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A study is made of the creation of boson pairs in Friedmann models of open, closed, and quasi-Euclidean
types. A method for regularizing the energy-momentum tensor based on a time-dependent operation of
normal ordering is proposed. The “cosmological” [Ya. B. Zel'dovich and A. A. Starobinskii, Zh. Eksp.
Teor. Fiz. 61, 2161 (1971) [Sov. Phys. JETP 34, 1159 (1972)]} problem of pair creation when initial
conditions are specified at the singularity is solved. The vacuum corrections to the energy density and
pressure of a scalar field in the closed model are calculated. Expressions are found for the number density
of created pairs and also their energy density and pressure for both t<m ~! and t»m ~!. It is concluded
that the creation takes place most intensively when t~ m ~!, after which it virtually ceases.

PACS numbers: 95.30. +m

1. INTRODUCTION

In this paper, we consider the creation of boson pairs
in Friedmann models of open, closed, and quasi-Eu-
clidean types. This problem has already been studied
on a number of occasions (see, for example, [1-%1) but
some of the problems that arise in connection with the
description of the creation process have remained unre-
solved, For example, inf™ 1% different methods were
proposed for eliminating divergences from the vacuum
expectation values of the energy-momentum tensor;
these different methods lead to different results, and
none of them are adequately justified. According to
Hawking, ' the infinities in the expressions for the
energy and pressure cannot be eliminated by means of
the operation of normal ordering since its direct appli-
cation conflicts with the condition that the energy—mo-
mentum tensor must be conservative,

Zel’dovich and one of the authors'®! have proposed a
method for eliminating the divergences from the ex-
pressions for ¢ and P that keeps the renormalized quan-
tities conservative and does not use the operation of
normal ordering. In'®l in particular, they obtained
general expressions for ¢ and P in the quasi-Euclidean
case. In this paper (see Secs. 2 and 3) these results,
and also analogous results for the open and closed
models are obtained by application of an appropriately
defined operation of normal ordering. The method
developed in®! thus acquires a more rigorous field-
theoretical justification,

In the literature!®:3:12:131 the choice of the vacuum
state at an arbitrary time ¢ for the case of a nonsta-
tionary external gravitational field has also been dis-
cussed. It is shown below that the only physically ac-
ceptable vacuum at any time ¢ is the state which is an-
nihilated by the annihilation operators of quasiparticles
in terms of which the instantaneous Hamiltonian H(%)
constructed from the metric energy—momentum is diag-
onal, In Sec, 2 it is shown that the use of this “metric
Hamiltonian is equivalent to the use of the canonical
Hamiltonian obtained from a Lagrangian that differs
from the original Lagrangian by a four-divergence.
Since the vacuum state depends on the time, the opera-
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tion of normal ordering is different for different times.

It should be noted that the operation of normal order-
ing gives ¢ and P only for the created particles. In the
case of the closed Friedmann model, the vacuum ener-
gy density and pressure of a scalar field (i.e., ¢ and P
for the state which is the vacuum at the given time) are
not equal to zero. This fact was noted for the first
time in'® %351 jn the case of massless scalar particles.
In Sec. 3, the corresponding terms in € and P are cal-
culated for a massive scalar field. These corrections
appear in the vacuum expectation values because the
topology of the spatial section of the closed Friedmann
model (S3) is different from that of the spatial section
of the flat and the open model (R3), in which there are
no “topological” corrections.

Int31) the problem was solved of pair creation during
isotropic collapse, and an expression was found for the
time dependence of the particle number, the energy,
and the pressure as the singularity is approached. In®
the possibility was also pointed out of posing, in the
isotropic case, the opposite, “cosmological, ” problem
in which the initial conditions are specified in the sin-
gularity itself (which in this case is a regular point of
the corresponding equation). In Sec. 4, the cosmologi-
cal problem of pair creation is solved under the condi-
tion £<m1, It is shown that the created matter satis-
fies the “vacuum-like” equation of state P~ -¢, Fur-
ther, the cosmological problem of pair creation is
solved under the condition #>m"!, In this case, the
estimate |P| < ¢ is obtained for the pressure. Com-
parison with the preceding case shows that the creation
takes place most intensively for ¢{~m-!, This fact
justifies the use of the approximation of a classical
gravitational field in the cosmological problem of par-
ticle creation since the effects associated with quanti-
zation of gravitation can appear only when ¢~ ¢, <m™1
where fp, =VG~10™ sec. Here and below, we use units
in which Z=c =1,

2. SCALAR FIELD IN HOMOGENEOUS ISOTROPIC
SPACE

We take the metric of the homogeheous isotropic
models in the conformally static form
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ds'=a? (n) [dn’—dP] =a* (n) [dn*—dy’—f (x) (d6+sin* 8dg*) ], (1)

where f(x)=sinhx, x, sinx, respectively, for the cases
when the three-space with metric d? has curvature »
=-1, 0, }; a(n)dn=dt,

The Lagrangian density of a charged scalar field with
conformal coupling is ‘

2’=V—_gL==V—_g[ 0,0, — (ml~§)00'] , (2)

where R is the scalar curvature of spacetime,
Lagrangian (2) corresponds to the field equation

The

(V,V*+m*—R/6) ® (z) =0, 3)

where V, is the covariant derivative. The metric en-
ergy-momentum tensor of the field & ist!

1
Tnv=2®.(n®-V)'—guvL+ ?(Ruv_vuv""'gnvvlvl) o, (4)

The solutions of Eq. (3) can be obtained by separation
of variables:

0 (z)=a~'p(z) =a~* (n)ur(n) ¥, (x), (5)

where ¥,(x) are eigenfunctions of the Laplacian A,);
J={\, 1, m}, where 0<1<w% 1=0, 1, 2,... in the open
case, A=1 2 3,...,1=0,1, 2,..., A-1in the
closed case, and -l <m <] is integral. After the sep-
aration of the variables in (5) we obtain for #,(1) an
equation of oscillator type with variable frequency:

d*u, (1)/dn*+e*(n) ua(n) =0,
©*(n) =A*+m?a*(y).

(6)

The explicit expressions for the functions ,(x) and also
a number of their properties are given inf6:171,

In (5), the scale factor a(n) is separated out explicitly.
The value of this derives from the fact that the metric
(1) is conformally static, and Eq. 3 for m=0 is invari-
ant under a conformal transformation of the metric,
Euw=8u= e'z"gm, , and a simultaneous transformation
of the field = ¢ =¢°®, (12181 At the same time, the
Lagrangian (2) can be expressed in terms of ¢(x) in the
form

L=L' - 1__ *(V—Z0,99°),
Y-g (7
L'=?"q), Q. '-_ (mzeza_R/B) Wo

(R is the scalar curvature in the metric Z,,; in our
case (1), we have R=-6%x).

As can be seen from (7), the Lagrangian L’ differs
from L by a four-divergence, and therefore leads to
the same equations of motion as L in (2). One can show
that the canonical Hamiltonian constructed from L’ is
equal to the metric Hamiltonian H(n) constructed from
the energy-momentum tensor (4). At the same time,
the canonical Hamiltonian H***(n) constructed from the
original Hamiltonian L (7) differs from H(7n) by a quan-
tity that in quantum theory is an infinite C-number.
Below, we use the metric Hamiltonian H(n), which leads
to finite results for the number density of the created

pairs.
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Obviously, the field ¢(x) can be interpreted as a field
with variable mass u®(n)=m2a%(n) in the static space-
time with metric £,,. This is a consequence of the fact
that the metric (1) is conformally static, Note that the
metric (1) is also conformally flat for x=-1, 0, 1,

The operator of the chérged boson field can be rep-
resented as an expansion with respect to the complete
orthonormal system (5):

" o
0(I)=EJ‘ a7 {yp, (x) u;‘(‘q)a(, )+\P1'(X)UA(TI)‘1$+)}» (8)

where [dJ denotes integration with respect to the con-
tinuous quantum numbers and summation over the dis-
crete ones; a5’ and a{” are operators of creation and
annihilation of particles and a$" and a*‘~ are those for
antiparticles; these satisfy the usual commutation re-
lations, The initial conditions on the functions %,(n) are

ffixed below.

The vacuum state corresponding to the operators a$’

and &%’ is determined by the equations
a$? 10>=a;"105=0. (9)

Using (4), (5), (8), and also the properties of the
functions ¥,(x), {1617 we obtain an expression for the
Hamiltonian of the field ®(x) in terms of the creation
and annihilation operators:

H(n)= [doTu (@)= [ &l o (n) (Ea(n) (@ a5 +a57 0 )

+F(n)a; P e P () ar 7 a7 ), (10)

where

Ei(n)=(20)~'[|u|*+0*|u]*],
Fr(n)=(20) "' [m*+o%u?],

and J={) I, - m} (the prime denotes differentiation with
respect to 7). As can be seen from (10), the Hamil-
tonian is nondiagonal in the creation and annihilation
operators, which, in complete analogy with the case of
the electrodynamics of nonstationary external

fields, {1°-21 Jeads to the creation of particle-antipar-
ticle pairs from the vacuum.

We assume that at a certain time 7, the boson field
under consideration is in the vacuum state, This
means that E(n)=1, F(n,)=0; the last condition is en-
sured, in accordance with (10), by the following initial
conditions for Eq. (6):

u(ne)=0""(n0), w (no)=ie"(n.). (11)

Since the point 7=0, a singular point for the Friedmann
models, is a regular point of Eq. (6), we can set 7,=0
in (11) (“cosmological” formulation of the problem®?),
It then becomes possible to calculate the energy, pres-
sure, and number density of the particles created dur-
ing the whole of the evolution of the universe from the
singular state.

3. GENERAL EXPRESSIONS FOR THE PARTICLE
NUMBER DENSITY, ENERGY DENSITY, AND
PRESSURE

An exact solution of the problem of determining the
number of particles, the energy, and the pressure can
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be obtained by diagonalizing the Hamiltonian (10) by
means of a Bogolyubov transformation of the creation
and annihilation operators:

ai” =a ()57 ()= (=13 () 05" (w),

a/ V= ()57 ()= (=1) "B () b5 (m),
loa]—]Ba]*=1.

(12)

Substituting (12) into (10) and requiring that there be
no nondiagonal terms b% %}’ %65, we obtain

B Bt

an Fy

, |ak|z=%uu,'lzmznmv—zm. (13)

From (6) and (13) we can obtain a system of two linear
equations directly for a, and B,:

a’ =:—mﬁxexp(2i‘[mdn) ,
o

- : (14)

B = %m ex'p'( —Zij o dn) )

o

with initial conditions a,(ny)=1, B,(7,)=0. The values
of a, and B, are equal to the values introduced inf*! on
the basis of other arguments, The functions %,(n) and

%,(1) can be expressed in terms of a,(7) and g,(7) as
follows:

W= _1 [a,,‘exp(ij!mdn)+p{exp (-—ijmdn)].

Yo(n) -
(15)
" n
w'=iVo (n) [a; exp (zj odny ) —By" exp (—i j odn )] .
The Hamiltonian (10) takes the form
Hm)=[dlom 8 5 +b2 5,71, (16)

The “quasiparticle” operators b$*’(n) and b% “(n) give
one the possibility of representing the boson field in the
external gravitational field at any time as a collection
of free particles with energies w,(n), the interaction
with the external field appearing as a redefinition of the
concept of a particle at each subsequent time, [2:22:231
Accordingly, the physical vacuum state defined by the
equations

b7 (0)10>=b7"" (n)10,>=0, 17

depends on the time. For 1=17,, the state 10,,) agrees
with 10) in (9) since B,(1,)=0, a,(n,)=1.

To obtain finite results from the calculation of the
matrix elements, it is necessary to express the oper-
ators of the physical quantities in normal form and sub-
tract the energy of the vacuum fluctuations. And, since
the physical vacuum defined in (17) is different at dif-
ferent times, the energy of the vacuum fluctuations sub-
tracted during the reduction of the operators to normal
form depends on the time. Thus, the normally ordered
energy—momentum tensor has the form

Nn(Tuv(I))=TuV(x)_<OnlTuV(x)l0n>- (18)

Using the rule we have formulated, we now calculate
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the number density of the created particles, and also
their energy and pressure.

The operators of the number density of particles and
antiparticles in state J in normal form are, respec-
tively

ne=b;" ()oS7 (), A=bS" ()6, (). (19)

Using (12), we obtain an expression for the number of
particles and antiparticles created from the vacuum
during the time that elapses from 7, to 7 in unit volume
of physical space:

1

2n*a®

- 1 a 2 2
n(n)=n(q)=mjdl.}r<0|n;|0)= fanazip. (20)
Similarly, we can calculate the energy and pressure
of the created pairs:

e(n)=C0|No(Ts°(x)) |05, P (n)=—<0|N,(T(z))|0> (21)

(i=1, 2, 3; no summation over £). For this, we use
the composition formulas for the functions ¥;(x) ob-
tained inf!%'1"1, As a result, for the functions (21) we
obtain

e(q)=;;1;j' ar Ao (n) 1B (n) I3,

" (22)
P(n) == [dhho ) B () P=1a(m],
where
2.2 1
(=5 (1= ).

In the closed model, the integration in (20) and (22)
is replaced by the summation over A =1, 2,.., .

It is easy to show that (0IN,(T%,(x))10) =0 for the non-
diagonal components of the enérgy—momentum tensor,
as must be in the homogeneous isotropic case. One
can show that the vacuum expectation values of the nor-
mally ordered energy—momentum tensor have the prop-
erty of being conservative:

V(0| No(T,7 () |05=0.

Equation (20) for the special case of the quasi-Euclid-
ean Friedmann model (x=0) was obtained in‘%21,
Equations (22) in the case % =0 were obtained by a dif-
ferent method int®?! without the use of the normal order-
ing operation.

By its very definition, the operation of normal order-
ing (18) gives ¢ and P only for the created particles.
In quantum electrodynamics it is well known that the
vacuum (i.e., the state without particles) can also have
nonzero ¢ and P, An example of this is the Casimir
effect, in which the presence of vacuum energy leads
to a force of attraction between two parallel uncharged
metallic or dielectric plates, 4251 This effect pre-
dicted by theory has been experimentally confirmed.

By analogy, we must expect that in the problem con-
sidered here the vacuum energy may, under certain
conditions, be nonzero. Let us therefore consider in
more detail the divergent terms that were ignored in
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the energy-momentum tensor of the scalar field when

we applied the normal ordering operation, In the case
n=0, -1, these terms have the form
1
&= 2 th’dA}m 1])=—Idpp(p+mz)
g 4 i (23)
P, = 1 J' I
o(n) 6x°

P
- dp—L
6x’at ;‘- P (p*+m?)"’

where p =\/a is the physical momentum,

As usual, we shall assume that the energy density and
the pressure of the vacuum in the flat pseudo-Euclidean
.space time are equal to zero. It can be seen that for »
=0, -1 no additional corrections to the flat spacetime
values of e, and P, arise, Therefore, in the flat and
open Friedmann models, the renormalized energy den-
sity e, and the pressure P, of the vacuum |0,) are equal
to zero,

For w=1, the integration with respect to A in Egs.
(23) is replaced by summation over A=1, 2,... . We
show that the resulting vacuum corrections e, and P,
to the expressions for flat spacetime,

—_ 1 _22 zz‘/.. 2(12 22'/:)
e W(Zk(k-f-ma)—!d}»k(}\-f-ma) ,

=1

1 /¢ A o Al
_(Tna_(;l (M +ma?)* _OJ. & (A"-i—mza“)"’) ’

are finite and do not depend on the renormalization
method. We introduce into the sum and integral in (24)
a cutoff function F(A), which we shall assume is ana-
lytic for ReA > 0 and decreases sufficiently rapidly as
Rel— = for the integral and the sum to converge. One
can then apply the summation formula (see, for ex-
ample, 281 p, 38 of the Russian translation)

Z-"P(n)

n=0

>

(24)

l1>(0)+J- (x)dr +i Iq:(n) o(— w) (25)

2T __ 4

—1

In view of the very good convergence of the last integral
in (25), we can set F(A\)=1 in it, It is then obvious that
the expression (24) do not depend on the form of the
cutoff function F(\). Bearing in mind that the function
@A) =22(A% + m?a*)!/ 2 has branch points for X =+ima, so
that

@ (iA) =p(—iA) =—A*(m?a*—A*)"  for A<ma,
@(iA) =—@(—ih) =—iA*(M*—m’a®)" for A>ma

-(the branch points of ¢()) are passed in the half-plane
ReX >0), we obtain

. — j)\,'(). ma’)"
* na e —1

(26)
j- At dA
3rtat 4 (}.’—m’a‘) Y (e”"—i)

o =

Thus, in the case of the closed Friedmann model, the
total expectation value of the operator of the energy-
momentum tensor of the scalar field is made up of the
energy density and pressure of the created particles

>(22) and the vacuum corrections (26):
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em=e+e., Pg°g=P+P..

e, and P, satisfy the condition of being conservative:
2 eaty=-ap,%,
a a

so that the total expectation value of T, also satisfies
this condition. Note that direct application to the un-
renormalized expectation values e + ¢y and P + P of the
renormalization method proposed in‘3! leads to the same
expressions for e, and P,

One can say that ¢, and P, arise from the non-Euclid-
ean topology of the spatial section of the closed Fried-
mann model (S°) since it is the change in the topology
which causes the continuous spectrum of energies and
momenta of the scalar particles to become discrete
and the integral in (23) to be replaced by a sum. In
the case m =0, the topological effect appears in its
cleanest form: For m=0 it follows from Eqs, (14) that
B, =0 so that e=P=0, and therefore

1
240n%a* (1)’

Eit=Ev= Py=P,= % €0 (27)
(in the case of a neutral massless scalar field the re-
sult is half this; see!! 1), It is interesting that, as
can be seen from (26), the distribution of the virtual
particles over the energies for m =0 is exactly the
same as a Planck distribution with temperature (in or-
dinary units) kT =#ic/2ra(n). An analogous result in
the problem of the creation of massless particles by
black holes has been obtained by Hawking, 2" If m #0,
then ¢ in (26) gives a distribution of the virtual par-
ticles that is the same as the distribution of a Bose gas
of relativistic particles with chemical potential equal
to zero.

If ma(n)>1, then ¢, and P, are exponentially small:

(ma)*s

—2%ma
ev=¢ _—
4ncat

(28)

(ma)'

6n’at

Pv=e—2xma 8“.
We now turn to the calculation of 7, ¢, and P near the
singularity.

4. CALCULATION OF THE PARTICLE NUMBER
DENSITY, ENERGY, AND PRESSURE OF THE
CREATED MATTER IN THE EARLY EVOLUTION
OF THE UNIVERSE

Near the singularity ({=0) for » =0, +1 one can as-
sume a(t)=ayt?, where 0<g<1, This behavior of a(f)
is characteristic of the solutions of Einstein’s equa-
tions near the singularity; the background matter,
which determines the metric, has the equation of state
P,=(2/3q-1)¢,. Then

a(n)=a 40,  a=a"""" (1—q)vi-o,

For real models of the Universe, the influence of the
spatial curvature on the expansion at t~m! is still
very small, i.e., a(t~m™)>m-1 and therefore ma,
>1 and n(t~m1) <1,
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We specify the initial conditions (11) at the singular-
ity; then for {=7=0 we must have 8,=0, a,=1. We
consider first the region m{<<1, For An<1, the ex-

ponentials in the system of equations (14) can be omitted.

We obtain
g (V5V5) =gV 5-12)
(29)
1Bal2= (0—A)? R m?a* (0—A) :
FAY) 203\

Then the density (20) of created particles for mt <1 is

(30)'

=h=m’/24n’,

In the first approximation, n does not depend on the
expansion law a(f) (however, it is necessary that the in-
tegral [dt/a=n converge at the point £=0). Thus, for
t<m! the particle creation proceeds at just such a
rate as to keep the particle density constant, despite
the expansion of the Universe. The following term in
the expansion of n(t) for mt<1 is of order m®- mt and
depends on a(f). Note that the main contribution to the
integral with respect to A in Eq. (20) is given by the
region A~ ma,

To calculate ¢ and P, it is insufficient to use the ap-
proximation (29), since in this case the region of large
momenta X makes an important contribution. Let us
consider the region A>ma, Init, 18,1<1, a,=1 and
therefore the system of equations (14) can be solved by

the method of successive approximations. In the first
approximation,
ﬁ»——; da.d:lﬂ.) endy,, a=1,
mt ¢ da (m) da* (m)
1Bal? =— | dn, dn, c0s 2A(n:—ns),
162 ;[ I N (31)
¢ da* (n,
x——[ 1Bal? + —— 4}3-‘. d(:) cos 2A(n— n,)dn,]

The regions of applicability of the approximations (29)
and (31) for mt <1 overlap. Substituting (29) and (31)
into (22), we find that when mt< 1 (see Appendix I for
the details of the calculation)

4
g = (ln-i——
167* mt

1

—ﬂ‘—(ln—r—i?+D—é—q-), (32)

D) » P=m 165

where

D= ‘Y(: Z)+ln(1—q)+—:—;—%.
Here, ¥(z)=T"(2)/I'(2) is the logarithmic derivative of
the gamma function. If, in particular, g =7 (radiation-
dominated background matter), then D=-C —1n2+3,
where C=0.577... is Euler's constant, Note that for
all power laws of expansion the created matter satis-
fies the “vacuum-like” equation of state P~ —g (2829
for t<<m, At the same time ¢ + P~m*/487%g >0 but
e +3P<0, i.e., for the created matter the dominant-
energy condition is violated (seet!!), It should however

be borne in mind that the energy density of the back-
ground appreciably exceeds the value given by (32).
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Equations (30) and (32) refer to the case of the open
and quasi-Euclidean Friedmann models (x=0, —1). Be-
cause of the condition ma,; > 1, they are also true for
the closed model (x =1) for t<m™ except for a very
short interval of time at the start of expansion (¢3¢,
=m(ma,)""¥/?) when ma(n)S1, The values of #, ¢,
and P for ma(n) <1 are given in Appendix I. Estimates
show that for real models of the Universe ma, is so
large (for example, ma,210% for ¢ =% and m=1024 g)
that the time ¢/ is less than f;;, and therefore the re-
gion 0< £S ¢, is not of physical interest, For ma(n)>1,
as can be seen from (25), the corrections that arise
from the replacement of the integrals in (20) and (22)
by sums are exponentially small; in addition, ¢, < ¢,

Thus, Eqgs. (30) and (32) are true for w =0, +1 and ¢
<< m'l_

We now consider the region > m™), The solution of
the system of equations (14) in the first approximation
in (mt)-! has the form

o’ exp(szmdn)

i
A =Co— ﬁn

Br=Pota— 4(; exp( 215 mdn),

(33)
IBxlz—n(}‘)+ +L[oc°f$e exp( 2if (odn)
—0to’Bo XP ( 2i Im dny ) ]4%)1 ,
where a, and 8, are functions of A, #(\)=8,/%=1im|Bg, |2

t—-=, Asi-> we have a,, B,=const, so that the
particle creation ceases, Forming the Wronskians
from the different solutions of Eq. (6), we can readily
verify that n(\) is equal to the function n(k) introduced
in Sec. 3 of*! in the problem of particle creation in
the case of isotropic collapse. Therefore, the number
of particles created in the case of expansion is the
same as in the case of contraction with the same law of
variation a(Inl).

The contribution to ¢ and n from the third, oscillating
term in the expression (33) for |8,|? is always much
less than the contribution of the first term, The sec-
ond term in |8,(n)|2 gives the following contribution to
n and «:

n(n:_m___i.(ﬁ)z e® = m 1 (da)‘

—(= 3
542n a* \dt 48n* a* \ dt (34)

For 0<¢< 3, the main contribution to # and ¢ is made
by the first term in (8,13, i.e., n()), and for > m™?
we then obtain

s [ AR () o (mt)
o (35)
e=m(n+n)=2mn.
The main contribution to the integrals over X in (35)
comes from the region of small momenta \/a~ m(mt)™

< m, so that the energy of a created pair is nearly
equal to twice the rest mass,

Let us investigate the properties of the limit distribu-
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-tion function n(1) for small and large momenta. For
a(f)=a,t®, the function n(\) depends only on the dimen-
sionless parameter

A A
6=aom—"‘_Wu q)° (36)

Here, 0 is the ratio of the physical momentum A/a at
time £=m"! (at this time, the creation process is taking
place most intensively) to the mass, In the case of the
quasi-Euclidean Friedmann model, § is invariant under
a scale transformation of the spatial coordinates.

When 6 <1 (A< (ma,)!% we recall that ma, > 1) we
can ignore A% in Eq. (6) compared with m®a®(n), and
then the solution of this equation satisfying the initial
conditions (11) for 7,=0 is

u,@%l‘(-l—;l)(%t) ll_Wz.l_“_,,,,z(mt). (37)

Therefore, for 6 <1
___‘_ q~-2]"2 1+q —1
n(E)=—2 r( . )6 (38)

For 6>1, the value of n(d) is largely determined by
the law of variation of the metric near the singularity,
and one can therefore formally apply perturbation
theory (cf. the determination of the coefficient of super-
barrier reflection in the case when the potential has an
inflectiont3%), In the present case, U(7)=— m2a®(n)6(n)
is the perturbation. The calculations give

=7 | fesmas(nyan|

_—1- 1_—q g/ (1-9q) . 1+q /g
_16( 2 ) T (E)G- e (39)
for 6> 1, The integration with respect to 7 in (39) is

performed by introducing the factor e *" into the in-
tegrand and then setting =0 in the result. Thus, 7(5)
<571 for 6 <1 and n(6) x5~ 10 for 56> 1, so that the
integral in (35) converges.

'The solution of Eq. (6) can be expressed in terms of
known transcendenta.l functions for any A if g =3 (and
then P, =(3)e,) or =3 (P, =¢,). These solutions and the
exact expressions obtained from them for n(A) are given

. in Appendix II. In the case of greatest interest for
astrophysical applications, g = %, numerical integration

of the exact solution gives the following result: for ¢
> m-1

n~5.3-10* m*(mt)-* e=2mn. (40)

For 0<¢< 3 and £>m"1 the pressure satisfies |P|
« &, For q=3, we have the estimate

|P| <10~ m*st=*/In mt,

so that under the additional condition Inm¢> 1 we
again have |P| <€,
and the nonoscillating part of the pressure is of order
t2«e, When 2<g<1, we obtain P=(2/3q - 1)e ~ ¢,
where ¢ is given by the expression (34).

Introducing the Lagrangian volume V(£)~a®~ %, for
the number of particles in this volume for 0< a<% we
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In the interval < g¢< 3, P~e¢sinmi,

obtain from (30) and (35)

m*(mt)* for mi<1

N(t) ~nt¥ i~ .
for mt>1

const
This dependence N() enables us to conclude that the
creation of particles takes place most intensively when
t~m™ after which it virtually ceases. For ¢>m™ and
0< ¢ <% we have basically particles created during the
earlier stages in the evolution of the Universe.

If it is assumed that the matter density in the Uni-
verse is critical, then q=3 up to the time £, at which
the equation state changes (f,~10* sec), and then ¢
=%. Then the ratio of the energy density € of the created
particles to the energy density ¢, of the background
matter for £>{, (including at the present epoch) is con-
stant and very small for all known elementary particles:

&/ey~Gm? (mt,)"~10-%, - (41)
ifm=10%g

APPENDIX |

To derive Egs. (32), we introduce an auxiliary quan-
tity L, such that ma < Ly<n! and split the domain of
integration with respect to A in Eq. (22) into two:

(0, Ly) and (L, ©). In the first domain, we can use the
approximation (29), and in the second the approxima-
tion (31). Assuming that for ma<< Ly< 7!

L
(lnz_u_i_),
ma

Lo
;\' A(@—A) dxz = Z

- (I.1)
j d—kcos 20 (ns—n2) ®—In (2L,In,—n.l) —C,
: A

we obtain

m o 1
=— (h—-Cc——
€ 16n”(lnma %

- In|n,— n:),

—aijd"‘ da’(n,) jd da(nnz)

1 7
-
ma 12

m‘
=——(ln
P 16n’(

(I.2)

111]1’]1 le

da’(m) da* (1)
jd N jd o

MI dadflm) In (n— m)dm)

The auxiliary L, has disappeared from the result, Set-

ting in (I.2)
(1—g)a(n)n=t
and using the values of the following integrals:

a(n) =a V-2,

¢ 1
0J‘z“lnzdz=——(-a_{_—i)z,

¢ ¥ (a+2)+C
j z ln(i—z) dz=— T 3

0
=, (1.3)
szz“~jdyy”lnlz—y|
0 o
_ 1 ¥(a+2)+C W (b+2)+C
T atbt2 [ at1 b+1

(a+1) (b+1) ]
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we arrive at the results (32),

For ma(n) <1, the approximation (31) is already sat-
isfied for the first mode A =1 in the closed model. Di-
rect summation in (20) and (22) with the use of (31) and
the integrals (I.3) in this case gives

n=m'a(t)/192, (I.4)
e =—m—,[(1—q)1ni+z)‘] ,
1-¢
P=—1 [(1 q)l.n AL
where
D= (1—q)ln[ (1—g) ma,]— mz+w(1+q) I
4q
Note however that for ma(n) <1 we have ¢ <eg,, P<P,

where €, and P, are given approximately by the expres-
sions (27), i.e., the energy density of the created par-
ticles is much less than the vacuum density.

APPENDIX II

Suppose g=3%, a=ay/f, Then Eq. (6) reduces to
Weber’s equation, P Its exact solution with the initial
conditions (11) is

u = (B (—8%, 0) —ibE" (8%, 0) | E (=8, )
2

+[iBE (8%, 0)—E’ (—6% 0) | E* (—8%, 2)}, (. 1)

where x=2Vml, and 6 is determined in (36),

E(4,z)=Y2exp [— +i ( -781-)] D_ia—y(ze™1),

2

a =argl'(z +iA), D,(2) is a parabolic cylinder function,
and

E’ (A,0)=l—id;E(A, Z) | omo.

The function %, can also be expressed in terms of con-
fluent hypergeometric functions. The exact expression
for n(6) when ¢g=1% is

n nd* 1 & 1
8)=——exp(— — -
n(®) ov2 “p( 2 )[ D¢/ +i642) 12 2 |I‘(“/.+i52/2)l=] 2
(. 2)
The asymptotic behaviors of n(5) for 6 <1 and 6> 1 are

determined by (38) and (39).

For x>1, WKB type asymptotic behaviors'3!! can be
used for the functions E(- 62, x)., As regards the values
of these functions for x=0, which occur in the coeffi-
cients of the exact solution (II. 1), when 6 >5,,>> 1 the
asymptotic behavior (31) is valid, while numerical cal-
culation must be used in the region 0<6<5,. At the
same time, it can be shown that it is sufficient to take
8, =V2. Carrying out numerical integration in Egs.
(20) and (22) in the region 0< 6< 5, and estimating the
integral for 6 >8,, by the method of stationary phase,
we obtain the result (40).

Suppose g =3, a=ayt!3, The exact solution of Eq. (6)

with the initial conditions (11) is
(2 (IL. 3)

. +1) " CL @+,

U=-—

Vi
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where
y=[(mt)"+81%  6=hjam,

c,_-%[ _’.,(61)+( —i+$) J_.;,(ﬁ’)] .
Cg=%[l,/.'(6’)+ (-—i +§§~) 7,(8% ] ;

the prime denotes differentiation with respect to the ar-
gument, Then the function n(5) has the form

n(o)=’%’{[; (s (a’)+§§ln,,(a=>)—1;3_’1,.;(6’)

(@) g Taten ) ] + Vg (5 @)+ 50u69)

36°

+ %r. (6% —J-4 (8%) ]} . (II. 4)
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Pion interaction in nuclear matter and » condensation

A. B. Migdal, O. A. Markin, and I. N. Mishustin
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A number of topics is considered related to the problem of 7 condensation in nuclear matter (N = Z) and
in neutron stars (N» Z). A consistent multiparticle approach is developed to describe exact excitations of a
medium with quantum numbers characterizing = mesons—pion quasiparticles. A method is given for
calculating the effective Lagrangian of a pion field, the nonlinear terms of which are interpreted as an
interaction between pion quasiparticles. An exactly soluble model for the 77~ condensation in a neutron
medium is studied, which enables us to calculate by numerical methods the energy of the system in the
presence of a 7 condensate of arbitrary amplitude. In order to illustrate the computation methods the high
frequency approximation w) kvg is considered within the framework of which we succeed in calculating
analytically the critical parameters and the energy of the m* 7~ condensate. It is shown that the instability
discovered by Sawyer and Scalapino [R. F. Sawyer, Phys. Rev. Lett. 29, 382 (1972); D. I. Scalapino, Phys.
Rev. Lett. 29, 386 (1972)] is of the same nature as the 7" 7 -instability. The problem of the spatial and
isotopic structure of the 7 condensate in the system with N = Z is investigated. A broad class of solutions

is investigated by the Thomas-Fermi method and it turns out that the one-dimensional isotopically
asymmetric configurations of the condensate field have the lowest energy. The amplitude of the
modulations of the particle density and of the spin density of nucleons in the condensate field is calculated.

PACS numbers: 21.65.4f

I. FORMULATION OF THE PROBLEM
1. The physical picture

The possibility of a phase transition with the forma-
tion of a 7-meson condensate was investigated for the
first time in'). The Klein-Gordon-Fock (KGF) equa-
tion was solved in external fields of different type:
scalar, electric, in a field produced by nucleons (nu-
clear matter). It was found that in sufficiently strong
external fields two types of instability of the pion field
arise which correspond in a scalar field to wf.',..,o< 0
and in an electrical field to (wy++ w,-)? <0, where w, is
the energy of the pions in the field. In these cases the
single particle treatment becomes inapplicable and in
order to obtain the condensate field and the energy of
the system it is necessary to solve the nonlinear field
problem. Inf!? this problem was solved for the pion in-
teraction of the form A¢*. The appearance of a Bose-
condensate makes the system stable (the energy of all
possible excitations becomes greater than zero). In
that paper the possibility of a phase transition in nuclei
and in neutron stars was demonstrated. But the influ-
ence of the nucleon medium was taken into account in
the gaseous approximation in terms of the external
field. Possible excitations of the nucleon medium were
taken into account independently in references'®:*! by
essentially different methods. In accordance with this
the further development of the theory broceeded along
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two paths.

Sawyer and ScalapinomJ have put forward the idea of
the instability of the matter of a neutron star with re-
spect to the reaction n—=p+7". In order to verify this
assertion a model was considered in which the nucleons
interact with 7 mesons which are present in the only
state with the propagation vector k. Since only one type
of pions was taken into consideration the approach of?’
based on the method of the average field corresponded
to the description of the pion field by a Schrddinger
equation and not by the KGF equation. An instability
was discovered in this model the meaning of which has
become entirely clear only recently. This instability
does not correspond to the initial idea of®). The in-
stability with respect to the reaction n—p + 7~ could
have arisen only if the obvious condition u."" 2 pt
+ (We=)m1a 18 satisfied, which in the absence of an inter-
action between pions and nucleons goes over into the
condition p @ = p‘® 1 m, c* (m, is the pion mass). At
the same time the instability observed in®? disappears
in the case of a weak interaction. Below we shall re-
turn to the question of the nature of the instability ob-
served in®). We shall show that it represents a mani-
festation of the instability observed in a realistic
model. B4

The stability of the model under consideration with
respect to the reaction n—p + 7" was demonstrated in"®
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