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An analysis is made of carrier states localized on a paramagnetic impurity in a nondegenerate 
semiconductor subjected to crossed magnetic and electric fields. It is shown that the exchange part of the 
electron-impurity interaction. which couples the orbital and spin coordinates of an electron, may give rise 
to electric-dipole transitions between the electron-impurity multiplet states. The probabilities of these 
transitions are calculated and found to be several orders of magnitude higher than the probabilities of 
magnetic-dipole transitions. 

PACS numbers: 11.10.Gm. 1l.55.-i 

I. INTRODUCTION 

In a static magnetic field a potential well, no matter 
how shallow, creates a localized state with the binding 
energy [1.2J 

(1) 

where n is the cyclotron frequency, 1 = (cjeH)1/2 is the 
magnetic length, and a is the scattering length of an 
electron interacting with a potential center in the ab­
sence of a magnetic field (1i= 1). We shall show later 
that a similar situation arises when an impurity center 
has spin (paramagnetic impurity). In this case the en­
ergy spectrum of localized states created by a magnetic 
field has a characteristic structure of an electron-im­
purity spin multiplet. 

We shall show that in addition to the usual magnetic­
dipole transitions between the states of this multiplet, 
which can be investigated by the ESR methods, there 
may be also transitions of the electric-dipole type whose 
intensities are several orders of magnitude higher than 
those of magnetic-dipole transitions. The separation 
between the energy levels of a multiplet and the transi­
tion probabilities are functions of the parameters of the 
electron-impurity exchange and it is natural to expect 
that these parameters may be determined most conve-
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niently using electric-dipole resonant transitions. 

The interaction between a paramagnetic impurity cen­
ter, whose spin is S, and a free carrier (electron) can 
be described by the model Hamiltonian 

J'€in'= V(r) +l (r) S.s. (2) 

We shall assume that a paramagnetic center has a spin 
S = t. Moreover, we shall postulate that the interaction 
(2) corresponds to attraction in both spin states (Singlet 
and triplet) of the electron-impurity system. 

We shall be interested primarily in the case when the 
electron-impurity interaction results in localization of 
an electron only in the presence of a magnetic field. 
The resultant localized states are characterized by a 
low binding energy (8 b - 0 for H - 0) and large spatial 
dimenSions, given by the quantity 1 at right-angles to 
the magnetic field and by (2ml'b)-1/2 along the field. 
Therefore, states of this kind can be described by the 
approximation of "zero-radius" potential, which im­
proves in precision with decreasing H. In this approxi­
mation the interaction Hamiltonian (2) is governed en­
tirely by two scattering lengths: at and as, correspond­
ing to the triplet and Singlet spin states of the electron­
impurity system. In this model, the main contribution 
of the exchange forces is given by 
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y=(a,-a,)1 (a,+a.). 

An important feature of our discussion is that the 
Hamiltonian (2) couples ("mixes") the coordinate and 
spin variables. The second term in Eq. (2) represents 
the spin-orbit interaction due to exchange. This spin­
orbit coupling, which does not have a relativistic small 
term, is the main cause of the appearance of electric­
dipole transitions between the electron-impurity multi­
plet states which are characterized by zero projection 
of spin along the magnetic field. 

However, the spin-orbit coupling is a necessary but 
not a sufficient condition for the appearance of electric­
dipole transitions in the problem under discussion. The 
dipole moment of the localized states and its matrix 
elements, governing the transition probabilities, all 
vanish because of the radial symmetry of the wave 
functions in the plane perpendicular to the magnetic 
field. Therefore, we shall assume that, in addition to 
a static magnetic field, a crystal is subjected to a static 
electric field E, which is normal to the magnetic field. 
The electric field distorts the radial symmetry of the 
wave functions and a measure of distortion of these 
functions is y = eEl/no Under these conditions the prob­
ability of electric-dipole transitions WE is no longer 
zero. We can show that the ratio of this probability to 
the probability of allowed magnetic-dipole transitions 
is 

(3) 

where X. is the Compton wavelength of an electron. The 
factor (l/~'f makes the ratio W E/W M usually very large, 
in spite of the fact of the smallness of y and possible 
smallness of y assumed in later calculations. 

The rest of our discussion will apply to the case of a 
nondegenerate electron gas with an isotropic quadratic 
dispersion law (the model of a single-band nondegenerate 
semiconductor). The absence of degeneracy allows us 
to consider the interaction of an electron with a para­
magnetiC impurity in the single-particle framework. 

2. ENERGY SPECTRUM AND WAVE FUNCTIONS OF 
LOCALIZED STATES 

The energy levels and wave functions of localized 
states will be found using the results of [3] where the 
electron scattering operator in the presence of a static 
magnetic field is found for the interaction (2). The re­
lationships derived there can be generalized in a self­
evident manner to the case of crossed electric and mag­
netic fields: H = (0, 0, H), E = (E, 0, 0). In the expres­
sion 

K(E)= 2:1i ilrGo(r,O) I 
m 81' '=0 

it is sufficient to regard G 0 as the Green function in 
crossed fields. The function K( e) found in[4] is then of 
the form 

K(e) = ~ ( 2i ) '" S~ ~ {2 _ exp[i(e!Q-1'/2)t+'I,iy't' ctg(tI2) 1 } 
41 not' t sin (tl2) . 

(4) 

We shall be interested only in the states whose total-
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spin projection on the z axis is zero. The energy levels 
of these states, governed by the positions of the scatter­
ing operator poles, can be found[3] from the expression 

[ 1 +iaK (e+ ""~,,,,) ] [ 1 +iaK ( E- ""~"")] 

+y'a'K (e+ ""~"") K (g- ""~,,,,) =0, (5) 

where We, I = ge, I f3H are the values of the splitting of spin 
levels of the electron and the impurity, respectively. 

When the exchange part of the interaction vanishes 
(y = 0), Eq. (5) reduces to the equation for the spinless 
problem, analyzed by Drukarev and Monozon. [5J It 
seems that the results obtained by them would require 
refinement in respect of the stationary states (Sec. 3). 

In calculating the integral in Eq. (4) for y« 1 it is 
convenient to direct the integration path along a line 
rotated into the lower half-plane by an angle 6, where 
- 11' /4< 8 < 0. This makes it possible to expand the ex­
ponential func tion in the integrand in terms of y2 t2f i c tg 
x (t/2) + 1]. Retaining the first two terms of the expan­
sion, we can transform Eq. (4) to 

i{ (1) 3' 3 K(e)=-- ~ -.X -x-':'+~Y~[2t (- x) 
21 2 ' 16 c 2' 

+(1-2x)~ (~,x) -x-"'] +~exp(-~)D_" (il2:t)} 
2 (21')' 21'" 1 ' 

(6) 

where !;(P /2, x) is a generalized zeta function, D _1/2(X) 

is a parabolic cylindrical function, and x = t - ( e /n 
_y2/2). Subject to an additional assumption Iy/xl «1, 
Eq. (6) becomes 

i{(1 ) ilZ (X') K(e)=--, ~ -,x +-,-, exp --
2 'I 2 x' l' 

+ ~~'[2~(~ ,x)+(l-2x)~( ~ ,x)]}, (7) 

which corresponds to the Drukarev and Monozon re­
sult[5] apart from the exponential term which is absent 
from their expression and which is responsible for the 
decay of localized states. The decay is a natural mani­
festation of the fact that an energy level appears against 
the background of a continuous spectrum. 

In the next section we shall calculate the probability 
of an electric-dipole transition in the specific case when 
a static electric field is sufficiently weak and we shall 
ignore its influence on the energy spectrum of localized 
states but allow for its influence on the wave functions. 
Therefore, we shall now assume 

K(e) =-i~('I" x)n'21. (8) 

Omitting analysis of Eq. (5), which is fully analogous 
to that given by Demkov and Drukarev, [2] we shall quote 
the final expreSSions for the energy levels on the as­
sumption that the magnetic field is sufficiently weak: 

IAI=laIYZII«l, a='/,(o,+a.). 

We shall consider two cases: 

1. a<O, yS1, 

( 1 ) e' H'a' [ ( (1) ( 1 ) ] 
E",,.,Q 2"=F~ - 2mc' 1+21AI ~ 2" +n 2;±2~ ) , (9) 
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where ~ = (we - W 1)/2il; 

2. a>O, ?:S;1, 

1 e'a,',H' [1 ~2 
e,.,'"'---+-'- ---(2y+l)], 

2ma~.. 2mc' 12 y 
(10) 

The formula (10) represents localized states with a low 
binding energy which may exist even in the absence of a 
magnetic field. 

We shall conclude this section by giving the expres­
sions for the wave functions of localized states which­
in accordance to the well-known rules[61-can be found 
from the scattering operator[31: 

'I' ()=(_ 2lt1'21Q ) "'{ F'I,(X",-,'I,,) < F'/'(xt.,+Ll) } 
',' Ik D'( i;(+-,+ £(-+, , m xu.) E'.2-E Cl ,+ E1,2-Eex,,-

where 
Ik=(n, ky, k,J, ea. ~=£"±~Q. 

ea=Q (n+'/,) -eEk,l'+k,'/2m, 

F(x)=1+(1-y')A~(!/" x), 

D'(x) =A[~'(!/" x+~)F(x-Ll)+~'('I,. x-~)F(x+~)], 

(11) 

~(._) and ~( ... ) are the basis unit vectors in the spin 
space corresponding to zero projections of the total spin 
on the Z axis, and CPa(O) is the wave function of a free 
electron in crossed electric and magnetic fields at the 
point of location of an impurity. 

3. PROBABILITY OF ELECTRIC·DIPOLE 
TRANSITIONS 

We shall consider transitions between states w1 and 
w2 under the action of an electric field E of frequency 
W polarized in the xy plane. In the Landau representa­
tion, the electric-dipole interaction operator is of the 
form 

where 

E~=(E"±iEy)/1'2. 

(12) 

We shall assume that the alternating electric field is 
sufficiently weak and, therefore, the problem of finding 
the transition probability reduces-:;as usual-to the cal­
culation of the matrix element ( w 1 dew 2)' Omitting sim­
pIe but fairly tedious transformations, in which only the 
main terms containing the small parameter 'Yare re­
tained, we find that Eqs. (11) and (12) give 

- iae (0) 'I, 1'V 
('I',JI6'¥,)= 4mwl' -; [F,HF;-'D'(,r,)D'(x,) I' 

(-) ) (+) () (-) ( ) +F(+l '" ( ) x{F, w+ (x" x, +F, W_ x" x, E_ + F, W+ x" x, , 'V_ x" x, E+ 1, 
£,-e,+O 6,-8,-0 , .. 

(13) 

where 

(14) n+l ) 
(n+x,±,'1,,-l)'/, . 

In the calculations based on Eqs. (13) and (14) we shall 
assume that the magnetic field is sufficiently weak 
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(I A I « 1) and we shall retain only the principal terms 
with the small parameter A. Then, in the case when 
localized states appear only in the presence of an ex­
ternal magnetic field (a< 0, y< 1), we find that the ma­
trix element is 

- il'2 e ( 0 ) 'f. (E E) ('I',JI6'1',) (!'=--. - 1'V ----+--+- . 
mwl- m 8,-6,+9 8,-e,-Q (15) 

If states localized at a paramagnetic impurity exist also 
in the absence of a magnetic field (a> 0, .ji2 < 1), calcu­
lations based on Eq. (13) reduce to 

. [ (Hy) (1-i-J)') L _ (1-,),) (I:-:J\,) L]. 
E:!-f:1-Q €::-f 1IU 

(16) 

In this case the probability of an electric-dipole transi­
tion is considerably lower: 

The validity of Eqs. (15) and (16) is governed by the 
inequalities l» a, 'Y = eEl/il« 1, which-for a = 10-7 cm, 
m'" mo'" 10-27 g, and E", 1 V/cm-are equivalent to the 
condition 103 C«H« 107 G. 

4. CONCLUSIONS 

The interaction of carriers with paramagnetic impu­
rities, which gives rise to several fine physical effects, 
has for long been an important subject in the physics of 
metals and semiconductors. In the majority of investi­
gations this interaction is the cause of carrier scatter­
ing which to a greater or smaller extent governs the 
equilibrium and transport properties of a solid. It is 
natural to expect also the properties of a paramagnetic 
impurity and the nature of its interaction with free car­
riers to be manifested most clearly and directly in the 
structure of the spectrum and wave functions of bound 
states when a paramagnetic impurity becomes a local­
ization center of a carrier. In this connection we may 
hope that a resonance involving electric-dipole transi­
tions between states of the type discussed above will 
serve as a basis for a method of detection of paramag­
netic impurities and investigation of their interaction 
with carriers in semiconductor crystals. 
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