the vector m along the direction of the light in our ex-
periment is very small, and apparently the resulting
Faraday modulation of the light should also be small.
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It is shown that the most probable spatial behavior of the one-electron Green function in the region of
localized states near the mobility edge in the Anderson model coincides with the spatial behavior of the
correlation function in the critical region of a second-order phase transition with a zero-component order

parameter.

PACS numbers: 71.50.+t

Ideas about the localization of electrons in a random
field lie at the basis of the modern theory of disordered
systems.? The most highly developed scheme for
treating the problem of localization is the well-known
Anderson model®-*! describing an electron propagating
in a regular lattice with random energy levels at the
different sites. Most of the papers on the Anderson
model are devoted to proving the localization of elec-
tron states when the ratio of the parameter W describ-
ing the spread of levels to the amplitude V of an elec-
tron transition from site to site is sufficiently large, to
determining the critical ratio Wc/ V, and also to deter-
mining the mobility edges E_, i.e., the critical elec-
tron energies separating the regions of localized and
delocalized states in the band. '#4! 1t is of great in-
terest to study the character of the electron states near
the mobility edge, since the corresponding characteris-
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tics essentially determine the kinetics and other elec-
tronic properties of disordered systems. ts1 Attempts
in this direction have been undertaken in papers by
Anderson, Edwards, and Freed. !

There exist a number of obvious analogies between
the problem of the localization of an electron near the
mobility edge and the problem of describing the critical
phenomena near a second-order phase-transition point.
For example, as the electron energy approaches the
mobility edge in the region of localized states the local-
ization length of the electron wavefunction diverges,
just as the correlation length of fluctuations at a phase-
transition point diverges. This prompts the thought that
the spatial behavior of electron states near the mobility
edge can be described by the (scaling) dependences that
are characteristic for the phase-transition problem,
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wi_th critical indices determined only by the dimension-
ality of space and of the corresponding order param-
eter, ®

In the present paper, using the method of Anderson,m

we show that the most probable spatial behavior of the

one-electron Green function at the mobility edge coin-

cides with the spatial behavior of the correlation func-

tion for the problem of critical phenomena with a zero-
component order parameter, 10!

The Hamiltonian of the Anderson model has the
fOrmEZ,S]

H= 2 Ejgta;+ Z Viaita,.
7 i

Here, aj and a; are the electron creation and annihila-
tion operators at the lattice site i, and E, are the ran-
dom energy levels at the sites, distributed in accor-
dance with the law

1)

1/W, |E|<'/.W

0, |E;| >, W * @)

PE)={
The transition amplitude V;; from site to site is as-
sumed to be nonzero, and equal to a constant V, for
transitions between nearest neighbors only.

The character of the electron states is determined by
the one-electron Green function

out=(n [ ).

which is the transition amplitude from the site at the
point R, to the site at the point R, for an electron with
energy E. A renormalized perturbation—theory series
in V is constructed for this Green function. As Ander-
son has shown, ‘2’ the localization problem reduces to
investigating the convergence of this series, where, in
view of the random character of the quantities E;, the
convergence is understood in the sense of convergence
with a certain probability. 2,4) 14 the region of localized
states the series converges with probability unity, and
the condition for convergence determines the critical
ratio W./V or the position of the localization edge in
the band.

3)

The most probable behavior of the Green function can
be represented in the form® 3!

Gu(E) |z—o ~ EZN(R(—RJ) (&;) N‘YN (—V'yK) ’

p @

N=0

where Zy (R, —R;) is the number of paths of N steps,
without intersections, linking site j with site 7, and ¥
is a slowly varying (logarithmic) function of the ratio
V/W and of the so-called connectivity constant K of the
lattice. ®? For simplicity we consider below an Ander-
son transition in the center of the band (at E=0). In
the general case, in (4) we must replace 2V/W by
2Vp(E), where p(E) is the density of electron states. '3’
The critical bandwidth W, corresponding to the thresh-
old of localization is determined by the equation®®’

1=

e (.8)

w. (5)
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For E #0 a condition of the type (5) was discussed in"+¥

Thus, the spatial behavior of the Green function is
entirely determined by the statistics of nonintersecting
paths, through the function Zy (R, -R,). Anderson®®
and Thouless!!’ used a Z,(R) obtained as the result of
machine experiments. We shall make use of the ana-
lytic theory of de Gennes and des Cloizeaux, "% Using
Wilson’s e-expansion method, ®’ de Gennes and des
Cloizeaux considered the statistics of random walks
without intersections and showed that the function Z,(R)
of interest to us is determined, in a space of d dimen-
sions, by the inverse Laplace transform

ctiom

Zy(R) = J’ %e""Gu(s,R) 6)

—i»

of the unrenormalized Green function G,(s,R) of a
Euclidian field theory (Landau-Ginzburg phase-transi-
tion theory) with Lagrangian of the form

2@=1Y (Vom0 + (3 os), )

Jm=1 Juai

where 7 is the number of components of the field & and
is equal to zero in the problem under consideration.
(The condition » =0 eliminates the “superfluous” dia-
grams with loops, which are absent in the nonintersect-
ing random-walk problem.) The dimensionless param-
eter s is related to the unrenormalized mass: s =m?Za?,
where a is a characteristic length of the order of the
lattice constant. The phase transition corresponds®®’
to the vanishing of the renormalized mass m of the field
theory (7) as s —s,:

(8)

m~a=*(s—s.)~",
where v is the critical index of the correlation length.

In (6) we must take ¢>s.. The parameter s, is re-
latcd to the connectivity of the lattice®® 10121

©)

K=exp (sc).

Using (6) and (3), we obtain

w  cHim

G~y | %exp{N(s—sc)}Gu (s, R—R)) (zeV K) xw(%,x)

Nes=i) comi X W
ctfo )
ds W.
zj S Ge(s RR) Z_ mp{ Ns—s)+Nln— }
w
=Gu(lﬂw:+sc; Ri_Rj) (10)

which is the main result, showing that the most prob-
able spatial behavior of the one-electron Green function
of the Anderson model in the region of localized states
near the mobility edge (W2 W,) coincides with the be-
havior of the correlation function of the phase-transi-
tion theory (7) with =0, and W=W, corresponds to the
transition point.

For W2 W, the Green function falls off exponentially
with distance®®’:;

IR |
Gy~ exp{—RL} ; IRl=|R~R,|>Ri..,

loe

11)
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where

—v

W—-w.

Ripe~m=t~a I
e W

12)

plays the role of the localization length. Analogously,
for E+0, but for ExE_,

E-E. |
Ee

Rm~a|

In the framework of the Wilson e-expansion (d=4 - ¢)
for n=0, we have

1 e 15
v~2—{1+8—+2565=+...}z0.592 for e=1, (13)

in excellent agreement with Anderson’s result v=0.86, ts1
obtained from a machine analysis of the statistics of
nonintersecting paths. :

For W=W, we have

Gyeo|R|-te-2+m, (14)
where
2
nzgz{u%e}zo,osz for e=1. (15)

The small value of the critical index 7 implies that the
localization assumed by Thouless®!! (who evidently
used unreliable numerical values, obtained in the ma-
chine analysis, for the critical indices in the pre-ex-
ponential factor in Z,(R)), with a power-law decay of
the wavefunctions, is impossible in the given model.
In the analog of formula (14) in™!!, the exponent is
equal to 17/9, which falls in the region of possible val-
ues (from 3 to 3, according to Thouless) of the local-

- ization exponent. In our case, d-2+7n~1.032 for
d=3.

Naturally, the asymptotic formulas (11) and (14)
given above can also be obtained by direct use of the
asymptotic formulas for Z,(R) obtained by des
Cloizeaux. 1%’

The analysis carried out is inapplicable in the one-
dimensional case, since in the model under considera-
tion, with nearest-neighbor interaction, Anderson’s re-
normalized series for the electron Green function con-
tains only two terms, corresponding to the two possible
nonintersecting paths. '3’ The question of localization
reduces to an investigation of the convergence of a cer-
tain continued fraction, and the statistics of noninter-
secting paths do not play a special role. Therefore, a
one-dimensional model of a phase transition, of the
Landau-Ginzburg type, evidently has no direct relation
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to the problem of the localization of electrons in a one-
dimensional disordered system. The same conclusion
is obtained from other arguments in a recent paper by

Thouless, t4?

In conclusion, we emphasize that the most probable
electron Green function near the mobility edge was con-
sidered above. In papers by Edwards®® and Freedt™ an
analogy has been noted between the problem of nonin-
tersecting random walks and the problem of calculating
the one-electron Green function averaged over random
configurations of impurities. Starting from this anal-
ogy, it is not difficult to convince oneself that the dia-
grammatic series of Edwards for this Green function, 5]
in the Gaussian approximation for the statistics of the
impurities, is generated by the diagrammatic series for
Gy(s) of the problem (7) with » =0, after the appropriate
analytic continuation in the parameters of the Lagrang-
ian (see also the paper''*!). The important point here,
however, is that the sign of the interaction constant g,
changes, so that the correspondence with the theory of
phase transitions is evidently lost. Physically, this is
connected with the fact that random walks without in-
tersections are equivalent to the thermodynamics of a
polymer chain with repulsion between the links, where-
as the thermodynamics of an electron in a system of
impurities is equivalent to the thermodynamics of a
polymer with attraction.'®! The question of the possi-
bility of applying Wilson’s e-expansion in this problem
remains open.

The author expresses his deep gratitude to L. V.
Keldysh and Yu. A. Izyumov for discussion of a wide
range of questions associated with this work.
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