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General formulas are obtained for the ionization probability of an atom in an elliptically polarized field. 
Results of numerical calculations are given for the cross sections for two-photon to five-photon ionization 
of alkali atoms by radiation with frequencies corresponding to the first and second harmonics of the 
radiation of ruby and neodymium lasers in fields of linear and circular polarization, together with 
experimentally measured ratios of the cross sections for multiphoton ionization in fields of linear and 
circular polarization for potassium and sodium atoms at the frequencies of a neodymium laser and its 
second harmonic. The results of theoretical and experimental investigations which have been carried out up 
to the present time are compared. 

PACS numbers: 32.10.Qy 

1. INTRODUCTION 

The intensive study of multiphoton ionization of atoms 
has led to the possibility at the present time of clearly 
formulating and classifying the various phenomena aris­
ing in transition of an atomic electron from the ground 
state to a state of the continuum in a field of optical 
frequency. The great variety of possible situations is 
due to the effect on such a transition of both the spectral 
structure of a specific atom and the field character­
istics-frequency, polarization, and intensity. In the 
present work we consider the question of the effect of 
polarization of an external field of optical frequency on 
the probability of the direct process (no intermediate 
resonances) of mUltiphoton ionization of alkali atoms 
under conditions where i' = w,{2mI!eE» 1 (wand E are 
the frequency and intensity of the electromagnetic field, 
m and e are the mass and charge of the electron, and 
I is the ionization potential of the atom). It is known[lJ 
that the probability of such processes is described by 
a functional dependence of the form W- E2N (N is the 
number of photons in the multiphoton ionization process) 
and that they occur in fields rather small in comparison 
with intra-atomic fields, and therefore there is reason 
to suppose that the ionization process should be satis­
factorily described in terms of perturbation theory in 
the interaction of the atom with the electromagnetic 
field. 

The specific selection rules in the matrix elements 
of perturbation theory for radiation of linear and cir­
cular polarization lead to various expreSSions for the 
probabilities, depending on the type of polarization. [2-4J 
Numerical calculation of the ionization probability is 
complicated by the need of calculating compound matrix 
elements of N-th order perturbation theory which in­
clude summation over the discrete and continuous spec­
tra of the atom. Thus, calculations of the probabilities 
of two- and three-photon ionization of alkali atoms by 
linearly polarized radiation carried out by Bebb[SJ are 
based on taking into account a finite number of terms 
in the infinite series of perturbation theory. Here the 
contribution of the continuous spectrum is taken into 
account. The method of "averaging" of oscillator 
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strengths in compound matrix elements, used by Mor­
ton, [8J leads to an indeterminate accuracy of the calcu­
lations. Correct calculations have been carried out 
only for two-photon ionization of alkali metal atoms by 
Mizuno[7J and Choudhury and Gupta. [8J To avoid the dif­
ficulties associated with summation of the perturbation 
theory series, the calculations have utilized the method 
of Dalgarno[9J which permits reducing the problem to 
numerical integration of an inhomogeneous differential 
equation of second order. However, the generalization 
of this method to the case N > 2 presents significant 
technical difficulties. 

In the present work we give the results of numerical 
calculations of the quantitiesl> uN= WN/F' (F is the pho­
ton flux density) for two- to five-photon ionization of 
alkali atoms by radiation with frequencies correspond­
ing to the first and second harmonics of ruby and neo­
dymium laser radiation, and the experimentally mea­
sured ratios of the cross sections for potaSSium and 
sodium atoms at the neodymium laser frequency and its 
second harmonic. 

In Sec. 2 we obtain general formulas for the ioniza­
tion probability of an atom in an elliptically polarized 
field. In Sec. 3 we give the results of numerical cal­
culations of the cross sections for alkali atoms. In 
Secs. 4 and 5 we describe an experiment to measure 
the ratio of the ionization cross sections of sodium and 
potaSSium in fields of linear and circular polarization 
and present a comparison of theoretical and experimen­
tal results, including the results of other experimental 
studies[lD-12J carried out up to the present time. 

2. PROBABILITY OF MUL TIPHOTON IONIZATION IN 
AN elLIPTICALLY POLARIZED FIELD 

The amplitude of N-photon ionization of an atom with . 
one valence electron in the first nonvanishing order of 
perturbation theory can be represented in the form (the 
atomic system of units is used) 
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Here In/ljm j } and IE,LM> are the wave functions of the 
initial and final states of the atom; ke and 1/L are the 
wave vector and phase of the incident electron; GE(r, r') 
is the Green's function of the optical electron; V(r) 
= - (1/2)E(e. r) is the Hamiltonian of the dipole inter­
action of the electron with the field E(t) = Ee coswt (as 
a result of the large population numbers of the modes, 
the field can be considered classical). 

For elliptically polarized radiation the polarization 
vector e has the form e = sinljle_l - cosljlel , where e1 and 
e_l are spherical unit vectors. It is assumed that the 
wave vector k is directed along the z axis. The angle 
ljI varies in the range 0";;: ljI.,;;: 7T/2; here ljI=7T/4 corre­
sponds to linear polarization along· the x axis and ljI = 
o (7T/2) to right-hand (left-hand) circular polarization. 
We limit ourselves to the case of an initial S state (1 i 
= 0). Expanding GE in Eq. (1) in spherical functions, 
we can obtain an expression for the probability W N in­
tegrated over the emitted electron angles: 

F N{S/2) 

Ws= w;:) +2n ( ro -) 1: A~') sin" 21jJ, 
Fo k=! 

(N /2) is the integral part of N /2, 

")_ J ,N.,) , dk. _ 2nN! ( F).v 
WN - IU.~",I 6(E,-E,-Nro) 2n' - (2N+l) !I roY, ITN.N_I. ",I' 

(2) 

is the probability of ionization for circularly polarized 
light. Here F = cSZ /87Tliw is the density of the photon 
flux in cm-2 sec-I, Fo=c/27Ta~=3.22x1034 cm-! sec-1 

is the atomic unit of flux density, 

TL , IN_I. .•. ,II 

is the radial compound matrix element and g, is the 
radial oart of the Green's function. The expressions 
for AJJ'> in the general case are quite cumbersome and 
therefore below we give A for N = 2-4: 

For N =2, 3 

2 ( ~) NA,I)_·W'" WI') 
n ffi Fo' N - N - N • 

For N=4 

The ionization probability for linearly polarized light 
has the form 

W~) = 2n (ro:' r L" , 2£ ~ 1 cL(l., ... , l.>i-I) 
L. '.v-l'· ., '2' 'N-l' ,,0, 12 

XCL(l;, ... ,.I~_I)TL"N_l'· .. ".rL!' ,', 
• N-l····' 2 

CL (I., ... , [N-I) 

(1·11, .. + 26".) (l26,,, '.-1 + 136", /.H)' .. (IN-I6L, 'N_l-l + L{!JL, 'lV_IH) 
1.3(21. + 1) ... (2I lV- I + 1) 

(3) 

/j is the Kronecker delta, and the summation in Eq. (3) 
is carried out over alII satisfying the condition 1 j+l 

=lj ± 1. 

643 SOy. Phys. JETP, Vol. 43, No.4, April 1976 

The quantities CL (12' ••• ,IN-1)TL •1N_1, ••• ,12 in Eq. 
(3) can be considered as partial amplitudes correspond­
ing to different combinations of orbital angular momenta 
of the electron in intermediate states permitted by the 
selection rules, and in this case U\~il) represents the 
sum of the probability amplitudes for transition of the 
electron to the continuum by various branches 0 - 1-12 

- ... -L. 

In the above we have not considered the statistics of 
the field-the radiation was assumed completely co­
herent. In the approximation of completely chaotic ra­
diation we can obtain a general expression W N for a 
partially polarized field. In particular, for N = 2 we 
have 

W,=2n (ro :.r [~To'(1-P'+2s,')+-fT,'(7+5P'-4s3') ]. 

where P is the degree of partial polarization and ~3 is 
the Stokes parameter which determines the degree of 
linear polarization (the degree of circular polarization 
is ~2 = v' p2 - ~i). 

As already noted in an earlier article, [2] the char­
acteristic feature of Eq. (2) is that in each interval 
between resonances I En I < E" < I En+ll (En and En+l are 
the energies of the atomic levels) there exists a fre­
quency Wo for which W~>(wo) = O. Taking account of 
the nondipole nature of the interaction or of relativistic 
corrections leads to some shift of the point woo A non­
zero probability in this case is obtained only when 
higher orders of perturbation theory are taken into ac­
count. This means that in the experimental measure­
ment of the probability of ionization by radiation with 
frequency - Wo the exponent of the power dependence 
of the probability on intensity can be greater than N 
for a sufficiently narrow spectral width of the radiation 
line. 

The probability ratio R= w~>/wfI> is an interesting 
problem. Numerical calculations show that in most 
cases in the sum (3) the matrix element TN • N_ l ••••• 2 is 
maximal. Dropping the remaining terms in Eq. (3), 
we have for R the following estimate(4]: 

R=(2N-l)!!/NI 

It must be recalled that expression (4) gives an upper 
limit for R and in a number of cases may be violated. 
In the first place, the estimate (4) is not valid for w 

(4) 

"" wo, where W~> '" 0, but WjJ> '* 0 if terms with L < N are 
taken into account in the sum (3). In the second place, 
at certain frequencies wfl> can have intermediate N­
photon resonances at levels with orbital angular momen­
tum 1 < n which do not appear in WjJ > • Here W<J> > wJf>. 
With increase of N the probability of such almost reso­
nance situations increases (an exception is the hydrogen 
atom, where the resonances W<i> and W<J> coincide) • 
In addition, for large N the number of matrix elements 
omitted in Eq. (3) rises rapidly and, as shown by nu­
merical calculationst13] for hydrogen, their combined 
contribution begins to exceed TN • N -1 ..... 2 for N ~ 5. Thus, 
the estimate (4) is qualitatively valid only for small N. 

We note that in solution of the problem of multiphoton 
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TABLE 1. 

Atoml N I ro I ·w 'N 

Cs 2 2(O,y 7.41.10-49 1.01.10-43 2.89.10-49 5.70.10-49 6.03.10-49 

Cs 2 2WR 2.52·/0-49 2.74.10-49 1.08.10-49 1.96.10-49 1.47.10-49 

Cs 3 "'. 9.57.10-16 1.36.10-15 1.90.10-75 7.38.10-75 2.70'10-75 
Cs 4 W.!'l 1.09.10- 107 1.83.10-107 - - -
Rh 2 200 x LBO· 10-49 2.31·10-" 7.74.10-50 1.4B·IO-49 1.38·tO-49 
Rh 2 2WR 2.j3·1O- 5O 3.62,10-50 1.11· to-50 2.44'10-50 2.16.10-50 

Rh 3 OJ" 1.14.10-78 2.68.10-78 3.55.10-78 1.48.10-77 5.38.10-78 

Rb 4 Wo\' 1.32.10-107 2.67.10- 107 - - -
Li 2 2WR 2.42.10-49 3.44.10-49 6.09.10- 49 1.42.10-49 2.05.10-49 

Li 3 2ws 7.14.10-82 3.21,10-83 3.44'10-82 1.23.10-82 6.39.10-83 

Li 4 OJ. 3.52·/0-106 ,.64.10- 106 - - -
Li 5 w.\" 1.3,.10-137 3.08.10-13; - - -
K 2 2wx 1.61·/0-49 I.B7·1O-49 6.86.10-50 1.39.10-49 1.12.10-49 

K 2 2WR 3.0B·l0-so 3.32-10-50 1.35.10-50 2.41.10-50 1.98.10-50 

K 3 OJ" 1.87.10-79 4.60.10-79 6.41-10-79 2.29.10-79 9.15.10-79 

K 4 Wx 4.38·10-[07 1.76.10-106 - - -
Na 2 2WH 6.26.10-52 ".36.10-52 3.0B·1O-52 3.6,.10-52 3.32.10-52 

Na 3 OJ" 9.33.10-78 2.33.10-77 1.88·-jQ-17 1.09.10-76 4.63.10-17 
Na 3 2w,," 2.32.10-18 7.78.10-79 2.61.10-78 5.34.10-78 1.55.10-78 

N. 5 Ws :1.9()·10-'" 1.52.10-139 - - -

ionization in the quasiclassical approximationt14] (N)> 1) 
the ratio R systematically decreases with increase of 
N. This is due to the fact that in the quasiclassical re­
gime the structure of the spectrum of bound states is 
not tak~ into account and R is determined only by the 
ratio of probabilities of photoelectron emission in states 
with different orbital angular momentum 1 for a fixed 
energy. In this case from classical considerations the 
probability of large values of 1 (1 = N in a circular field) 
is strongly suppressed. 

3. NUMERICAL RESULTS FOR ALKALI ATOMS 

Values of the cross sections for multiphoton ioniza­
tion of the alkali atoms (J~> = wY> IF' and (JJ;> = wJ;>1 FN 
have been calculated for all degrees of multiphoton ion­
ization N possible for the frequencies of ruby and neodym­
ium lasers and their second harmonics: N = 2-5. In 
calculation of the matrix elements T we used the wave 
functions and the radial Green's function g,(E,,; r, r') in 
the approximation of the quantum defect method (QDM). 
Details of the calculations with g, have been described 
in Refs. 2 and 15. Here we note only that for energies 
E" - En = - Za 12(nr + 1 + 1)2 corresponding to the hydrogen 
spectrum, calculation of g, by means of the formulas 
given in Ref. 15 is impossible. This is due to the fact 
that g, has the form of the difference of two terms, each 
of which diverges for X = (E" - En) - O. To obtain a finite 
result in this case it is necessary to expand both terms 
of g, in the small parameter X, to carry out a subtrac­
tion, and to set X = O. For example, for nr = 1 = 0 we 
have 

/f,-" (E ,: r. r') =!tZe-Zl '+,') { 21n Zr <-:t ctg :tf" (E,) 

__ 1_+ (r)+ ~ (2Zr<)'} 
2Zr< '" f:7k(k+1)!' 

Here l/i(a) is the logarithmic derivative of the r function, 
iJ.,(E) is the quantum defect determined from the experi­
mental spectrum of the atom, [15] and r( is the smaller 
of the quantities r and r' . 

Generally speaking, in actual calculations we can use 
as the initial- and final-state .wave functions in T, func­
tions obtained by other methods, for example, from 
Hartree-Fock calculations. Although in this case the 
method ceases to be self-consistent, in a number of 
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cases this substitution can be physically justified. This 
is valid, in particular, for multiphoton transitions from 
S states to a state with higher orbital angular momen­
tum l. In this case the states with 1 ~ 1 are satisfac­
torily described in the QDM and the S wave can be im­
proved from other calculations. 

Numerical values of (l}t> and (J~> are given in Table 1. 
Also shown are the angular distribution coefficients for 
photoelectrons for N = 2 and 3: 

where fJ is the angle between the wave vector of the 
photoelectron and the polarization vector. For circular 
polarization 

dW~') _ (2N-1)!! w") ( . e)2N 
-aQ- 611 N 8m , 

e is the angle between the electron and photon wave 
vectors. For N = 2 our results agree satisfactorily with 
those of Mizuno[ 7] except for (Ja for potassium at the 
frequency WZR, where the difference amounts to - 2. 
This is due to the existence of a deep valley in the fre­
quency dependence of (Ja at W - W2R and to the difference 
in the numerical values waR = 28796 cm-1 from Ref. 7 
and W2R = 28804 cm-1 used in Table 1. The experimental 
measurement of Wa = (J~ would be extremely interest­
ing, since in this case the exponent of the power depen­
dence of W2 on intensity may be different from 2 for a 
sufficiently narrow spectral width of the radiation line. 

For calculation of (J4 of potaSSium and rubidium atoms 
we used the Hartree-Fock wave functions of the ground 
states, improved by the pseudopotential method. [16] 

Comparison with the calculations in the QDM: 

QDM: K ..... cril)=4.38·10-107 ; Rb ..... o.'I)=1.32·1O- 107 ; 

H-F: K ..... o~') =1.38.10-10'; Rb ..... 0:') =8.86'10- 10', 

shows that the value of the cross section for multi­
photon ionization of potassium is sensitive to the choice 
of the initial-state wave function. For the single-pho­
ton ionization cross section a similar sensitivity has 
been noted by Seaton. [17] 

4. EXPERIMENTAL INVESTIGATION OF 
POLARIZATION EFFECT IN MUL TIPHOTON 
IONIZATION OF POTASSIUM AND SODIUM ATOMS 

In the experiment we measured the ratios of the cross 
sections of two- and four-photon ionization of the potas­
sium atom and of three- and five-photon ionization of 
the sodium atom in linearly and circularly polarized 
fields with frequencies corresponding to the first and 
second harmonics of neodymium laser radiation. [18] 

A beam of neutral atoms of sodium or potassium (n 
-109 cm-3) was intersected by the light beam. We mea­
sured the ratio of amplitudes of the ion signals obtained 
as the result of multiphoton ionization of potassium and 
sodium atoms in linearly and circularly polarized fields 
for identical radiation energies. For space-time char­
acteristics of the radiation identical in the two cases, 
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this ratio is equal to the ratio of the cross sections for 
multiphoton ionization. 

The neodymium laser operated in the axial modes. 
To obtain linear polarization we placed in the beam be­
yond the laser an Archard-Taylor prism. The second 
harmonic was obtained by means of a KDP crystal (the 
transformation oe-e). The polarization of the laser 
radiation was varied by means of a quartz quarter-wave 
plate of special orientation with which the linear polar­
ization could be converted to circular. The quartz plate 
was placed in the radiation beam directly in front of the 
chamber in which interaction of the radiation with the 
potassium or sodium atoms occurred. 

The characteristics of the laser radiation and the 
numbers of ionized atoms were measured by means of 
the standard apparatus usually used in experiments on 
multiphoton ionization of atoms (see, for example, Ref. 
19). The laser mode was carefully stabilized. In the 
experiment we sll;nultaneously measured the amplitudes 
of the ion signal, the energy and space-time distribu­
tion of the radiation in the laser pulse, and the frequency 
and nature of the field polarization, which enabled us 
to avoid cases of appreciable change of mode. 

To reduce the effect of instability of the space-time 
distribution of the radiation during the experiment we 
carried out alternately a measurement of the ion signals 
for two orientations of the quartz quarter-wave plate 
corresponding to positions at which the radiation polar­
ization was either linear or circular. 

The results of the experiment are given in Table 2. 
The error arising in calculation of the absolute cross 
sections does not enter into the cross-section ratio in 
our experiment, and this enables us to measure the 
latter with high accuracy, determined in the present 
case only by the repeatability of the space-time distri­
bution of the radiation from pulse to pulse. The errors 
in the cross-section ratio are the mean square errors 
of the series of measurements, multiplied, because of 
the small number of measurements (- 10), by a con­
fidence factor of - 3. 

5. COMPARISON OF THEORETICAL AND 
EXPERIMENTAL RESULTS 

Comparison of the theoretical calculations of the ratio 
of the cross sections of alkali metal atoms (see Table 1) 
with the experimental results will be made on the basis 

TABLE 2. 

{ 3 2.36 ~.4±20% * ;l 
:\a 3 1.78 O.43±4% ["] 0.4 

.j 1.18 :!±:!U% 01< 14 

{ 2 2.36 0.83±30% * 11.86 
Ii: ., LiS U.;:l8±4% ["] U.4 

4 us O.ti±30% • 0.25 
( 2 3.56 ll.i8±1ti% [II] U.U2 

Cs { I 3 1.18 0.4;J±6% [1°1 0.1 

l 
I 

OA7±180/o [11] 
4 1.18 0.25 [20] 0.36 

Hb J 1.78 0.46+6% [ 101 U.4:J 

*Results of the present work. 
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The cross sections 0'5 = W/F 5 for five-photon ionization ci. the 
sodium atom as a function of the radiation frequency in a 
linearly polarized field (solid line) and a circularly polarized 
field (dashed line). The arrow shows the frequency correspond­
ing to the neodymium laser frequency. 

of the data of the experiment just described and the re­
sults of other studies published up to the present 
time. [ 10-12,20] 

We note that for the case y» 1 in comparison of the­
oretical and experimental values of the cross-section 
ratios it is of no significance that the theoretical calcu­
lation was carried out for monochromatic radiation 
while the experiment in a number of cases used a multi­
mode laser. 

In Table 2 we have given the ratios of the cross sec­
tions for multiphoton ionization of atoms in linearly and 
Circularly polarized fields, measured experimentally 
and calculated for these cases in the present work. As 
can be seen from the table, good agreement of the ex­
perimental and theoretical results is observed for the 
cross-section ratios within the experimental error ex­
cept for the case five-photon ionization of the sodium 
atom by neodymium laser radiation. In this case the 
discrepancy may result from the fact that in a circular­
ly polarized field near the neodymium laser frequency 
the multiphoton ionization cross section goes to zero 
(see the figure). The accuracy of the theoretical cal­
culation of the cross sections near such frequencies is 
reduced. As a result the reliability of the theoretical 
value of the cross-section ratio in linearly and circular­
ly polarized fields is also reduced. For a final conclu­
sion regarding the cause of the discrepancy between the 
theoretical and experimental results in this case, of 
course, additional measurements at several frequencies 
in the region indicated above are necessary. Neverthe­
less, the good agreement of the theoretical numbers 
with the experimental values in all other cases listed 
in Table 2 permits us to conclude that nonstationary 
perturbation theory satisfactorily describes the polar­
izationdependence of the direct multiphoton ionization 
of an atom, at least for field strengths E£ 5X 106 V /cm. 

The authors are grateful to N. B. Delone for interest 
in this work and for valuable remarks. 
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tlThe symbol aN is used to designate the cross section for 
multiphoton ionization of an atom. 
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Translated by Clark S. Robinson 

Excitation mechanisms in the systems Na + + Ne and 
O++Ne 

E. E. Nikitin, M. Ya. Ovchinnikova, and 'A. /. Shushin 

Institute of Chemical Physics, USSR Academy of Sciences 
(Submitted November 5, 1975) 
Zh. Eksp. Teor. Fiz. 70, 1243-1252 (April 1976) 

On the assumption of defmite molecular excitation mechanisms, a calculation has been made of the 
relative intensities and polarizations of radiation from the mutJplets Ne*(2 p S 3 p) and X*(3 p) for X = Na 
and 0, excited in collisions of X+ with neon at high incident-ion energies (E~ 10 keY). The mechanism 
assumed excitation to the lowest I term (with the least spin) of the X+Ne + ionic cores with possible u or Tr 

molecular states of the excited electron. The calculation enables us to understand a number of correlations 
of experimental data on polarization. Comparison of the theoretical intensity distribution with experimental 
values shows that excitation of the 3 p states of X and Ne occurs both through u and through Tr terms of 
the outer electron, but the oscillatory structure of the total cross sections is due to interference of Tr states. 

PACS numbers: 34.50.Hc, 31.50.+w 

INTRODUCTION 

Measurements made by various workers(l~] of the 
excitation function of optical lines in the systems Na+Ne 
and others and recent systematic studies of the excita­
tion processes 

x++Ne(2p6) ..... { Ne+ (2p') +X· 
Ne (2p'3p) +X+, 

.1E-18 eV (1) 

for x+ = Na+, 0+, Mg+, and N' have shown[7J a regular 
oscillating structure of the cross sections due to inter­
ference of energetically close channels of direct excita­
tion and charge exchange, [3,8] and also a strong polar­
ization of the excited lines·, In addition to the phase of 
the oscillations, which characterizes the relative ar­
rangement of the molecular terms taking part in the in­
terference, [3.8J measurements have also been made of 
the distribution of intensities of the various components 
of the 3p- 3s transitions of Ne* (2p5 3p) and X*(3p) and 
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their polarization. On the basis of these data, possible 
molecular excitation mechanisms have been discussed. 

In the present work, in order to clarify the excitation 
mechanism at higher collision energies (E ~ 10 keY), 
we have calculated the relative intensities and polariza­
tions of the components of 3p- 3s transitions of Ne* and 
x* in reaction (1) for x+ = Na+(1S) and 0+(4S>' Only at 
such high energies, when only the main components of 
the molecular interactions can have a substantial influ­
ence on the evolution of the excited states arising, is 
it possible to calculate with relative simplicity the prob­
abilities of population of individual components of the 
multiplets in such multilevel systems as Ne*Na+ and 
Ne*O·. Calculations carried out for two possible 
mechanisms (0- and 1T) permit an understanding of a num­
ber of correlations of the experimental data and enable 
us to conclude what is the role of each of the excitation 
mechanisms at high energies. 
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