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A resonance-particle interaction mechanism is indicated which, depending on the width of the initial 
resonance and the particle-mass ratio, can lead to the appearance of an anomalous spectrum, namely, a 
large number of resonance-particle bound states with a small binding energy. Exact formulas, which give 
the locations of the bound states in the limiting case when the spectrum becomes infinite with a 
condensation point near the mass threshold for the resonance and the particle, are presented; in the general 
case the position of the levels can be determined by solving an integral equation. A modification of the 
same mechanism is investigated for the cases of interaction between a resonance and a complex system and 
interaction between a weakly-bound two-particle state and a third particle or system. The results are 
discussed in applications to atomic-molecular and nuclear systems and to the isobar-nucleon system. 

PACS numbers: 11.80.Jy 

1. We shall investigate here a system conSisting of 
three particles with masses ml = m2 = Sl. and m3 = m, 
when there exists a resonance or a bound state in the 
subsystem m and Sl., and establish the most general 
properties of the spectrum of the three-particle sys­
tem. An important mechanism in the interaction between 
the resonance and the particle I.L is the decay-product 
exchange mechanism depicted in Fig. 1. This exchange 
mechanism has been considered in a number of papers 
0-51, and its most important property consists in the 
fact that the exchange interaction corresponding to it 
decreases with distance like 1/r. From this quasi­
Coulomb behavior follows[2-5] the possibility of the ap­
pearance of near-threshold three-particle resonances 
that decay mainly into a resonance and a particle, a 
fact which has been demonstrated in its general form 
in concrete computations for the isobar-nucleon sys­
tem[3]. 

In the present paper we study the two-stage decay­
product exchange mechanism (the diagram in Fig. 2). In 
the framework of the N/D method such a mechanism 
should be considered together with the exchange mecha­
nism because in this method the dypamics is defined by 
the sum of the singularities of all the diagrams in the 
t- and u-channels and the Singularities of the two-stage 
exchange diagram do not coincide with those of the 
Single-stage exchange diagram (Fig. 1). And what is 
more, these singularities may lie arbitrarily close to 
the physical region, which explains their long-range 
nature. PhYSically, we can explain the two-stage ex­
change mechanism (we shall henceforth call it anomal­
ous), if we can compute the potential corresponding to 
the diagram in Fig. 2. It turns out that the potential 
has the form - C/ r2, which, for a suffiCiently large con­
stant C, leads to the appearance of an infinite spectrum 
of levels with a point of accumulation near the threshold; 
we shall call such a spectrum an anomalous spectrum. 
Notice that in solving the Faddeev equation it is not ne­
cessary to use as the kernel of the equation both dia­
grams in Figs. 1 and 2, it being sufficient to consider 
only the exchange diagram; but for the investigation of 
the anomalous spectrum it is more convenient to take 
the once-iterated equation whose kernel is the diagram 
in Fig. 2. Notice that the anomalous spectrum can exist 
even if the interaction - C/ r2 occurs in the region r > 
rol6] and other mechanisms corresponding to diagrams 
neglected by us here obtain in the region r < ro. It is 
obvious from physical considerations that the particle-
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resonance interaction cannot be infinitely long ranged, 
but must die off over distances Rint ~ VT, where v is 
the velocity of the exchangeable particle and T = 1/r 
is the life-time of the resonance. Therefore, the anomal­
ous interaction will die off over long distances ~Rinb 
and, in this case, the point of accumulation in the three­
particle spectrum vanishes, but there may remain a 
large number of levels, which is easy to estimate. 

In an interaction of the resonance with a complex 
system of mass M there can arise a coherent enhance­
ment of the effect (of the constant C) in comparison with 
the interaction with the single particle Sl.. The corres­
ponding anomalous mechanism is depicted in Fig. 3. The 
necessary condition for such a coherent enhancement 
is Rint ~ Rs ' where Rs is the radius of the system M. 

We also show that the anomalous spectrum in the 
three-particle system remains and corresponds to the 
so-called Efimov effect[7] when the resonance is re­
placed by a weakly-bound state. Furthermore, the ef­
fect of coherent interaction intensification is considered 
for weakly-bound states. 

It is important to note that these mechanisms, i.e., 
the exchange and anomalous mechanisms, are dis­
tinguished by their long-range character: All the other 
interactions corresponding to more complex diagrams 
fall off much more rapidly with distance, and do not 
lead to any qualitative phenomena. 

The method used in the present paper is strictly 
quantitative in nature, and is based on the use of the 
analyticity and unitarity properties of the particle­
resonance. amplitude, the unitarity relations being solved 
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here in the framework of the generalized N/D method 
[2,5]. As the initial quantities, we use only the particle 
masses and the width and location of the two-particle 
resonance or the binding energy for the bound state of 
the two particles; the formulas obtained in the present 
paper allow us to find the locations of the levels of the 
entire three-particle system. The method and formulas 
are applicable to atomic-molecular and nuclear systems, 
as well as to elementary-particle systems. 

In Sec. 2, where the resonance-particle amplitude is 
discussed, we give expressions for the discontinuities 
across the unitary and dynamic branch cuts. With the 
aid of the N/D method we write down an integral equa­
tion for the denominator D of the amplitude, whose 
zeros determine the locations of the three-particle 
levels. In Sec. 3 we give an expression for the anomal­
ous discontinuity of the diagram in Fig. 2 which deter­
mines the anomalous interaction mechanism. In the 
limiting case when Rint - 00 the equation can be solved 
exactly, and an analytic expression is obtained for the 
spectrum. In Sec. 4 we investigate the real case of 
finite Rint and the anomalous interaction between the 
resonance and a complex system M (Fig. 3a). In Sec. 
5 the interaction of a weakly-bound system with a third 
particle (/1) or a system (M) is considered. In Sec. 6 
the obtained formulas are illustrated by applying them 
to atomic-molecular systems (the molecular ion H2-), 

nuclear systems (the nucleon-deuteron and aBe-a sys­
tems), and the isobar-nucleon system. 

2. Let the two-particle resonance in the system of 
particles with masses m and /1 have the mass fa and 
excitation energy E: 

l'a~m+~+e. (1) 

The amplitude C(a, a'; s, t) of the interaction of this 
resonance with a third particle /1 is defined as a set of 
Feynman diagrams in which the initial and final masses 
of the resonance are assumed to have the same value (1), 
but with different imaginary corrections: a = ao - io, 
a' = ao + io[4]. 

It is convenient to introduce the dimensionless 
energy variable 

(2) 

and determine the partial wave ML(y) of the amplitude 
of the resonance-particle interaction, a wave which is 
equal (up to kinematic factors) to the partial wave 
given by the sum of the Feynman diagrams: the ampli­
tude C(a, a'; s, t). The point y = 0, as can be seen from 
(2), corresponds to the threshold energy in the reson­
ance-pIus-particle system. 

The amplitude ML(y) as a function of y has branch 
cuts in the complex y plane: a unitary branch cut [0,00), 
a right cut [Yl, Y2] corresponding to the exchange dia­
gram in Fig. 1, and left cuts [Y3, Y4] ariSing from the 
diagram in Fig. 2 and, in principle, from other more 
complex diagrams (see Fig. 4). Then the general ex­
pression for the discontinuity in the amplitude MdY) 
has the form 

where 

1 - -.2i !!'ML(P) ~l'y ML(y+)ML(Y-)'lt+~(y)ez+~(y)e3, (3) 

y±~y±i6, e,~e(y), e2~e(y-y,)e(Y2-Y), 

e3~e (y-y,) e (y.-y). 

Here ~(y) is the amplitude discontinuity across the dy­
namic cut arising from the exchange diagram. 'Its ex-
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plicit expression is given together with the values of Yl 
and Y2 in [2,3]. 

We shall seek the solution to Eq. (3) with the aid of a 
modified N/D method that takes into account the fact 
that the branch cuts [Yl,Y2] and the unitary cut [0,00) are 
superimposed on each other (see [2,5]). Then, separating 
out the clearly threshold behavior of the amplitude: 

ML (y) ~yLNdy)/DL(Y)' (4) 

we can explicitly write down the solution to Eq. (3) for 
the denominator of the amplitude in the form 

D (y) ~1jJ(- t y)Cjlo( - fY). (5) 

Here the function <Po(x) is determined by the discon­
tinuity ~ across the right dynamic branch cut, and is 
given by the expression 

(x)=ox {~s"' Ing(X')dX'} (6) 
Cjlo P 'J .. (' )' , 

.... Ill. XI X ---x X 

where 
xi~fyj, i=l, 2, g(x)~1-4xS(x'), 

and the function ZP(x) satisfies the integral equation 

( ) _ () 2ix S"' dx'~ (x") 11 (x') ~)(x') ( X) L 
IjJ X -PL X +- --

n ", (x'+x) x" 
(7) 

where 

for L = ° 
Po(x)~i; 

for L = 1 
xs"'lng(x') , 

P,(x)=i-- ---dx. 
2ni x" ", 

Thus, the problem of the determination of the spectrum 
in a three-particle (resonance plus particle) system re­
duces to one of finding the zeros of the function zp(x) if 
the discontinuity ~(X2) for the diagram (or set of dia­
grams) corresponding to the mechanism in question 
is given. 

3. The diagram in Fig. 2 was investigated in the de­
cay situation (Le., for the case when fa > m + /1) in [4], 
where it was shown that in the t-channel the amplitude 
acquires an anomalous singularity that depends on the 
imaginary corrections to the resonance masses (a = 
ao - i 0, a' = ao + io): 

(8) 

The pOSition of the singularity approaches the origin as 
6 - 0, and depends on the distribution of the resonance 
masses a and a' around the values a = a' = ao. This fact 
is most simply taken into account by shifting a and a' to 
the locations of the resonance poles: 

(9 ) 

(other methods of taking the spread in the resonance 
mass into account lead essentially to the same results). 
On choosing (9), we obtain in place of (8) the expression 
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v= f'(m+J.t+e)' 
e(e+2m+2J.t) (e+2m) (e+2J.t) , (10) 

where we have used the approximation II « 1. 

Another singular point of the diagram is the normal 
threshold in the t-channel: 

(11) 

and the dispersion representation of the diagram in 
Fig. 2 in the t-channel includes an integral over t from 
tan to tnorm (the anomalous part of the diagram) and 
from tnorm to t = "" (the normal part of the diagram). 
Below we shall be interested only in the anomalous 
part of the diagram, which part corresponds to the 
forces having the longest range and leads to the ap­
pearance of an anomalous spectrum in the system. In­
deed, the interaction radius is connected with the 
threshold singularities in the t- channel by the usual re­
lation: 

(12) 

where ts is equal either to tan or tnorm' Then for tan 
in the approximation € « m, J..L we immediately obtain 
the expression 

R.n,= (2me) "'/mf=zl't, m=m~t/ (m+J.t) , (13) 

the physical meaning of which was discussed in the In­
troduction. Thus, the longest radius corresponding to 
the lowest threshold in the t-channel has a simple 
physical meaning. The normal part of the dispersion 
integral corresponds to an interaction radius Rn ~ 
112m, which, for all interesting physical systems, is 
much less than Rint and turns out to be of the same 
order of magnitude as the interaction radius for the 
complex diagrams discarded by us. Therefore, we re­
tain only the anomalous part of the diagram in Fig. 2. 
The discontinuity corresponding to it is equal to 

- 1 nAXL(Y) 
6 (y) =:' - tJ..nML (y) = - ----==- fJ (Y-Y."m) fJ(Y.n-Y) , (14) 

2i 2Y-y 

where we have introduced the constant 
A= 4f'(m+/l+e)' (15) 

e'(2J.t+m+e)'(2/l+2m+e) (2m+e)'(2J.t+e) 

and the function XL(y), which is equal, for L = 0, to: 

x.(Y) =1-(y.,,/y)'" (16) 

and, for L = 1, to: 

X, (y) ='/,- (y .. /y) "'( 1-2y •• /3y). (17) 

The values of Yan and Ynorm' which we should iden­
tify respectively with Y4 and Y3 in (7), are obtained from 
tan and tnorm by meaIis of the usual transition from the 
t-channel to the s-channel: 

y •••• = [(/l'-t. in,/4)"'+ (a-t ••• ,!4)"']'- (~+/l)' (18) 
2e(Ya+/l) 

Hence for Yan we obtain: 
m' (ya+J.t) 

Yan ~ - ---_-v, 
2£/l Ya 

(19) 

and Ynorm is obtained from (18) by setting tsing = 4m2. 

Let us investigate the most general features of the 
anomalous mechanism, substituting (14) into (17) and 
limiting ourselves to the L = 0 case. Then from (7) we 
have the equation· 

1jl(x) =1-AX r "'x~x;;,:~;> ( 1- ;:) dx', (20) 
:rnll"" 
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x •• =-iIYy •• I, X norm=-iI1Ynorm I. 

Let us consider the solution to Eq. (20) in the limiting 
situation when Rint - "". On account of (13), to this 
situation corresponds the case when tan - 0 and Yan 
- O. For Yan = 0 the discontinuity (14) corresponds to 
the potential l./r2 when r > Rn = 112m, and therefore 
we can expect the appearance of an infinite and crowd­
ing spectrum for sufficiently large values of .\. There 
is not, however, complete equivalence with the potential 
problem in our approach, which is based on the solution 
of N/D equations. This is reflected in, for example, 
the fact that the diagrams that are more complex than 
the diagram in Fig. 2 do not possess Singularities of 
the type (_y)l/2, whereas the iterations of the Born dia­
gram for the potential r-2 possess such a singularity. 

Equation (20) can be solved exactly in the limit when 
Yan - O. For this purpose, let us set l1(X) = 1 in it (this 
is valid for Ixl «Xl, X2, where the phenomenon of 
anomalous spectrum will run high), and let us replace 
the equation in the form (20) by an equivalent homoge­
neous equation with a normalization condition of not 
1/1(0) = 1, which is explicitly allowed for in writing down 
(20), but imposed at another point, e.g., l/1(xnorm) = 1. 
Let us introduce the variable u = xa/x. Then we obtain 
for the function ~(u) = l/1(x) the equation 

iji(u)='" I du' !(~'), iji(1) =1. (21) 
t u u 

Equation (21) can be solved at once with the aid of the 
Fock-Mehler transformation: 

(22) 

where a is the root of the equation 

1="'nlch nez, -'/2<Im ez<'/2. (23) 

Let us investigate the properties of the obtained solu­
tion. For .\ < 0 (repulsion) Eq. (23) has no roots. For 0 
< .\ < lilT there is a rootwithRe a = 0 and 11m a I < 1/2, 
which can, in prinCiple, lead to a finite number of 
zeros for the solution (22). The most interesting situa­
tion arises when .\ > .\cr = lilT. Then Eq. (23) has a 
root with 1m a = O. and the solution corresponding to 
this root possesses in the interval (xnorm, 0) an infinite 
number of zeros with an accumulation point at x = O. 
These zeros correspond to 1m ry > 0 (let us recall that 
D(Y) ~ 1/1(-ry)), i.e., there arises an infinite number of 
bound states when .\ > .\cr. Notice that the condition .\ 
> lilT for the appearance of the anomalous spectrum in 
the system is very close to the analogous condition for 
the potential vr2: to wit, "X > 1/4[6]. 

4. Let us now conSider the real situation with a 
finite interaction radius Rint (i.e., with a finite Yan)' 
Then the upper limit in Eq. (21) should be replaced by 
u"" = (YnordYan)l/2. The resulting equation turns out 
to be a Fredholm equation, and its solutions vanish an 
infinite number of times. We can estimate the number 
of levels in the system if we compute the number of 
zeros in the interval [xnorm, xan] with the aid of the 

, asymptotic formula for the solution (22). It turns out 
to be equal to 

ez 4 
n""-ln-

211 v' 
(24) 

This estimate is correct only in order of magnitude, 
since close to the upper limit the asymptotic solution 
(22) differs Significantly from the exact solution to 
Eq. (20). 
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We can derive a sufficient condition for the appear­
ance of a bound state at finite Rint. For this purpose, let 
us rewrite (20) in terms of the real variables z = ix (and, 
for the sake of simplicity, set 1] = 1). We have 

'n",m ",(z')dz' ( Z.n) 
",(z)=1Hz f -,-(-,-) 1--, • 

z z +z z 
'"" 

(25) 

where znorm = 1 Yn 1 and zan = 1 Yan I. From the positive­
ness of the kernel and of its derivative with respect to 
z, we obtain the condition for the function <f;(z) to have a 
zero: 

[ 2zn Zon ]-' i.;;>X,,= 2In--+--1 
Zn+Zan Zn 

(26) 

(zn'" znorm)' For zn »zan the value Xcr ~ 2.5, which 
is much larger than the critical value Acr = 1/1T, which 
obtains in the limiting situation when zan - O. It can be 
seen from this that the requirement that X 2: Xcr may be 
too strong and, in any case, it is not necessary. 

Let us now assume that A is less than the critical 
value and that there is no level in the system of parti­
cles (mjJ.jJ.). The question then arises whether there 
can, nevertheless, appear a bound state of the same 
resonance (mjJ.) with some other system of particles 
with a combined mass equal to M as a result of the 
anomalous mechanism depicted in Fig. 3a. We shall 
assume here that the particle m interacts with the sys­
tem M with an amplitude of f(e) that depends on the 
energy Ecm in the center-of-mass system and that is 
normalized by the condition 

da,nJd!:l=If(G) I'. 

It is easy to calculate the discontinuity of the Feyn­
man diagram in Fig. 3a across the anomalous branch 
cut and determine from it the constant Atr, which 
should be substituted above in all the formulas for X. It 
is equal to 

2rE,m/cr 
i." = -:::,---.,:=------'...:.-------

Ve (Va +M) [(2J.L+2m+e) (2m+e) (2J.L+e)]'I' 

Let us emphasize that the amplitude f in (27) is 
evaluated on the energy surface with the following 
value of the invariant square of the energy (when E 
«m, jJ.): 

(2'7) 

2m (M+m+J.L) ( ) 
P'=(pm+pM)'=(M+m+e)'+ (y-1)e 28 

m+J.L 

and in the case when the momentum transfer t 2: tan' 
Since p2 < (M + m + E)2, into (27) effectively enters the 
amplitude f of the forward scattering at energies lower 
than the "resonance" value ar = (M + m + E)2. If for f 
in (27) we take the Breit-Wigner value, set M = jJ., and 
take the energy Ecm from (28), then we again arrive at 
the quantity (15) since under the above-cited conditions 
the triangular diagram in Fig. 3a reduces to the square 
diagram in Fig. 2. Notice also that another anomalous 
mechanism that corresponds to the diagram in Fig. 3b 
and that may turn out to be more important when jJ. < m 
and (or) If'I > f is, in prinCiple, possible. The expres­
sion for the constant Xtr corresponding to this diagram 
is obtained from (27) by making the substitution jJ. - m 
and f - f'. 

The magnitude and sign of Atr depend on the magni­
tude and sign of f: Thus, if the particles m and M attract 
(repel) each other, then f is positive (negative), and the 
anomalous spectrum can (cannot) arise. If, on the 
other hand, for the energy (28) the particle m under­
goes strong absorption in the system M, then according 
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to the optical theorem Imf(O) = katoti41T and can be 
large because of the large value of atot ~ 21TR~. Then in 
the case when the real part Re f is small this leads to 
an anomalous spectrum that is shifted in the complex 
plane because, for a purely imaginary X, Eq. (23) yields 
roots QI with 11m a 1 ~ 1/2 and larger Re QI. In this 
case the estimate (24) for the number of levels becomes 
inapplicable. 

The question of the effective magnitude of Atr, or of 
the coherent enhancement of Xtr in comparison with A, 
(15), depends primarily on the admissibility of the 
choice of f in (27) in the form of a constant that coin­
cides with the value of f at the end of the anomalous 
'.:ut. For large dimensions of the system M, i.e., for. 
Rs »Rinb the function f as a function of t decreases in 
the interval ~t ~ I/R~ « tan, so that effectively the 
anomalous cut shrinks drastically, and the anomalous 
spectrum may disappear. In the oppOSite limiting case, 
when Rs « Rinb the amplitude f can be conSidered to be 
a constant quantity in the interval rYan, (Rs/Rint)2Yan], 
which implies a coherent enhancement of the anomalous 
mechanism, since the amplitude f of the zero-angle 
scattering by the entire system M can significantly 
exceed the scattering amplitude for each of the com­
ponents of the system M. 

5. Now instead of a resonance let there exist in the 
system of particles m and jJ. a bound state with a small 
binding energy Eb « m, jJ.; Ebd « 1, where ro is the 
range of the forces in the system. Then the mass of 
the bound state Va = m + jJ. - Eb' while the dimension­
less variable y is determined by the formula (2), in 
which it is only necessary to make the substitution E 
- Eb > O. Let us now conSider the amplitude ML(y) 
for scattering of the bound state by a particle, and 
choose as the interaction mechanisms the same ex­
change and anomalous mechanisms (see Figs. 1 and 2). 
The equation (3) for the discontinuities will preserve 
its previous form. Also retained- is the location of the 
unitary branch cut, but the cut arising from the ex­
change diagram will move from the right half of the 
complex y plane to the left half, retaining its logarith­
mic character. Let us recall that the exchange mecha­
nism in this case can produce only a finite number of 
levels (one in the N/D method), and therefore for the 
phenomenon of interest to us here we may not consider 
it. The equation for the denominator of the amplitude 
then assumes, after (4) and (5) have been taken into ac­
count, exactly the form of (20) for L = 0, where it is 
necessary to set 1](x) = 1 and redefine the quantities A, 

-Xan, and xnorm ' 

Let us take into account the fact that the coupling 
constants at the vertices of the diagram in Fig. 2 
are now expressible in terms of the two-particle 
binding energy: 

H),w 
g' =-_-(2Tiit",,) . 

m (29) 

Then the value of the coupling constant Ab is obtained 
from (15) by making the substitution r/E - 4, E - -Eb: 

i., = _ 61(m+,1-e,,)' (30) 
(2wt m-e,,)'(2,1+2m-f,,) (:.'m-f,)'(2,1-£,,) 

The values of Yan and Ynorm in this case are equal (we 
give their values for the diagram in Fig. 3a; for the 
diagram in Fig. 2 it is necessary to make the substitu­
tion M - jJ.) to: 

m (M+Y;:;) 
Y"n = -- - J.L---Jl-r-' 

Yu. A. Simonov 

m'(M+V;:;) 
y"""" = - :2f,,(m+J.L)M· 

(31) 
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Let us redefine the variable u = xr/x; then for the de­
nominator of the amplitude for scattering of the bound 
system by a particle we obtain the equation 

iji(U)=lH.] du'iji(~') (1-~\, 
I u+u u. J 

{32) 

where 

(33) 

As Eb - 0, the limit ub - 00, and we again have the 
solution of the homogeneous equation in the form (22) 
with a condition for the roots of the form (23). Conse­
quently, there also arises in the case of a weakly-bound 
state with Eb - 0 an infinite spectrum of levels with a 
point of accumulation at the threshold - this corres­
ponds to the so-called Efimov effect. We can also find 
the exact limiting position of the levels, since the roots 
of the conical function P-1/2 + i£l'{Up) lie asymptotically 
(up» 1) at the points 

up '"'2"exp -;- T(2p+1)-arg 1 ' 1 { 1 [ 3"1 r (ia) ]} 

r(T+ ia ) 

and then the zeros of the denominator are given by 

rY;:=i I Y ,mm'l, I lup. 

(34) 

Notice that the condition for the appearance of the 
anomalous spectrum, A > ><Cr = l/lT, is clearly satisfied 
for the value (30), since Ab ~ 14 for any m and j.L. The 
sufficient condition for the appearance of a level here is 
also clearly fulfilled. This means that the forces bind­
ing the pair of particles are also always capable of 
binding a system of three particles among whom are two 
such pairs (we assume that the j.L- j.L particle interac­
tion has been turned off). As in Sec. 3, the order of mag­
nitude of the number of levels in the system can be es­
timated: 

(35) 

The condition (35) is similar in form to Eq. (17) in 
Efimov's paper l7 ]. The difference consists in the fact 
that instead of an effective radius ro in our expression 
figures the quantity rm = (m + j.L)/mj.L = 11m, which is 
a consequence of the allowance for the contribution of 
the anomalous branch cut right up to the normal thres­
hold tnorm ' If, however, ro « rm, then there appear 
at the vertices of the diagram in Fig. 2 form factors 
that can effectively cut off the integral (34) at a value 
u corresponding to roo 

When the bound state interacts with a complex sys­
tem of mass M, the anomalous interaction mechanism 
corresponding to the diagram in Fig. 3a gives the value 

where f enters at some energy value below the threshold. 
The effect of coherent enhancement of Ab is not so im­
portant here, since Ab, (30), is always so much larger 
than the critical value. However, in order that the 
system M might manifest itself as a whole and, con­
sequently, in order that the amplitude f might not signi­
ficantly cut down the integration domain in the integral 
(34), it is necessary, as in the resonance case, to im­
pose on the interaction radius the condition: 

R:n ,= [/l/2(m+/l)me.F;;J:R" 

where Rs is the radius of the system M. Notice that 
Rint is of the order of the radius of the bound state of 
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the particles j.L and m (when j.L « m, the diagram in 
Fig. 3b gives an interaction mechanism with radius 

R::,={ml2 (m+/l) Jie.l "'>ll:n,)' 

6. The assumptions under which the results of the 
present paper were derived amount baSically to the 
following: 1) we allow for interaction in only two of the 
three partide pairs and neglect the interaction between 
the particles j.L and j.L (j.L and M); 2) we can neglect the 
nonresonance background in the two-particle system in 
comparison with the contribution of the resonance (cor­
respondingly of the pole responsible for the bound 
state); 3) we can neglect the off-mass-shell corrections 
to the interaction between the particles m and j.L; 4) 
the contribution of the neglected (by us here) diagrams 
corresponding to interactions of Significantly shorter 
range than Rint is small compared to the conSidered 
contribution. 

PhYSically, it is quite clear that the prinCipal quali­
tative effect discovered in the present paper- the ap­
pearance of an anomalous spectrum with an accumula­
tion point at the limit Yan - 0 (Rint - 00) when A > Acr­
will not change if we take the contributions 2)-4) into 
account. The first limitation can be removed, and was 
used here only for the sake of simplicity. The quantita­
tive conclUSions, on the other hand, can, of course, 
change when proper allowance is made for the pOints 1)-
4), and they strongly depend on the nature of the system 
in question. 

Let us consider a few examples. 

a) The resonances in the molecule H2-: Several groups 
of peaks are known in this system, in particular, near 
the energies -11 and -14 eV above the ground state[B]. 
At the same time, the ion If" has a group of resonances 
between 9.558 and 12.35 eV above the energy of the 
ground state of the hydrogen atom[B]. If we assume 
(which is quite plausible) that the resonances in H-
are produced near the threshold for decay into the hy­
drogen atom with n = 2 (the principal quantum number 
and E(n = 2) = 10.204 eV), then the anomalous mecha­
nism corresponding to the diagram in Fig. 2 with m = 
me and j.L = Ma can have a very large radius Rint and 
an "interaction constant" 

1" M.' 
A= 16e' (~) . 

Even for the unfavorable case with r = 0.01 eV and 
E - 0.5 eV (the experimental values for the widths 
are smaller than the instrumental widths and are not 
exactly known), A ~ 25 > Acr ' Therefore, one or several 
resonances of the molecule H2- should exist below the 
position of each resonance of the ion H-. Allowance for 
the H-H interaction at such distances should shift these 
resonances downwards and, moreover, may lead to the 
appearance of rotational poles at each of the levels. 

Notice that acting simultaneously is an exchange 
mechanism (Fig. 1) that, as shown in [2,31, can give 
peaks in the H2- spectrum precisely at the threshold 
(E = E(n = 2), E(n = 3), etc.) in the state with L = 0 and 
resonances above the threshold with L > O. Thus, the 
exchange mechanism gives (in the terminology of [B,9]) 
resonances of the second kind above the position of the 
parent resonances in H-, while the anomalous mecha­
nism gives resonances of the first kind (Feshbach reson­
ances) that, relative to the pOSition of the resonances in 
H-, are shifted downwards. The experimental picture is 
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at present not clear enough for us to be able to uniquely 
identify the type of resonances observed near the l1-eV 
level in the Hz- molecule, let alone establish their num­
ber. 

b) In nuclear, as in atomic, systems, the most favor­
able case for the appearance of the anomalous mecha­
nism is the case when jJ. » m. There are many exam­
ples of levels located near the threshold for breakup 
into a resonance plus a cluster. but they lie in a region 
with a high excitation energy (.2:.8 MeV), where the levels 
are many and the computation of the position of a level 
still does not in itself constitute proof of the mecha­
nism producing it. 

For E < 0 (a bound state + a system) there are 
several examples where the anomalous mechanism is 
exceptionally important. For example, for tritium com­
posed of deuteron and a nucleon and the nucleus C1Z 
composed of aBe (which is stable when the Coulomb 
forces are turned off) and an a-particle, the quantity 
;\b = 128/9 » ~r' Then the binding energy of the 
whole system lies close to 4 Eb, which agrees quite well 
with the experimental value for tritium and the value 
obtained for lZC(E = 12.9 MeV, Eb ~ 3 MeV) in exact 
computations with a given a-a interaction potential. 

c) In the isobar ~(1236)-nucleon system the quantity 
;\ = 1.84, which is larger than ;\cr = 1/7r, but smaller 
than the value 2.5 obtainable from the sufficient 'con­
dition (26). Therefore, for an answer we must carry 
out a numerical solution of Eq. (25). 

The author is grateful to A. M. Badalyan, B. L. 
Ioffe, L. A. Kondratyuk, 1. M. Parodetskil, K. A. Ter-

971 SOy. Phys.·JETP, Vol. 42, No.6 

Martirosyan, M. Sh. Chochkhunashvili, and L. D. Fad­
deev for useful comments and discussions. 

IS. Mandelstam, J. E. Paton, R. F. Peierls, and A. Q. 
Sarker, Ann. Phys. 18, 198 (1962); R. F. Peierls, 
Phys. Rev. Lett. 6, 641 (1961); R. J. 1. Aitchison and D. 
Krupa, Nucl. Phys. A182, 449 (1972); W. Gale and I. 
Duck, Nucl. Phys. 138, 109 (1968); L. A. Kondratyuk and 
I. S. Shapiro, Yad, Fiz. 12, 401 (1970) [SOy. J. Nucl. 
Phys. 12, 220 (1970)]; V. A. Karmanov, L. A. Kondrat­
yuk, and 1. S. Shapiro, ZhETF Pis. Red. 11, 543 (1970) 
[JETP Lett. 11, 374 (1970)]; R. Arenhovel, Phys. LeU. 
49B, 329 (1974). 

zA. M. Badalyan and Yu. A. Simonov, Yad, Fiz. 21, 890 
(1975) [SOY. J. Nucl. Phys. 21,458 (1975)]. 

3A. M. Badalyan and Yu. A. Simonov, Fiz. Elem. Chas­
tits At. Yad. 6,299 (1975) [SOY. J. Part. Nuc. 6, 119 
(1975) ]. 

4yU • A. Simonov, Yad. Fiz. 22, 845 (1975) [SOV. J. Nuc. 
Phys. 22,437 (1975)]. 

SA. M. Badalyan, M. 1. Polikarpov, and Yu. A. Simonov, 
Preprint ITEP-38, 1975. 

6L, D. Landau and E. M. Lifshitz, Kvantovaya mekhanika 
(Quantum Mechanics), 3rd ed., Nauka, 1974, p. 146 
(Eng. Transl., Pergamon, New York, 1965). 

7V. Efimov, Nucl. Phys. A210, 157 (1973); Phys. Lett. 
33B, 563 (1970). 

aG. J. Schulz, Rev. Mod. Phys. 45,378,423 (1973). 
•• 9H • S. Taylor, G. V. Nazaroff, and A. Golebiewski, J. 

Chern. Phys. 45, 2872 (1966); H. S. Taylor, Adv. Chern. 
Phys. 18, 91 (1970). 

Translated by A. K. Agyei 
205 

Yu. A. Simonov 971 


