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We have discovered a possibility of propagation of surface waves in metals with a cylindrical Fermi
surface; this is due to the electron Fermi-liquid interaction. We evaluate in the framework of the theory of
a degenerate Fermi liquid the frequency spectra and damping coefficients and find the conditions for the

existence of such waves.

PACS numbers: 75.30. F

1. INTRODUCTION

It is well known!! that the surface states of electrons
which have a “glancing” motion along the surface of a
metal determine the electromagnetic properties of
metals in the uhf band (10'° to 10" Hz) in relatively
weak magnetic fields (1 to 10 gauss). The centers of
the Larmor orbits of the “glancing” electrons are dis-
tributed outside the metal at distances which are almost
equal to the Larmor radius (Fig. 1) and in momentum
space the motion of such electrons corresponds to a
closed orbit which bounds the hashed segment (Fig. 2).
Transitions between the levels of the surface states lead
to resonance absorption of radiation which manifests
itself in experimentally observed oscillations of the sur-
face impedance of the metal.

The theoretical possibility of the existence of surface
waves in metals with a cylindrical Fermi surface near
frequencies of the resonance transition between sur-
face levels was discovered in®?!, In the same paper the
impossibility was pointed out of the propagation of sur-
face waves in metals with a spherical Fermi surface.
On the other hand, up to now the problem has not been
raised about the occurrence of effects which are con-
nected with the electron surface states and which are at
the same time caused by interelectron correlations.
We shall present in the present paper the results of a
theory of spin waves in an electron liquid, which takes
into account the effect of electron surface states. The
behavior of the surface spin waves found below enables
us to confirm that the electron-electron interaction is
one of the general causes for the existence of different

Z

FIG. 1.
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kinds of surface waves and of the resonance properties
of a metal near the frequencies of the electron transi-
tions between surface levels. This enables us to dis-
connect the existence of absorption resonance and of
surface waves from the necessity that there exist some
particular shapes of the Fermi surface; this corre-
sponds to a qualitative difference between the new kind
of excitations which are considered by us and those

predicted inf?J,

2. QUANTUM KINETIC EQUATION

To solve the problem in which we are interested we
must first of all carry out a generalization of the quan-
tum Kkinetic equation of a degenerate electron liquid
(see, e.g.,)), taking into account the role of the elec-
tron surface levels. Bearing in mind that an electron
state is characterized by a set of quantum numbers v
and assuming that the density matrix of the ground state
of the electrons is diagonal we can write down the non-
equilibrium density matrix in the following form:

pv'\-=p°(v)6v'v+6pv'v6"”‘. (2. 1)

If we are interested in linear problems we can write
down for the non-equilibrium correction to the density
matrix the following approximate equation (cf.J):

{ro—e (v') +e (v) }opyst{p° (v) —p° (v) } -

1
— LY 55, F 00w, } =I5, @.2)
{ =Y sivdAqt Y FI } J
q Vavy
FIG. 2.
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This equation is the quantum analog of the quasi-classi-
cal kinetic equation from the theory of a degenerate
electron liquid (see, e.g.,'®)). Here e(v) is the quasi-
particle energy in the equilibrium state, (54,,, is the
amplitude of the potential of the non-equilibrium elec-

tromagnetic field,
8jvrv (—q) =80re€Vara (—q) —oci[q0]orolara (—q),

et [ v (5 LA (- S A e
w'e\—q)=——( & - _—— rar
2m P ¢ (p ¢ ")e

a>,
Iora(—q) =(a/ | €7 | ).

We have here taken into account the fact that the com-
plete set of quantum numbers includes orbital (a) and
spin (0) numbers (v=a,0), while e=-lel is the charge
of the electron, W, the electron magnetic moment, o
the Pauli matrices vector, A; the vector potential of the
static magnetic field, and m the electron effective mass
corresponding to a quadratic momentum dependence of
the energy. We note that the generalization to a more
complex dispersion law for the electron energy does,

as usual, not pose any difficulties.

The last term on the left-hand side of Eq. (2.2) de-
scribes the Fermi-liquid interaction between the elec-
trons. Neglecting the spin-orbit interaction we have
(2.3)

FIV=0a" 8o sboatare (s o) -
Aiming to show up effects which are connected with spin
waves, we restrict ourselves to the simplest model for
the Fermi-liquid interaction (cf.'®) when

@3

Pa'a =0,

s

W= Y e (- @) L (@) (2.4)
q
It is expedient for what follows to make a definite choice
for the set of orbital quantum numbers a. We shall
take them to be: the component p, of the momentum
along the direction of the constant magnetic field, the
x-component p, of the momentum (or the y-component
yo=—cp,/eB of the coordinate of the center of the elec-
tron Larmor orbit), and the energy quantum number n.
The choice of such a representation is convenient, in
particular, when the metal occupies the half-space
y>0. We note here that the appearance of surface
states of the electron is connected with the satisfying
of the boundary condition that the electron wavefunction
must vanish for y=0. In agreement with'®! we have

1 S
0 =s—exp {i(pa+par) A1) ¥ (L2

sa(pon) ). (2.5)

Here

11y (Y (2O
a(pern) = {2mh9[1+ <2> ( o2 ) for “glancing” electrons

n — for volume electrons

(2.6)
Here A =(c#/lel B)*/2, ¥(¢,q) is a parabolic cylinder
function, and 2 =lel B/mc .

The division of the electrons in volume and surface
ones is performed according to the following features.
For the volume electrons the center of the Larmor orbit
lies in the bulk of the metal which means
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S o ‘
Yo Ry = o (2mes—p.) ™ 2.7

Here R, is the classical radius of the Larmor orbit,
and e is the Fermi energy. Interms of the param-
eters of the wavefunction (2.5) condition (2.7) takes the
form

Yot >20a (p= n).

For “glancing” electrons the condition is the opposite
one:

Yo

11— LY,
2\a (pn n)

or, in other words,

(R.*—yo") /R <1, (2.8)

Condition (2. 8) means that for “glancing” electrons, for
which p,<0 and y,<| y,l, differs little from the Larmor
radius R, . We shall assume everywhere the energy 72
of a Larmor quantum to be small compared with the
Fermi energy. For the surface electrons we can, ac-

cording to'®!, write down the following energy level
spectrum:
come(pupar) = Lot 2 (22) ™ (22) gy (2.9)
nem 2m  2m 2 2m
For the volume states we have
e (ps, Ps, N) =p.*/2m+nhQ. (2.10)

To write down the kinetic equation we shall assume that
the condition for quasi-classical behavior is satisfied:

|p./~p.|=h|k.|<]|p.|, n'—nn. (2.11)

We shall in what follows be interested in perturbations
for which 7k, =pt -p,=0, which corresponds to the
equality yg=7v,. In connection with this we can write the
non-equilibrium correction to the density matrix in the
form:

8pvv=0p(p:, px, W'y 1, ks, 07, 0).

It is convenient to use the spin trace of the density ma-
trix—the distribution function

8f(psy pxrnt’y my ko) = Zﬁp (ps, p=i 1y 1, Ky 0, 0)

and the vectorial spin distribution function which is the
convolution of the density matrix and the Pauli matrix
vector

66(p., px, 1’ 0, k) = Euﬂv,ép (pz psy 0’y n,0",0).
We can use Eqs. (2.2) to write down kinetic equations
for the distribution functions. The influence of the
Fermi-liquid interaction manifests itself in the equa-
tion for the spin distribution function (5¢* = 560*+i50%).
Such an equation can for the surface states be written in
the following form:

[m—k,ufg(n'—n)iszn - +—’T] 8% (psy pes 'y 1y K2)
T

] i
+-6—£°-[k,v,+(n’—n)£2¢90——l?f?] Zln'n(_qvpz) (2.12)
>0
i 0f
X{—MGB* (0,q, k) +¥ 2 1:,(g, p+)80* (P1s, P1xy T 5, K2) }=TW'
pixpiz

Here
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2, e<Ep,
0, e>¢ep

f=2p0(e) = {

6B*(0,q,k,) is the Fourier component of the non-equilib-
rium magnetic field, 7 is the momentum relaxation
time, and T is the spin relaxation time. For electron
spin resonance T > 7. In the classical theory'® it is
just such a time T which determines the line width of
the electron paramagnetic resonance, Q,=2yB/%,v is
the effective electron magnetic moment. The summa-
tion in (2.12) is both over the volume and over the sur-
face states, while

L.a(q, p:)=<n', p:|e|n, p.>. (2,13)

The corresponding equation for surface electrons reads
as follows:

[w ke mnn(p,>ioo+—+ ]so (Par Doy 1y 1y )
o

+—[m+m"n(px)+90——r———] Ni—gp)  (2.14)
X {—poéB* 0,9, k.)+vy 2 1:5(q, pic) 60* (Pisy Pisy T 8, K2) }= %% .

PizPix
rs

The characteristic frequency of the electron surface
transitions has the form

(2.15)

We have used here for the limiting value of the frequen-
cy the notation

iy ,
On'n= (ﬁ) Bten (AQ)Ys (' s—n's). (2.16)
2
The summation in (2.14) is over the volume and over
the surface states.

3. EIGENFREQUENCIES OF THE SPIN DENSITY
OSCILLATIONS

We turn first to obtaining the consequences of the
kinetic Eqs. (2.12) and (2. 14) for the spin distribution
function under conditions such that we can completely
neglect the effect of the variable magnetic field. For
the quantity

s (k) = 2 (3.1)

Pipzn’n

In'vL (k,,, px) 8o (sz §23 n/v n, kx) ’

which is the Fourier component of the spatial electron
spin density we can then write down the following equa-
tion:

85 (0, oy, i,) + 2 Qe by k) 85 (0, k', kes) =0, (3.2)
where
JOTMBED WS C ANCWEIANCI AN
X [m—k,v,——&ﬁn'n(Ps):th +i+ i]_’
x{o[k. v+(’6nn(px):FQo——]—-—[ ok af"] } (3.3)

Here @y, (b,) equals (' —n)Q for volume states and it
equals expression (2.15) for surface electrons. From
a consideration of the electron gas model*! it follows
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that surface waves cannot propagate in metals with a
Fermi surface that is nearly spherical. To understand
better the new possibilities which are opened up in
principle by the interaction between the electrons, we
focus our attention on a metal with a spherical Fermi
surface. For such a model we obtain all the basic re-
sults, which can then be generalized to the case of an
arbitrary Fermi surface.

We write the kernel @ in the form of three terms:
0=Qvol +Qn[+Qrv (394)

due, respectively, to the volume electrons, the non-
resonance surface electrons, and the surface electrons
with a maximum value of the transition frequency w,
which is close to the value of the frequency w. Since we
are interested in the case of rather weak fields when
w>8, ;, we can completely neglect the effect of the
magnetic field on the volume electrons. In that case

Qvot (ks by k)')
df, n*hv B, (k.,v.+(n"—n)Q)+it~!
= Z 9c  pr [ o—(n'—n) Q— kv it il

kvi ko i o+kv
XJ‘"""( )J‘" "'( Q )__6"”*“{ B"+[B 2ku+E] o= ku}
(3.5)

where v =1vl is the velocity on the Fermi surface,
By=mPv/1*1*; J(x) is a Bessel function, and k= (0, %,, &,).
The contribution of the resonance electrons is given by
the expression

Qr (ke by, b)) =~ (2n h)

X1nra(key, p<) 8 (ep—e (ps, psy 1))
Bylkv,t@un(pe) FQl+it™! A
OEQ—0n'n (px) =Ko, HiT il mpp’

jdp,dp, wn (=K', pz)

(3.6)

€(pg .y n) is defined by (2.9). The possibility of sep-
arating the resonance term is connected with the fact
that we are interested in the solution of Eq. (3.2) in the
case

(3.7

|0£Q—0. .| <o.

By virtue of the fact that Q<< w,., we shall in what
follows neglect the §23-dependence, drop the + sign of
5s, and rewrite condition (3.7) in the form

(3.8)

[o—0..|<a.

We emphasize that the frequency w becomes resonant
with the maximum value of the frequency w,,(p,) given
by Eq. (2.16). Condition (3. 8) determines the numbers
»n' and n in Eq. (3.6).

It is clear from Eq. (2.15) that when we write
b, =pr sinb for a spherical Fermi surface we can change
in Eq. (3.6) to integration over the angle 6:

T ) h
ke by k)= [ d0 L (=, prsin 6) Lo (ky, prsin 6) ——

By[k.vcos 8+w,, sin”* 0] +it-*
©O—Wn'n SIN7* 8—k,v cos O+itr'+il-"

(3.9)

Because of condition (3. 8) the main contribution to the
the integral (3.9) comes from the range of angles close
to 6=7/2, and therefore putting everywhere except in
the resonance denominator 6 =7/2 we get
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v h
Qr(kn ky, kv’) ==l (—k,', P!) L (ky, pl')

X[Bn o J]ZYZ%(A—M'{) ”arctg[———(A+V1) "]. (3.10)
Here
o Y s K

Y=(@naT) "'+ (@naT) "

It follows from (3. 10) that in the case where the argu-
ment of the arctangent is large compared to unity (and
this is possible for small &,) there appears a resonance
factor | (A +i¥)™/31>1 in Eq. (3.10) when lAl<1. We
shall in what follows be interested in the case when the
following conditions are satisfied:

kEv<on., |A]l<tl. (3.11)

We consider the contribution from the non-resonance
electrons to the kernel of Eq. (3.3)

, "¢ dpedp. ,
Que e by 1) ==Y 2 [ 2220 p (k' p) Ly )
(2nh)

B [k.v.F 0. (pe) 1 Hit™t n?R°
O—rs (pe) kv, Fit HiT* mpe

X 8(er—e(psy p=i 7))

==Y [a01..(~k/, prsin 0) L.k, prsin6) -

_i Bo[ @, sin”* 0+k,v cos 8] +it—!
2pr ©—,, sin** 0—k.v cos 0+it—'+iT-!

(3.12)

The prime on the summation sign in (3.12) indicates
that »#n’, s#n. The fact that under well-defined con-
ditions the contribution from the sum of the non-reso-
nance terms can be small compared to the contribution
from the resonance term can be most simply demon-
strated in the limit 2,=0 and wT>1. We evaluate sep-
arately the real and imaginary parts of @,.(0, ,, k;).
We have

3k
Tm Qe (0, kyy by ) = Z —”an d(sin”* 0)tg 01, (—k,’, ps sin 0)

X1,,(k,, prsin 6)6 ( °

Ors

3nh ! ©On'n ' On'n @n'n \ 72
- =) Bl (o (222 ) ) £ (R ()
2pr Zl (mn’—m’",”) voPr Ory b Wrs

In obtaining (3.13) we took condition (3. 8) into account.
The summation in (3.13) is over those » and s for which
the condition

P gti>p/h_pils,

—sin”6) (3.13)

(3.14)

is satisfied. The real part of @,y ,.;es iS given by the
following expression:

Re Qnr (01 kw kv’)

r2/3 _g2/ 1/2
wPe) I (k) pr) ;172731}1W> ’

(3.15)

=—Z fﬂ?‘B ol (k

where the summation is over

Fhoghns—ns,

Using (3.5), (3.10), (3.13), and (3.15) we can write the
integral equation (3.2) in the form
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. +k
Gs(O,kv,O)[1+Bu—Bo s ""] —Lualky, pr)
v
< dk,’ AV3 [ @ \ "
Ton(—E,, pr) 65(0, k,,,O)Bnn 3(—"’———)
O—Wn'n

- Ml (k

a_g¥

Vs
n' g platgts )

n/—pts |\ ¥
st b (22
¥ s

Yi_g

¢ dk)/
X [ L=y, )85 0, k), 0) (
. n

3nh
2pr

—i

P35> 230203

“ Ps__ptls \
X[ Z 500,k 0L~ o (Les) ™)
o r

gt

X [ (r—s")® ]‘/1
(n's—n3)3— (rF/—s"3)3 1 °

The integration over k; is from zero to ©, which cor-
responds to an even continuation of the non-equilibrium

spin density into the region y<0. We note here that if
L61

(3.16)

we use the wavefunctions of the surface states™®’ in the
form which is valid in the region y<| y,l:
Y—Yo
<n,pzl—‘1’( . ,a(px,n))
1 2 (y+Hly)*\* =
Z.I,' COS[ 3 a(P:,ﬂ) (1 —m—) —4— (3-17)

where the notation is the same as in Egs. (2.5), (2.6),
and (2.8), and using an expanswn of (3.17) in powers of
y/19ol, we have

— 1Yo 1 v\, Px
‘F(y—l)vL;a(p,,n))=Fsinp—(n—h’;)y, (3.18)
where
3 ' xz /e .
pnp)=em*(25) (4=) )", (3.19)

The wavefunction (3.18) satisfies the condition that it
vanish at the metal boundary. Substituting the wave-
function (3. 18) of the surface state into the matrix ele-
ment Iq, (- &y, pr) we find that the latter does not vanish
for k, values that satisfy the condition

hky=pnEpa. (3= 20)
We have written here p,(n,pr) =p,. One checks easily
that for such &, the condition k2,0 > w is satisfied which
enables us to neglect the last term in the square brack-
ets on the left-hand side of Eq. (3.16). We multiply the
integral Eq. (3.16) by I, (- &y, pr) and integrate over
ky. We then get
V3

mv

. 3 3 _l"
_ Z 3nhl Boﬂf?sn [(It—sl) _ 1]
n e — e

1 1¢dk,”
[1+B0_Nn'nB0 A‘.z]g : I""(— u:PF) 63(0 ku 10)
0

x\ dﬁy I, (— k), pr (%—__—s”-) ) 85(0, k', 0)
v
Y3 nn 3 — phis -
* PN S LV BolVrs (,1-4—3"3 —1>
1Pa—gtacn auls
x 3 ‘”“T” Is(— k', pr)8s(0, k,’,0). (3.21)
Here
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- dk
J'Z— win(—Fky, PF) 1,,(ky, pr),
0
Now=NJT,

e Tdk, W piey
e kypx)lu( ,,pF( ' ) )

fag¥s

=

(3.22)
Using Eq. (3.18) we get the following explicit expres-
sions for (3.22):

R 12 cpr
Now=y=—m, R=—01,
AT eB
a1 opr Pi—Ds . Pu—DPn] Pr=Ds  Pn'—Pa
NP R—*[ + ] i [—i—]R
) n{ Tn 7 el i
— —1 —_—
7Rv,[pr+p P pn] Sm[pﬁpsipn [’"]R
I it i h
r—Ds REy 2 b ,—Ds wtPn
_R—l[g P P ﬁp] sin[pﬁp P hp]R
PR [pr+p, pu'+pn]"sm pr+p.+pnr+pn]R}
T n Tk ’
M:‘:n _ 1 pF{+R [( n/z/,_n:/, )‘lx pr$[}a . p",$pﬂ]>x
8 & 1t 7 h

73/

~ "% pFp,  ParFpa
[ e ]

P P (3.23)

In the left-hand side of the formula for M','.;" we imply in
the braces a sum of the terms which differ by signs.
We note that

() ) - 0 0. 0.2

-1 p—
p-fth 2m

It follows from Egs. (3.23) and (3.24) that N™" and
M'l " are always much smaller than N, except for those

cases when the argument of the sine can vanish. This
can occur for N&", if

P, (3.25)
and for the argument of the sine in M7, if

r‘/;_s‘lx B n/‘/:_n'/x ' (3, 26)

ridgh p/tnh

However, even when conditions (3.25) or (3.26) are
satisfied, the contribution from the real part of the sum
of non-resonance terms will still be small, if

s pplis

O—nn .

A=

, Phghn o, (3.27)

while the contribution from the imaginary part of the
sum of non-resonance terms can be neglected under the
conditions

A= (3.28)

O—Wp'n ( rh4sh

[
) s gsnspts
n”/‘+n”‘) 1, r/s—s/s>n n’,

W@n'n
Conditions (3.27) and (3.28) are satisfied for small
numbers »n’, n less than a few times ten. Just for tran-
sitions with small numbers »n’ and = there are experi-

mental data! about oscillations in weak magnetic fields.

If we take into account what we have just said, the
dispersion equation for the surface spin oscillations
near the frequency of the transition with numbers »’ and
n less than a few times ten takes the form

1+Ba=30ii, (3.29)
4TA

Hence we get the limiting value of the frequency of the
surface oscillations for k,=0:

_ 1+ B, )2 3n?
“’_“’”"( (1+B|. 16 )
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(3.30)

The difference between the frequency of the surface spin
oscillations and the value w,, is caused by the Fermi-
liquid interaction between the electrons. It is just the
appearance of such a shift from the resonance frequency
of the transition which enables us to speak about the
possibility of the propagation of undamped spin oscilla-
tions in metals with a spherical Fermi surface.

Such a statement differs in principle from conclusions
obtained when using a gas model of a metal with a
spherical Fermi surface, in which the propagation of
surface waves is impossible because of the strong col-
lisionless Landau damping. We can therefore state that
the electron-electron interaction is one of the general
causes for the existence of different kinds of surface
waves in the frequency range for transitions between
surface levels and enables us to discard the idea that
the presence of such waves is exclusively connected
with cylindrical sections of the Fermi surface, as is
done in the electron gas model. It is clear from (3.29)
that the solution of the dispersion equation exists when
the condition

B/ (1+B,)>0. (3.31)

is satisfied. In fact, condition (3.31) means B,> 0 for
normal metals.

4. ALLOWANCE FOR DISSIPATIVE EFFECTS, THE
FINITE WAVELENGTH, AND THE SHAPE OF THE
FERMI SURFACE

In this section we consider the consequences from the
integral equation (3.2) in which we drop the sum of the
non-resonance terms which we can do, as we showed
above, for values of »' and n less than a few times ten

: ©dk,
(1 B4t ) 85(0, ky, key) = _[ — 55(0, k,", k)
@nT

o
[ I,']
@n'n

— n
X 2V3(A+iy) ~" arctg——=(A+iy) ",
Y g 73 Y

X1, n( ky ,pp)ln n(knpl')

(4.1)
where the notation is similar to the one used when writ-
ing down Eq. (3.10). Assuming first of all that

|A] <1, @naT>1,
we get as the condition that (4.1) can be solved the fol-
lowing dispersion equation:

:ﬂ’3 'I. (4° 2)

1+Ba=[ )+

Introducing the notation ReA =A and ImA +y =7 we have
the following equations:

— — B, a¥3
2 2\
B+ VA7) " =72 B

(BT = 2ot (148 100 (4.3)

It follows from (4. 3) that solutions exist only when A>Q
and By> 0. Solving the set (4. 3) we find

Re A =[By* — (0ara®) |
R TTVE S
1 1 1 3=x* 2B,
- - + = . (4.4)
fm A @n'nT  @n'nl  @uat 16 1+B,
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It follows from (4.4) that the eigenfrequencies of the
spin waves lie above the frequency of the surface tran-
sition.

We can now write the frequency spectrum and damp-
ing rate of the surface spin waves in the form
+ 3n?
16 (1+B,)*
; ~ 3n* 2B, 3/ kw\?
= Hawws) [17 16 145, ] +T(mn.") }
Hence it follows that the line width of the surface oscil-
lations is determined by the momentum relaxation time
in contrast to the electron spin resonance line the width
of which is determined by the spin relaxation time. 1
Neglecting small corrections we can write the surface
spin wave spectrum in the form
3y By \* | AN
omon{ 145 (35,) — o0+ (T) }-
Formula (4. 6) extends the limiting Eq. (3.30) to the
case of a finite wavelength and a finite value of w,,7.
As in the preceding section we see that the spin wave
spectrum can not lie below the surface transition fre-
quency-.

@=0nrs {1 [Be— (0na®) 1= i(@naT) ="

(4.5)

(4.6)

In order better to understand the way the surface os-
cillations spectrum depends on the shape of the Fermi
surface we consider the dispersion Eq. (3.2) for a
metal with a Fermi surface in the form of an ellipsoid
of rotation. We neglect the non-resonance terms and
dissipation and also assume that k,=0. We put the
origin in momentum space in the center of the ellipsoid
in such a way that the axis of rotation makes an angle «
with the p,-axis.

We can find from the Bohr quantization rule the fol-
lowing expression for the frequency of the surface tran-
sition, which depends on the angle a:

A m, s ,
hona(psy )= (_n) (cosza+~sin’a) (2my) ="
2 ms

X (52 o @) 7 (A=) " (. (4.7)
mic

Here m, is the transverse effective mass of an electron

on the Fermi surface, and m, the longitudinal one.

When m, =m; Eq. (4.7) changes to (2.15), as should be

the case, because

, cosa  sina \7! 2 fsinfa cos’a
T L P LY
2m, 2ms 2 m, ms
p.t cos® asin® o (mg—m,)*® 4.8)

2m,ms(m; cos® a+m, sin®a)

It follows from (4. 7) that the surface transition frequen-
cy as function of p, reaches a maximum which is equal
to

h0nm(0, &) = Ronr (o) = (d%) ( cos* o +ZLL—:$in2 a) N
eB

mc

X gp” (fl ) - (n'*:—n">), (4.9)
when p,=0. When m;>m, (“prolate” ellipsoid) the
largest maximum is reached for a=0:

a maximorum 3y ) eB
nI () e (g
If m,>mgy (“oblate” ellipsoid) the largest maximum lies
at a=7/2:

) " ) = hom0).  (4.10)
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. 3\ e B\ s s
ﬁmr?'a:flmorumz (T) s (fl e. ) (_’_"'_1 ) (n”“—n”‘)= ﬁ(n‘:va,.x (1) )

mse ms 2
. (4.11)

It follows from Eqgs. (4.9) to (4.11) that the largest val-
ue of the surface transition frequency is always reached
on a central section, but not always on an extremum
with respect to @. In the case m,;> m; the central sec-
tion corresponding to @ =0 is larger than the central
section for a=7/2.

By virtue of the fact that the maximum of the transi-
tion frequency is reached on a central section we can
write the dispersion equation for the surface oscilla-
tions

. B, dp. mn’n(sz a)
1= 1+B, fvn nj V:(pzv Cl) (-'-)_U)n'n(plv Cl)

(4.12)

which a follows from (3. 12), by using the expansion

Onn (P @) = 07 (0, &)+ /a1 (0, @) p* (4.13)
in the form
B, 2% @n'n (0, &) 0.2 (0, ) —@
1= 1+B, Hon v.(0, &) (u—u),.',.(O,a)-V @”. (0,a)
a1 (0,
xarctg'[p,' (@) VZ—[B% . (4.14)

Here
hof ditsie [ 917
Nn,n=4—njdql<n\e“|n>| [EI |v|] ,

Ivl is the velocity on the Fermi surface and ds an ele-
ment of that surface,

Bo—p— jﬁ
AN ER

the x-component of the electron velocity is given by the
following expression:

de ,fcos’a | sinfa '
=—— =(2e7) "\ ——+ ) .
w0 =5t | = (S ) (4.15)
wye,(0, @) is given by Eq. (4.9):
/ 1 /3ny\ " m Vi,
0nn(0, )= % (Tn) (cosza +;lasinza) er
X(fl eB ) s () {sinza + cos’a COSzaSill:Cl(ms—”.’q)zz },
myc m, ms m.n;(m, cos? otm, sin® &)
(4.16)
In2 2 ",/1
pe (@)= (e (24 222) (4.17)
m, ms

In order that undamped solutions of Eq. (4.14) exist in
the general case it is necessary that two inequalities be
simultaneously satisfied:

©na(0, @) —0 ©0n'a (0, @) —0

o”, (0,a) ’

As for an ellipsoid the transition frequency reaches a
maximum on a central section, the resonance frequency
is larger than such a maximum value and, correspond-
ingly, the constant B, must be positive.

B,<0.
onn(0,a)

In the particular case of a Fermi surface which is
nearly cylindrical, when the transition frequency is in-
dependent of p,, we get from (4.12) an expression for
the surface spin resonance frequency

ZBD N,.',.p,' (Cl) 4 18)
o=a(0,0) [H 1+BDW] .
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To determine the quantities which occur in Eq. (4.18)
using Eqs. (4.15) and (4.17) we must put m; > my.

In the opposite case of weakly oblate Fermi surfaces,
when the argument of the arctangent in Eq. (4.9) turns
out to be large compared to unity, the frequency shift
depends not linearly, but quadratically on B, (cf.™):

(4.19)

20.7,(0,@) [ nB, z
o’ (0,a) L1+B, Non }
Equations (4.14), (4.18), and (4.19) solve the problem
of the limiting value of the frequency of the surface spin
oscillations spectrum in the model of a metal with an
ellipsoidal Fermi surface which is inclined at an angle
a to the magnetic field.

D=, (0, &) {1 —

5. COUPLED SURFACE SPIN-ELECTROMAGNETIC
WAVES

In the foregoing we neglected the non-equilibrium
magnetic field. In the present section we aim to ex-
plain what is the result of taking into account the non-
equilibrium magnetic field when we write down the dis-
persion equation for surface waves coupled to spin-elec-
tromagnetic oscillations. In a metal occupying the
half-space y> 0 we shall look for a surface H-wave,
propagating along the magnetic field with a wavevector
k,. In this sense the statement of the problem is anal-
ogous to the one given inf2,

The expression for the Fourier component of the x-
component of the current density, obtained by using
quantum kinetic equations, in which the interaction is
approximated by a single constant B is the same as the
one obtained earlier in the gas model®! when the elec-
trons are reflected specularly from the boundary. We
can therefore immediately write down a set of equa-
tions for the quantities 6s(0, &, ,) and the Fourier
component of the non-equilibrium magnetic field
6B(0, k,,k,). In fact, the set consists of Eq. (3.2), in
the right-hand side of which we must take into account
the non-equilibrium magnetic field, and the Maxwell
equation. The quantity Q(%,, k,,¢) occurring in (3.2) is
determined by Egs. (3.3), (3.5), and (3.10). We have

Lo (kyy pr) In'n(—g, pr) 05(0, g, 2)

n¥3h dq
830, ky, ko) [1+Bo]—Ba:— ”A’oj

m¥3 1 T dg
= — ILyn(k, = I (—q, 8B (0, g, k.
T A (k, pp){ - (—¢, Pr) 8B (0, g, k)

m'v
+ MDW‘W (O, ky, k),
3nioc’®

’ 2. 2 —_
208" (0)+ (k) 8B (0, by, ki) = — s

8B(0, ky, k.)

3V3 ﬁ(o.,,

dgl..(—q, ps)0B(0,q,k.)
. I q1un(—q, pr) q

In (= ks, Pr)
+ 4ﬂkx IJwas (01 kw kr) . (5a 1)
Here

a
8B’ (0)= 6—y 8Byl y=o,

Lo is the electron magnetic moment. Solving the set

(5.1) for 6B(0, &y, k,)/5B'(0), we get
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éB(O,/k,,, k) [kf ko ‘?mmffm ki 4m2v]“
087 (0) 4etv (kS i+ k)™ nh?
Onrn (K:)E

X[—1+I“'“(k,, Pr) (5.2)

14Ban(k)ELS

We have introduced here the following notation:

o 3v§ﬁm,n 2. utm¥3 At 1 1
T 8etpan 1+B, A% 1+By—BN,nsthV3(mv)=*(A) "
27 3nioclo ,4m’y
arn ()= — arn (Fy, kltk) —————— — k}
on'a (k) = — [ dkuda i, p")[ A veny e U e ]
) =
Bua (k) === [ dht,Lra (kypi) Lt (—yy i)
n 0
3nioL. e 4miv 1!
,z+k2-———,~—k,z 2 ]
X [k s R S

The remaining notation is similar to that used in (3.21).
Integrating Eq. (5.2) over k, and equating it to the free-
space impedance 4miw/c?l k,| we get a dispersion equa-
tion for coupled spin-electromagnetic surface oscilla-

tions:
1 1j° 6B(0, &y, k.) (k¥ () B
k] a? © 8B (0) B (k)E
2 3nior’® 4dm*v 1~
k)=— |dk [k3+ku L
k) n'! v TP U T

(5.3)
The expression for the surface impedance of the metal
obtained from (5.2) has in the long-wavelength limit the
form

awa(0)E
1+ (0)E

Z(he0)= 16nwd oinrs 4 4nie

3/: CZ

(5.4)

The first term describes here the impedance of the
metal when there is no magnetic field and when the elec-
trons are reflected specularly from the surface;

6 = (37w}, w4c®v)™V? is the anomalous skin depth. The
vanishing of the denominator of the second term in the
right-hand side of (5.4) corresponds to the possibility of
the excitation of surface waves and describes the reso-
nance properties of the impedance.

We rewrite the dispersion Eq. (5.3) in a more con-
venient form:

SVgﬁmLfnL ., 2um¥3 [ ~ B N nnv§]~' )
8cipr  A* 7 R(1+B,)? 1+B, """ mv
1+1k.If(k.)

(k) 1k, (5.5)

T B ) —a?
The solution of this equation can be written in the form

BDII(k.) —A—Gk}*= ((B,DII(k,) —A—Gk,*)*+4I1 (k.) B,DA) "

Ta= 211 (.) N
(5.6)
where we have used the notation
_ 373 wulhn _ 2u02m1’§ _ a¥s
T 8, T R(11B,)?’ "~ 4(11By)’
1+ Ik, 1f(k,
(k)= R lk.If(k.)

CBentk)— ot (k) 1kl

To obtain the dispersion Eq. (5.5) we have separated
the resonance term in the current of the surface elec-
trons and have neglected the displacement current in
the Maxwell equations. This means that the dispersion
Eq. (5.5) is valid in the region
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Onra/ <k <@nen/ V.

(5.7

In this range

2092 o 2
< 2u,*mV3 0,'a

kG
i kv

=10"cm™' €« 4=10*cm~*,

Hence we get from (5.6) two branches of surface oscil-
lations

_ 4 Gk

A=~ (1+ T B D) (5.8)
_ ] 1

VA = B.D (1—k, Gm). (5.9)

The expression for II(k,) contains the quantities a,.,(%,)
and By, (k,), in which we put %, =0 because of (5.7), and
which we evaluate by the stationary phase method, using
the explicit form of the surface state wavefunctions
(3.18) and the notation k%, = (pe £ p,)/7:

kll

2 7 '
o (0)= [ dle,——2 T, (ky,
ot (0) ng g [ e )

+ -

_ ! ko ko

27 k,
w(0)=— — Laulky, pe) e (—ky,
Bra ()= = [ byt Lo G i) Lo (i )
R ks K ]
‘Tv[(kﬂ;,”)ﬂ—ia—ﬂ k. )y—io— 1

For a frequency w=10" Hz and B=10 Oe we get R =cpz/
eB=1cm, A=10" cm, 6=10"° cm, ki,=®"/3+n'/3)

< 10° em™, #', n=10, @, (0)= (1+i)° 10" cm= (1 +7)

* 0.10,

3¥3 haoin
Re B.'a(0) =10-".

1Ban(0)1%0,18-10*~ 10~ cm, s

Then, the following condition is satisfied:

338 Sov. Phys.~JETP, Vol. 43, No. 2, February 197€

Re(Barn (0) —aln (8) 1.1 10.

Hence, waves with the spectrum (5.8) cannot propagate
in an electron liquid with a spherical Fermi surface,
which corresponds to the result ofm: The second
branch (5.9) caused by the interaction between the elec-
trons describes weakly damped oscillations with a spec-
trum

3 2
m=m,,'“{1+Bﬁ2—'—”—[1

2uo'm¥3 k. ( 3Y3 howln
16 (1+B,)*

T R*(14B,)* 8cp»

+ B, _V3_:c )“‘]+ 3 ( kv )’} i
1+B, 48.'.(0) 4\ 0un T’

The wave spectrum (5. 10) differs from the spin wave
spectrum (4. 6) by the small second terms in the braces,
which are proportional to 2.

(5.10)

It is shown inf! that an equation such as (5.8) has a
solution for the case of cylindrical Fermi surfaces.
However, for the spectrum of the waves which are then
obtained it is characteristic that their frequency is
smaller than the transition frequency w,,. This dis-
tinguishes such waves qualitatively from those studied
in the present paper.
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