surfaces, and, consequently, depends weak-
ly on their spin splitting. In principle, the quantity

7§ could also contain dependence on the frequency w,
but in solving Eq. (2. 3) this must be neglected in com~
parison with the stronger dependence of the kernel of
the equation,

We shall seek the solution of (2. 3) in the form

T (0, Vs B) =T . (B)+7 (p, P ), (2.8)
Analysis of Eq. (2.3), with allowance for the equalities
(2.5), (2.7),and (2. 8) and the fact that we are inter-
ested in its solution near the poles of 7, in  and k,
leads to the conclusion that, to within quantities of
relative order bzkz, it decomposes into two equations:

. V1 edO, o .
T W= o) o T © @ (2.9)
o o oy (B0 ,
T .(p,p ;k)=9]_"(p,p)+I?9’f(pm:)-ﬁﬁg_f(myp i k).
— vy
{2.10)

The solution of (2.9) has the form

.7'3(k)=v“[ @ (m—v(A+|k|)+i6

n
2vlkl| o—v(A—Ik|)+iS

) —b’k’]al, s-+0. (2.11)

The infinitesimal extra term #5 under the logarithm
ensures, as usual, the correct choice of the imaginary
part of the logarithm.

In the region of wave-vectors |ki & A the function
(k) (2.11) has a real pole

+
. (K) ~ 20/ k| bK/In (A lkl ) .

A—1k] (2.12)

It corresponds to the usual spin-wave branch, with a
quadratic spectrum for |k| «< A:

o, (k) =vAbk?,  |k|<A. (2.13)
It follows from the expression (2.11) and from (2.12)
that the quantity w,(k) -0 as |k| -~ A. A more detailed
analysis with allowance for the difference in the veloci-
ties of quasi-particles with opposite spin directions
leads to the conclusion that the quantity w (k) does not
reach zero as |k| — A but tends to a finite limit ™'

o ~or"/In(ps/A),

where ™= ~pAb®A? is the maximum value taken by the
s
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frequency w, (k) for |k| <A,

For |k| >A the pole of 7%(k) becomes complex. In
the region |k| > A it is found to be pure-imaginary. In
this case 7 §(%) has the form

v—l

Ttk =— b’k —inw/2vlk| '

Iki>A. (2.14)

This expression describes the paramagnon branch of
spin fluctuations, the “dispersion law” of which is
ot =2 |k|°,  |k|>A. (2.15)
The solution of Eq. (2.10) can be sought by expanding
the quantities appearing in it in spherical harmonics.
Here it must be remembered that, in accordance with
the definition of the function 7 ¢, the isotropic harmonic
(1=0) is absent in its expansion. The frequencies of
the spin oscillations determined by the poles of the so-
lution of (2. 10) remain finite as k-0 and are equal to
v4 in order of magnitude. Those oscillations for which
the corresponding frequencies w;(0) <vA have a spec-
trum that falls off with increasing |k|. For |k| -4

(k) >l ~ vA/In(ps/A).

For k| >A the poles of the function 7 { that corre-
spond to these branches are complex with real and
imaginary parts that are equal in order of magnitude.
The important point is that both parts are much larger
than the paramagnon frequencies (2.15). The aniso-
tropic spin-wave branches, for which w,(0) >v4, have
an increasing spectrum. At |k| > A they emerge into
the linear dispersion law characteristic of spin-waves
of the zero-sound type. ™

The treatment of the longitudinal spin component of
the vertex part,

Ly="e(Tspss ¥l —T oy —T-1oy) »

is analogous to that of the transverse component. The
singular sections of the graphs for TI',, unlike those for
the transverse component, consist of G-functions with
the same direction of the spin projections. Therefore,
in going over from I, to I, in formula (2.2) and, cor-
respondingly, in the equation of the type (2.3), we must
put A=0, If, as we did for 7,, we separate the func~
tion 7, analogous to it into isotropic and anisotropic
parts (75,7 9, then, in view of the regular character
of 74, its dependence on the argument % can be omitted
and, to within quantities ~ (A/pz)?, we can put it equal
to 7 ;. The symmetric part 7 ¢ of the function 7, be-
ing related to the longitudinal susceptibility, is anom-
alously large in a weak ferromagnet. The relative dis-
placement A of the Fermi surfaces plays the role of
the inverse correlation length in the case of longitudinal
spin fluctuations. Therefore, for |k| > A, the func-
tions 7, and 7, being determined by regions of inte-
gration far from the Fermi surfaces, should coincide,
and, consequently, with allowance for the equality (2.7)
the quantity 7 § can be written in the form
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-1 2
ﬁ._—:-:b_zkﬁ' a~(%) < 1. (2. 16)
After this, the function 7,(p,p’; %), defined analogously
to 7.(p,p’; %) (2.4), can be decompoged into a sum of
isotropic 77 and anisotropic 7} components, which, in
analogy with the case of 9§ and 75, satisfy two inde-
pendent equations of the type (2.9), (2.10), to within
quantities of relative order ~(a +b%k?). The solution
for the symmetric part 77 has the form

,v-l

Ttk —ine/2vlk| (2.17)

T =

It determines the long'itudinél paramagnon spin-fluc-

tuation branch with the “dispersion law ”
o 1=21""v|k| (a+b'k?). (2.18)

For |k| > A the frequencies of the longitudinal (2. 18)

and transverse (2. 15) branches of the fluctuations coin-
cide.

The poles of the anisotropic part 93 of 7, divide into
two groups. One of these determines the spectrum of
longitudinal spin-waves of the zero-sound type, with
frequencies ~v|k|. The second corresponds to com-
plex poles, the real and imaginary parts of which sub-
stantially exceed the frequencies of the paramagnon
branch. For this reason, as in the case of the trans-
verse modes, the anisotropic spin fluctuations at tem-
peratures T< ¢ give a negligibly small contribution
to the thermodynamics of a weak ferromagnet.

In the following we shall need expressions for the
Green functions constructed from the spin-density op-
erators S,;(x):

Dy(z—a') =—i (T ((Su(z) —8:) (8;(z') —S;) ).

Here S,(x) =3 (x)S}s95(%); % and §, are electron crea-
tion and annihilation operators; x={r, #} is the space-
time coordinate; {...) is the symbol for averaging over
the ground state; T is the time-ordering operator; S;

= (§,(x)) is the average value of the spin-moment den-
gity of the system. The retarded Green function D‘,"‘j
corresponding to D;, determines the linear response of
the spin density to an external magnetic field.

According to the general rules of the diagram tech-
nique of '®), the Fourier transform D (w,k) of the func-
tion D;,(x =x") is expressed by the equality

d* .
Dy(0, 0=t [ Sur G 0 H) Gun )
o d'p’ , . i ,

X816~ f <Gy Toe 0", K)o () S Gun2) ] .
Dividing the integration over the momenta into regions
lying in the vicinity of and far from the Fermi surface
and taking into account the equalities (2.2) and (2.4),
Eq. (2. 3) and the equality

Dy, 0)—eur,

[}

which follows from the conservation of the total spin,
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we obtain
D0, K)= Dy (0,0) = 171" (0, W) +T.(~0, D)),
Dy (0,10 =—Dye(0, ) =4 1T (0,00~ 1" (~0, )],

D..(o, k)=%9—“'<m, K); Du=D.=0, i%s. (2.19)
(The z-axis is chosen in the direction of the resultant
spin of the ferromagnet.) Taking into account the
equalities (2. 11)=(2. 16) and going over from the func-
tion Dy, to the retarded Green function D¥,, defined in
the usual way, *® from (2. 19) we obtain

x "o k) 2K .
D(0,K) =Dy (@, k)=—8 oo, [kl<a; - (2..20)

R " __v 1 )
D0, =Dy 0= — e kI4; (2.21)
Do (0, k)= —— ! (2.22)

"2 atbik—ine/2vlkl

In deriving formulas (2.19)=(2. 22) we have taken into
account that the absolute magnitude S= | S| of the av-
erage spin-density vector is determined by the semi-
difference of the volumes of the Fermi surfaces''® and
is equal to

1 dp YA
7 I e (2.23)

p-<Ipl<p.

S=

Up to now it has been assumed that an external mag-

netic field does not act on the system. The switching-
on of a static uniform magnetic field of intensity H

leads primarily to dependence on H=|H| of the relative
displacement A of the Fermi surfaces that appears in
the above formulas. In addition, the magnetic field
leads to renormalization of the quantities 7, and 7.
Inasmuch as the longitudinal magnetic susceptibility
~ A= besides the appearance of a dependence of the
constant ¢ on H in (2.16) and (2. 22) the possibility of
the appearance of a term ~ H/A in the denominator of
7$ (2.7) is not ruled out. In fact, this happens, and
follows from the formula (A. 9) obtained in the Appendix:

S

lim D.*(0,k)=lim D,,*(0. k) = — ——,
( ) 1_13: ™ ( ) 2l

k=0 &

where g is the Bohr magneton. Hence, taking into ac-
count the first formula (2.19), the equalities D¥,(0, k)
=D, (0, k) and 70, k)=7%0,k), and formula (2.7), we
obtain the expression for the function 7§ in the pres-
ence of a magnetic field:

J— v!

T = o HA

Correspondingly, formula (2.11) for the function 97 ac-
quires a term —2uqgH/vA in the denominator of the
right-hand side when the field is switched on, and the
formula for the spin-wave spectrum for |k| <A (2.13)
takes the form

@, (k) ~2uH+vAbk?, |k|<A. (2.24)
The formulas (2. 20)=(2. 22) for D¥,(w, k) preserve their
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form when we go over to the case H#0. Here it must
be recalled that the spin-wave frequency appearing in
(2. 20) is determined by the equality (2.24), and the
quantities A and « are functions of the field strength H.

Formally, the results obtained are not changed when
we go over to nonzero temperatures, under the condi-
tion T<< ¢r., Because of the small size of the contribu-
tion of the thermal Fermi excitations the modification
of the formulas (2. 20)~(2. 22) for D¥,(w,k)for T # 0,

w ~ T consists only in taking into account the tempera-
ture dependence of the quantities A and @, and this will
be considered in the next section.

In the paramagnetic temperature region (T >T() for
H=0 the function D, becomes isotropic: Df,=D?s,,.
The quantity D® c01nc1des in form with the function D =
(2. 22) in the ferromagnetic temperature region. Thus,
the low-frequency spin fluctuations at T > T reduce to
three degenerate paramagnon branches.

3. SUSCEPTIBILITY AND SPIN DENSITY FOR 7+0

The longitudinal differential susceptibility to a static

uniform magnetic field is determined by the equality
%=—(240) * lim D" (0, k; T) =— (210:)*D..(0,0; T). (3.1)

Here 2;,(iw,, k; T) is the spin Green function, corre-
spondmg to D,,, in the Matsubara representatmnm, Wy
=2mnT. To find the temperature dependence of the
function 2;; we shall use the method described in the
book™® for calculating the temperature corrections.
Since the principal temperature dependence arises on
account of the thermal spin excitations, the main con-
tribution to 2,,(0, 0; T)-2,,(0, 0, 0) will be given by
those diagrams which contain internal lines 2;,(iw,,k;
T) with frequencies w ~ 7. Instead of summing over
the frequencies of these lines (7 Z) we must apply the
operation

Ti—j%

Integration is performed over all the remaining fre-
quencies.

We shall ‘start the calculation from the paramagnetic
temperature region T> T, for H=0. We introduce the
quantity Z, which is obtained from 2,,(0, 0; 7) by elimi-
nating the temperature-dependent contribution of the
thermal spin fluctuations. If we neglect the contribu-
tion of the thermal Fermi excitations the quantity 2 is
a temperature-independent constant. After singling
out one internal 2-line with frequencies w ~ T from the
graphs for 2,,(0,0; T), we obtain the following dia-
grammatic expression for 7™ ~271(0, 0; 7):

.@ ) _@ZZ (U;UYT) - z z

T>T., H=0. (3.2)

The wavy line corresponds to the function 2,,. The
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[

slash indicates that the operation
dw
13-

should be applied to this function. The blob on the
graph denotes the four-point vertex ;,J,,,. of the inter-
action of the spin fluctuations. At temperatures T
much lower than the temperature T, defined by the
maximum spin-fluctuation frequency, the dependence
of the quantity ;i j1m ON the frequencies, wave-vectors
and temperature must be neglected. With neglect of
relativistic magnetic interactions, the tensor structure
of the quantity 7, has the form

Fisim="13Y (8:01m+8:0;+8:83) . (3' 3)
When we take this equality into account the analytic ex-
pression of the equality (3. 2) takes the form

@—'—@;‘(o,o;r)=w(T), T>T,, H=0; (3.9

B(T)=—%(T;~5d2 )j' (2n)3(.®“(1m k; T) 429 .. (i0,k; T)).

~ (3.5)

Except in the region T - T, of critical spin fluctua-
tions (the corresponding conditions will be found be-
low), diagrams for % ! = ;1(0, 0; T) with more than one
internal #-line with @ ~ T have a small statistical
weight for Tc> T > Ty and can be omitted. We note that
the quantity Z does not coincide with Z,,(0,0; T) for T
=0, H=0. The reason for this is the appearance of the
spontaneous spin moment as we move into the region
T<T..

Going over to the ferromagnetic temperature region
T< T, on an equal footing with the temperature cor-
rections arising on account of the spin excitations we
shall also take into account the temperature dependence
due to the spontaneous spin moment S(T)= (S (x)). Here
it is convenient to regard the quantity S(T) as the con-
densate of the field §,(x). A small value of S(7) allows
us to confine ourselves to taking account of graphs with
the smallest number of condensate lines. The simplest
graph of this type for 3 “'= £1(0, 0; T) has the form

YR

The jagged lines correspond to the condensate. The
four-point vertex here denotes the vertex part that is
irreducible with respect to internal cuts through one
P-line. To within higher orders in the temperature
and powers of the spin density, it coincides with the

quantity ¥,,,., appearing in the equality (3. 2).

(3.6)

Of the diagrams that are more complicated than (3. 2)
and (3.6), those containing sections with two @ -lines
in the horizontal direction merit special treatment for
T<Tc. The simplest of them has the form ‘

Owing to the pole character of the functions 2, and

(3.7
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Dy, for w=0, k-0 (cf. (2.20), (2.24)), this graph di-
verges like H'/? in the limit H-0. This means that,
besides (3.7), it is formally necessary to sum all dia-
grams with an arbitrary number of sections with two
D-lines, as a result of which (3.7) is replaced by the
diagram

E p - ’
in which the circle denotes the effective three-point
vertex that takes into account the temperature correc~

tions arising from the arbitrary number of intermedi~
ate singular sections.

(3.8)

In order to simplify the analytic expression for the
graph (3.8), we shall make use of the identity (in which
the vertical #-line corresponds to w =0, k- 0)

(3.9)

This follows from the fact that its left-hand side can
be obtained from the function 2, by singling out one
condensate line from the graphs for it and then replac-
ing this line by an insertion for the interaction with the
field S, for w=0, k=0, Comparing (3.8), (3.9), (3.2)
and (3.4), we arrive at the conclusion that the analytic
expression for the diagram (3. 8) is equal to

Sa T
’fﬁ'p( ).

Collecting now (3.4), (3.6) and (3.10), we obtain the
final expression for the quantity 7 - %1(0, 0; T) for
T<Tc:

BB, (0,0, 1) = 15 (SB(T)) + ‘7 " (3.11)

We can convince ourselves that, at temperatures not
too close to T, the diagrams not taken into account by
this expression have a small statistical weight; we have
therefore discarded them.

For H =0, T >T,, the spin density vanishes and the
expression (3. 11) goes over into (3.4). Inasmuch as
the interaction of the magnetic field with the system
occurs directly through the field S,, the equality (3.11)
is also valid for the paramagnetic temperature region
in the presence of a magnetic field, when S#0.

It should be noted that those divergences in the dia-
grams which are due to transverse spin-waves do not .
have the fundamental character inherent in the diver-

-gences induced by the critical fluctuations as T~ T.
The point is that the exact vertices for the interaction
of transverse spin-waves with each other, which take
into account also the exchange of virtual fluctuations of
the longitudinal spin-component, vanish in the long-
wavelength and low-frequency limit for H=0 (see
formula (A.17)). As a result, the divergences asso-
ciated with the transverse spin-waves cancel.
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(3.10)

Further transformation of the expression (3. 11) is
necessary to determine the equilibrium spin density
S=S(T,H). With this purpose we shall consider the
function F(T,S), which is obtained from F(T,H), the
free energy per unit volume of the system, defined in
the usual way, by changing to the variables T, S:

F=F+2l‘-QSH.
The function F(T, S) satisfies the condition
AF (T, S)/8S=2u.H. (3.12)

The quantity f‘(T, S) is determined by the set of closed-

connected diagrams containing, in particular, the inter- -

action with the condensate field S. The functions
F(T,S) and 2,,(0, 0; T) are connected by the obvious re-
lation

*F(T,S)

oo @) =—D.(0,0, 7).

(3.13)
Substituting the equality (3. 11) into this, and then com-
paring (3.13) with (3.12), we obtain

(3.14)

Taking into account that 8 =0 as T— 0, from (3. 14) we
obtain

— DS+ 1S +HSB(T) =2pH.

D-="1nSs, Se=8(I'=0, H=0). (3.15)
When this equality is taken into account, the relation
(3. 14) takes the form

o1 S*—* /1S’ S+4SB(T) =2p.H. (3.16)
Using the condition S=0 for H=0, T~ T, -0, from
this we find

Soz=6ﬁc, ﬁcgmr-n. Hem0o (3' 17)
At T=0 the quantity g and its derivative with respect to
S vanish. Therefore, it follows from (3. 16) that

x=x(T=0, H=0)=3(2pe)"/1Ss". (3.18)
Using the equalities (3.17) and (3.18), we can rewrite
Eq. (3.16), relating the quantities S, H and T, in the
form

B(T) | xH
— + A
ﬂc MoS

s=s¢ [1 (3.19)

We next study the calculation of the function S(T) ap-
pearing in the last equality. Changing in formula (3. 5)
from the summation to an integration

dw o
1Y~ [ methgr
over a contour enclosing the poles of the function
coth(w/2T), and then, as usual, ‘*! deforming the inte-
gration contour on to the real axis of the variable w,

we obtain
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dk

3.20
@7 (3.20)

p(T)_—j - em 1] e IlD" (0, k) +D." (0, k) 1.

The main contribution to the integral here arises from
frequencies w~T. At such frequencies and at tem-
peratures not too close to T, diagrams of the type
(3.7) and (3. 8) give a negligibly small contribution.
Therefore, in place of the function D §, in (3. 20) we
must substitute the expressions (2. 20)-(2. 22) in which,
according to (3.11) and (3. 15), the quantity @ is equal
to :

a=/yv (/48" —*/S*+YB(T)).

Using the relation (3. 16), we can show that in the
limiting cases 2uqoH «<¥S3(T, 0)/6 and 2uH >>S%(T, 0)/6
the quantity « (3. 21) is equal to

a="1yS%  2uH<! S (T, 0);

(3.22)

=118, 2uad>yS(T, 0).

In accordance with the existence of the two types of
spin excitations, we separate the quantity g(T) (3. 20) in-
to a spin-wave contribution 8., and a paramagnon con-
tribution S,:

p=BrwtB5,

In the calculation of B, the term D%, in (3. 20) must be
omitted, and in place of D% we must substitute the ex-
pression (2. 20) and limit the integration over k by the
condition 1kl< A:

1
p:u‘(T) - 1

?35 (2n)® exp(o.(k)/T)—1" (3.23)

At temperatures T <« a*/?vb™ the paramagnon contribu-

tion B,(T) is proportional to T % and thereby turns out to
be indistinguishable from the T 2 contribution of the
Fermi excitations that we have neglected. Therefore,

BN~pi(T), T<T", T'=a*vb,
In the temperature region T > T *, in (3. 20) we can,
with a sufficient degree of accuracy, assume that D&
=D ¥ and extend the integration over k to the whole
space:

57 1 dk
Ne=— —ldey ——§ —— R
8,(7) 3:11!' © e"’”—ij EE [mD,, (m,k),

T>T".

Substitution of formula (2. 22) into this and calculations
give

(4 4 4 4y
oy = STCLIRUR) Vo (1) (3. 25)
36°Y3 b T,
To=2n"'vb™?, T>T",

where I'(x) is the gamma function and ¢ (x) is the Rie-
mann zeta-function. The terms discarded in (3, 25)
have relative order (T*/T)!/%. The contribution of the
spin waves for T > T * corresponds to the same order.
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(3.21)

(3.24) -

Therefore,

B(D)=p:(T), T>T (3. 28)
We now calculate the spin density in different limit-
ing cases. For H=0, from (3.19) we find

S(T,0)=8,(1—B(T)/pc)™. (3.27)
Hence, using formulas (3. 15), (3.17), (3.23) and
(8. 24)-(3.26), we shall have

1
I @) exp(@. (/1)1 T<r

Tk{<<
S(T, 0)—50[1—(T/Tc)‘/']"', T*«T<T..

S(T,0)=8,— (3.28)

(3. 29)

When the expression (2. 13) for the spin-wave spec-
trum at H =0 is taken into account, the formula (3. 28)
leads to the well-known 7 %2 law for the temperature
dependence of the spin density for T < T *:

S(T,0)= S8, —

C(J/.) T 3
8n* (uAb’) ’

From formulas (3.17), (3.25) and (3. 26) we obtam an
expression for the spin density at T, H=0:

5F(‘/J)C(‘/3) vI, ( T, i
S =) . 3.3
6:°¥3 v ( T, ) ( 0)
With the assumption that the energy corresponding to
the vertex y and also Ty=27"wb™ are of the order of
e, we find from (3. 22) and (3. 30) the estimates:

T*=atvb~'~Tc*ee, H=0;
— = -1 s
A(T=0, H=0) z2‘\2 So~(£) (3- 31)
br €p €p

The second of these estimates leads to the conclusion
that w§* ~v Ab2AZ, the maximum spin-wave frequency
at T=0, H=0, has the same order of magnitude as T *.

We shall consider now the case H+0. In weak mag-

" netic fields, satisfying the condition

2uH<YeyS(T, 0),

taking into account the expression (3.23) and the weak
dependence of the quantity B,(T') on H, we obtain

S(T,H)=58(T, O)+2—:-;ZH—6S..,. (3. 32)
Here we have introduced the notation:
= 3(2}10)2 _ (2|~lu)z
x S*(T,0)  2¢(B—p(T))’ . (3.33)
- [ % 1 1
88, = J- (2m)? [exp(m,(k, H)/T)—1  exp(w.(50)/T) 11 (3. 34)

Ik|<a

In the limiting cases 2uoH < T and 2uyH > T, we ob-
tain for the quantity 6S,,, the expressions

1 T@pH)"

B8 — e o
4nb® (vA)*

,  T>2p.H;
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880 =— (3. 35)

i () (o (- 22) 2 (2)).

T<2pH.

In the limit of strong magnetic fields, satisfying the
inequality 2poH > 18T, 0)/6, according to (3.16) the
spin density is described by the expression

S(T, Hy~(12wH/Y)", 2p.H>'[:yS*(T, 0). (3. 36)

We return now to the question of the magnetic sus-
ceptibility. According to (3.1), (3.11) and (3. 15),

' 1 1 i} -t
1= [ 518 = 1Sty (SB) | (3.37)

In the limiting case of weak fields,

2peH <y S* (T, 0), T<Te,

using the relation (3. 16) and the obvious identity

we rewrite (3. 37) in the form

= 6po dp
i (3.38)
The quantity ¥ is defined by formula (3. 33). In the dif-

ferentiation of g with respect to H we must take into ac-

count only the contribution of the spin-waves to which

the singularity of the diagram (3. 8) corresponds. With

the aid of formula (3. 23), with the supplementary con-

dition 2uoH < T, from (3. 38) we find
1 T

7 . 2uH<YWS

=T e o) ) (3.39)

We recall that the quantity v A is related to S by the
equality S=vvA/2. 1t follows from (3. 39) that the
longitudinal susceptibility becomes infinite as H—~ 0,

The second term in (3. 39) becomes the main contribu- -

tion for

ST S

2pell €« —— T o S,

For T <«<2u,H «<75%6 the second term in (3. 38) can
be neglected and then

3(2m)*

F=——" _ T&2u,H<!/yS*(T,0).
X=% 1S (T, 0) ' o oY

(3. 40)

In the case of strong magnetic fields (2uqH > yS*(T, 0)/
6), according to (3. 37) and (3. 16) the susceptibility ac-
quires the form

2(2}10)1

= .41
1= (3.41)

2uH>'/yS*(T,0).

We shall now consider the paramagnetic temperature
region T >T.. I follows from Eq. (3.16) and the
equality (3.17) that, in weak magnetic fields 2uoH <v(B
- Bc)” 2 the spin density is linear in the field: S
=(2po) xH. In this case the susceptibility is equal to
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(2p0)*

N o 1! . 2
Y (B(T)—Bc) (3.42)

x= 2peH <y (B—Bc) ™

For T >T, the condition T > T *=a®/2vb™ is fulfilled
and, therefore, the function B(T) is determined by the
paramagnon contribution. Using formulas (3. 25) and
(3. 42) we obtain

(2po)*
YBel (T/Tc)*—1]
SI'(*/)T(Ys) vTo ( T ) v
36x2Y3 b \T,

%=

Be= (3.43)

In the temperature region T < T < g the formula
(8. 43) takes the form

o 280" (Tc)
TS ( T ) :
In the case of strong magnetic fields 2uH > y(8

- Bc)¥?, the formulas for the spin density and sus-
ceptibility for T >T. reduce to (3. 36) and (3. 41).

4. SPECIFIC HEAT

The contribution of the spin excitations to the tem-
perature-dependent part of the free energy F per unit
volume for T < T, is given by the expression

or. = (1Y [ 2] & e )3 o SpIn[-@' (0, 7). (4.1)

The symbol Sp (=Tr) refers here to the indices labeling
the components of the function 2;;. After the change
from the summation over discrete frequencies to inte-
gration the equality (4. 1) acquires the form

———Im Spln[— D,, (o,k)]. (4.2)

dk
F, = jn e“’”' 1 (2n)*

Substituting the expressions (2. 20)-(2. 22) for the func-
tion D ’i‘, into this and performing the integration over

w and k, we obtain the following expression for the spe-
cific heat due to the spin excitations:

1t 1. T,

=, T<T’
- b To " T v
y=—T———0F, = .
ComT— b e (4.3)
[

= =t T
G T T

In calculating C, we have neglected the spin-wave con-
tribution, which is small compared with (4, 3) (~ T7%/2
for T «T*), and the nonlogarithmic terms ~b™T/T,.

5. CONCLUSION

In the preceding sections we have deveioped a theory
of a weakly ferromagnetic Fermi liquid under the as-
sumption that the interaction between the spin fluctua-
tions weakly renormalizes the initial quantities. This
assumption is certainly violated in the critical region
T—= T,. In order to find the criterion for applicability
of the theory we shall consider the renormalization of
the four-point vertex of the interaction of the spin fluc-
tuations, defined by the constant y. The simplest

l. E. Dzyaloshinski7 and P. S. Kondratenko 1043'



graph describing the temperature correction to vy is
the following:

X

Inasmuch as the phase-space volume corresponding to
the spin-waves tends to zero as T— T, the intermedi-
ate 2-lines in the graph essentially correspond to pa-
ramagnons. With the aid of the expressions (2. 21) and
(2. 22), we find that the relative correction to ¥ arising
from (5. 1) has the order v 24T ;a™/2, In order that
it be considerably smaller than unity it is necessary
that @> (Ty/ep)?. In the limit T~ T, according to the
equalities (3.22) and (3. 29) the quantity « is equal to
(Te/To)* 3171 in order of magnitude (7= (T - T¢)/T¢).
Therefore, the condition for the renormalization of the
quantity ¥ to be small takes the form

[T > (Teler)?s.

(5.1)

(5.2)

(As earlier, we assume that the energies corresponding
to v, Ty and e, are of the same order.) The condition
(5. 2) corresponds, in essence, to the Ginzburg crite-
rion™? as applied to a weakly ferromagnetic Fermi
liquid.

APPENDIX

We shall study the proof of a number of relations be-
tween the vertex parts determining the mutual scatter-
ing of spin excitations. With this purpose we shall con-
sider the responses, of different orders, of the spin
density of the ferromagnet to an additional external sta-
tic uniform magnetic field of intensity 6H. We shall -
assume that for 6H= 0 the system is in a constant uni-
form magnetic field H.

To within quantities | 5H|* the spin-density change
6S; induced by the field 6H can be written in the form

88:=—D:656;+ %_@‘,ax,m, - ;—'@,-,,,,.696,696.6%"., 86:=2p,0H.

i (A.1)
where p, is the Bohr magneton. The quantity 2;; de-
termines the linear response and obviously coincides
with the retarded Green function D §; (v, k) in the limit
w=0, k=0, If we take into account that the Hamilto-
nian of the interaction of the system with the magnetic
field has the form

H(nf= 3 dl'si(z) H6;

(§‘ is the Heisenberg operator of the spin density), the '

quantities 2;;;, 9, expressing the second- and third-
order responses have the following graphical represen-

tation: :
L
Dy = ;‘v—},(f)\/\ (A.2)
J
m
bjim = ¢ Y@ L (A.3)

J
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The wavy lines on the graphs depict the quantity 9,,.
The blob in (A. 2) and the square in (A, 3) respectively
denote the three-point v{;} and four-point ¥}, vertices
for the interaction of the spin fluctuations. The fre-
quencies and wave-vectors, on which these quantities

depend in the general case, are equal to zero.

To determine ¥ and 7' we note that the quantities
Dy, Digy and Dy, appearing in the equality (A. 1) can
be expressed in an obvious way in terms of derivatives
of the spin density S; with respect to the quantity %; .
= 2]].01{ i

aS; a*S;
Do="5%," D= 0%,
@ _ 'S, (A- 4)
3,06, 0K

By virtue of the exchange character of the interaction,
the total spin of the ferromagnet is oriented along the
external magnetic field:

Si=Sn;, n=3/|%|.

Differentiating S; with respect to 5, and then substitut-
ing into the equality (A. 4), we obtain

N
@ij = _i GUJ‘—S'YIJL;, (A. 5)
S\’
D= ( %) (8itni+-8tn+0,4ns) +8" ning, (A.6) -

1
@-‘ﬂm = —%

+8: nnm 85 0 8 im0 H85mn 0, 8 mRiRs) =S RinR R

i' AE. L LA-L_i)” LAn.
(%) (6.'1J'61ml+631 Ojm +8im6t) (‘76 (Gd nilm
(A.7)
Here the prime denotes differentiation with respect to

the quantity %; 6§, is the two-dimensional unit tensor
in the plane perpendicular to the vector #:

6;*1]’ =5iy—7kn,.

(4.8)

From the equality (A..5) it follows, in particular, that

s
lim D.*(o, k)= lim D, (k)= ——o

©=0, k0 0=0, k-0 2p.,.H

(A.9)

(the z-axis is assumed to be directed along H).

In view of the fact that there is one singled-out di-
rection in the problem, the quantities ¥** and ' ap-

. pearing in (A. 2) and (A. 3) have the following tensor

structure:

'Y((j’l) ='/a'1||(:_) (6,-;*m+6u*n,-+6,-z*n.~) +’{||(;) nwnn,,

(A. 10)
'Yi()‘l:n=‘/!YJI‘J)_ (6i}‘LGlml+6il'L6jm'L+6imJ-6il‘L) +‘/n"{i‘|)| (Bijlnl"mf ‘

+8: 85 iRt S ity 85 i 8 M) +-y"(;’n{n,n,nm, (A.11)

Using the formulas (A. 5)-(A.7), (A.10).and (A.11),

from the graphical equalities (A.2) and (A. 3) we find

(!)__ %’ S 4 A 12
=355 (%) - (A.12)
1
'Y||(|7)= —FS”Y (A. 13)
“© AN N
ri-=3 () (.19
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® 6 S\”

1=tz (55) - (A.15)
O 1 m

’{l(l)" —=S (A.186)

With neglect of the magnetic interactions, these re-
lations are completely general, being independent of
the temperature and of the assumption that the ferro-
magnetism is weak. It follows from the equality
(A. 14), in particular, that the exact four-point vertex
of the interaction of transverse spin excitations vanish-
esas H—~ 0.

hmh“i—O (A. 17)
H=0
This conclusion is natural if we take into account that
the energy of a ferromagnet does not depend on the
orientation of its resultant spin for H=0, For nonzero
wave-vectors {k; } of the spin-waves being scattered,
the vertex corresponding to them should be proportional
to the product of the k;. This statement can be gen-
eralized without difficulty to the case of mutual scat-
tering of an arbitrary number of transverse spin-waves.

We note that, whereas the three-point vertex ¥ has
no sections with one 2-line, by definition, graphs for
¥ do contain such sections, generally speaking. They
can be separated by means of the obvious equality:

m l m J
m L m L m 1 ’
7«>:<=~><+>.-<+ +
i Joo ot J
' i J i 4

(A.18)

The blob with four entry points for #-lines denotes
here the four-point vertex ¥{};, that is irreducible with
respect to 2-lines in any direction. In order to es-
tablish the relationship between the vertices ¥} Jim and
7531 in the case of a weak ferromagnet, we shall use an
expression for the free energy F, introduced in Sec. 3,
at T=0; this can be written in the form

1 1
F(S)=F(0)-—71S’+E'1S‘, (A.19)

where ! and ¥ are consfants. The thermodynamic-
equilibrium condition F’(S)= # leads to the equation
—1S+Y/yS*—36=0, (A. 20)

Hence, for the derivatives of S with respect to # we
obtain the following relations:
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1/8'==1+!/,S?,
8""=—y88", (A.22)
SIII=_,YSIA+3,YZSZSI!' (A. 23)
Substitution of (A.20) and (A. 21) into the equalities
(A. 12) and (A.13) gives

(A.21)

'Yu(:.) = Y||(|T)=’YS,

and, consequently, when formula (A. 10) is taken into
account, the three-point vertex has the form

Yin="/sYS (8yn+8un;+6;n,). (A. 24)

As a result of substituting the equalities (A. 14)-
(A.186) into (A.11) and then (A. 11) and (A. 24) into the
diagrammatic relation (A. 18), after simple calcula-
tions with allowance for (A. 21)-(A. 23) we arrive at an
expression for the four-point vertex ¥**’ irreducible
with respect to 2-lines:

Fisim="/+Y (8.581m+818m+Bembys). (A. 25)

We note that formula (A. 24) can be obtained from
(A. 25) by means of the diagrammatic relation

-3

The jagged line corresponds to the condensate S.

(A. 26)
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