Photon echo in nonlinear processes
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Optical induction and photon echo effects in nonlinear processes are shown to exist. They consist in
instantaneous synchronization of the nonlinear polarization of the medium after two consecutive excitations
of the medium by coherent fields. The echo phenomenon in combination (Raman) scattering is considered
as an example. For the ordinary echo effect (resonant absorption processes), which is a particular case of
the analysis performed here, the spatial distribution of the echo-signal intensity is determined by taking

into account the real geometry of the active volume.

PACS numbers: 42.65.Dr

High-power laser pulses of duration 7_ ~ 107?*—1071

sec have by now been produced with the aid of lasers.
These pulses allow us to observe, in all media, effects
due to coherent interaction of light with matter (the con-
dition for the coherence of the interaction is smallness
of 7_ in comparison with the characteristic time T: of

damping of the field-induced polarization of the medium).
A central position among these effects is occupied by the
photon echo (PE) effect, 1 2] which has been under inten-
sive study recent years. % In the usual formulation of
the experiment, the photon echo is produced spontane-
ously in the medium after it is excited by two successive
coherent resonant pulses separated by a time interval

T K< T, T, (T, is the longitudinal-relaxation time).
During the interval 7, the ""phase memory" of the first
pulse is erased by the reversible relaxation with charac-
teristic time T; < T,, T, (T} is the inhomogeneous
broadening of the spectrum). The second pulse recon-
structs the coherence of the radiators, and this leads to
generation of a coherent echo signal at the instant 27.
Interest in this phenomenon is due primarily to the fact
that it serves as a convenient means of determining many
important characteristics of resonant media (transition
probabilities relaxation times, etc).

The present paper is devoted to establishment of the
echo effect in nonlinear processes, and this should
greatly extend the capabilities of the PE method. This
effect arises when a medium interacts with nonresonant
coherent fields.” It will be shown below that the polar-
ization of the medium, after two successive nonlinear
excitation processes of rather general form at the
instants 0 and 7 (7 < T:), has the property of instantane-
ous synchronization ('collapse'') at the instant 27 and
can be observed with the aid of a probing pulse that
initiates a new nonlinear process that proceeds with
high efficiency.

Assume that at the instants of time 0 and 7 the sys-
tem of molecules is acted upon by two successive excita-
tions of duration 7, and 12, each consisting of a certain
aggregate of coherent fields. The dynamic behavior of
the system in various time intervals is clear from the
following inequalities:

Ty 1T 1Ty, T,

1)

The interaction of the excitation pulses with the mole-
cules is described by the Hamiltonian (i =1 or 2 is the
number of the excitation)

H1=ﬁ0)003—A«i(U+Q.'_+U—Qi+) 3

where w, is the frequency of the working transition, while

812 Sov. Phys.-JETP, Vol. 42, No. 5

Copyright © 1976 American Institute of Physics

0, and 03 are Pauli matrices (two-level description). The
quantity A; is the matrix element of some nonlinear
interaction leading to a transition between levels. The
functions

£ Q:*=E;exp[xi(owt—kr—q;)], E,-=HE.U)
describe the aggregate of the excitation fields with the
high-frequency factor separated; E; is the product of the
amplitudes of the fields making up the i-th excitation
(n-th order process); w = wo — Aw, where Aw is the in-
homogeneous broadening; k; and ¢; are the resultant
wave vector and phase of the exciting field. For exam-
ple, if the first excitation is realized by biharmonic
pumping, [*] then

g @) Wy @
E=E ' E,", ki=k, —k,

) @) ___ @
0=0; —0; , Pr=@: —Q¢ , (2)

where E{", E{?; k{", k{®; w{", w{® and ¢{", ¢{* are
the amplitudes, wave vectors, frequencies, and phases
of the fields making up the biharmonic excitation pulse.
For two-photon absorption of pulses with unequal fre-
quencies E; = E{VE{?, w = 0{? + w{?, k; =k{¥ +k{?,
@1 = o + ¢i? (the meaning of the notation is the same).
For stimulated Raman scattering, relations (2) are satis-
fied, where the quantities with the superscript 1 pertain
to the pump field and those with 2 to the Stokes wave.

We shall disregard the phase modulation of the exci-
tation fields (9¢; (¥, t)/ot = 0), assuming that the center
of the symmetrical inhomogeneous-broadening line coin-
cides with the carrier frequency w of the exciting pulse,
and that there is no phase modulation at the entrance
into the medium (3¢;(0, t)/at = 0).

The equations of motion for the polarization of the
medium with phenomenologically introduced relaxation
terms take the following form (we omit here the index i,
since the system of the obtained equations "works'" in
the entire time interval)

-—di=—i—vAn), d—v=—L+uAm+£WE,
dt T, dt T, A
@)
aw _ W-W< 2%
d . [

where W4 is the equilibrium value of (03) (We assume
that at the instant t = 0 all the molecules are at the lower
level, i.e., Wed = —1/2),

utiv=<(0,> exp [Fi(ot—kr—o)].

3"
The polarization of the medium at the frequency w(i) is
given by -

.

4 . .
P’+=P’FOET exp[_i(mu)t_k(:)r_(p(:)) ]’

)

812



where

4eo

P*=ANy j (o f(Aw)d(Aw) (5)
is the polarization at the frequency of the working tran-
sition; Ny is the molecule density; we average in (4)
over the inhomogeneous-broadening spectrum,

[ 1a0)d(a0)=1.

We present the solutions of the system (3), (3') for
different time intervals. By virtue of condition (1), we
put T; = T; = o,

After the passage of the first excitation pulse we have

ut=0,

vW=—"/,5in 0,, W=—"/,cos0,,

where

uW+ivW=(g,> exp [—i(wt—kr—e*) 1,

ZA, AL
0,=0,(r) = -h—‘j E\(r,t")dt’
0

is the angle of rotation of the polarization vector under
the influence of the exciting fields. Prior to the start of
the action of the second excitation pulse, the inhomo-
geneous broadening leads to a dephasing of the polariza-
bilities:

u"="/,sin 0, sin (Aw-1),

W=—"!/,cos 0. (6)

vW=—1*/5in 0, cos (Aw-T),

After the passage of the second excitation pulse we have

u®="/,8in 6, sin [Aw-1—Y%],
v®=_—14/,co8 0,8in 0, cos [Aw - 1—y]—*/.cos 8, sin 0., )]
W®=—1/,cos 8, cos 0, +/,sin 0, sin B cos [Aw - 1—y],

where
u®+iv®=(g,> exp [—i(0t—k®r—p®)],

2}“2 T
h T

= (ke—k)r+(@a—q), 0,=0:(r)= E,(r,t')dt
is the integral characteristic of the second exciting
pulse. The condition 7. < 7 was used in (6) and (7).

Finally, at an arbitrary instant t > 7 we have

u® (t)="/.sin 0, (1+cos 6;) sin (x+Aw-t)+"/,cos 0,
xsin 8, sin [Ao (¢—1) ]+!/:sin 6, (1—cos 6;) sin [x+Aw (21—1)],
v® () =—"/isin 8, (1+cos 0.) cos (x+Aw -t) —*/:cos 6, 8
xsin 6, cos [Ao (t—1) ]+'/isin 6,(1—cos 6,) @)
xcos [y+Ao(21—1)],
W (t) =—"/.cos 6, cos 0,+*/.sin 6, sin B, cos [Aw - T—].

Substitution of formulas (6)—(8) in (4) and (5) shows
that for an arbitrary distribution f(Aw) the polarization
of the medium P; differs from zero (more accurately,
from the noise component) only in narrow time intervals
at the instants 0, 7, and 27. We present the results for a
Gaussian line f(Aw). The nonlinear polarization P; is
defined in accord with (4), where P* takes near t = 0 the
value

Pr=—1/,iANy sin 8, exp (—t*/T2") exp [i(ot—kir—g.) 1, )
near t =71
e vt A A (10)
and near t = 27
P*=1/dAN, sin 8,(1—cos B:) exp [ — (t—21)*/T:"]
xexp [i(ot— (2ke—k,) 1— (29:—.)) 1. (11)
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Expressions (9), (10), and (11) show that the polarization
""collapses" at the instants 0, 7, and 27. This proves
indeed the existence of a nonlinear PE. In analogy with
the case of ordinary photon echo (linear PE), we can say
that this behavior of the polarization during the course
of its probing will initiate coherent induction signals at
the instants 0 and 7, and echo signals at the instant? 2r.

To find the intensities of the induction and PE signals
it is necessary to solve simultaneously Maxwell’s equa-
tions and the equations for the polarization with the ini-
tial value of the latter as given by (4) and (11) at t = 27.

Before we proceed to a concrete example of nonlinear
PE, let us dwell the case of ordinary PE, which is a par-
ticular case of our analysis. The approach used here and
based on the solution of three-dimensional Maxwell’s
equations makes it possible to obtain exact expressions
for the intensity of the linear PE; these expressions con-
tain a number of important singularities of which no
notice has been taken in the literature so far. In this
case E,, E;; k;, k; and ¢,, ¢: are the amplitudes, wave
vectors, and phases of the resonant excitation fields.

The spontaneous echo-signal amplitude A, = Eg exp(iwt)
satisfies the equation
2 62 ,”2

n
grad div A,—AA, + s WA3=_”° Fr P,

12)
where 7 is the refractive index, po = 47/c? and P, is
calculated from Egs. (3), (3'), and (5) with an initial
condition determined from (11) at t = 2. When solving
(3) we can neglect the reaction of the echo on the med-
ium, a procedure valid in a wide range of variation of
the molecule density £19] and expressed by the condition

13)

where a = 472 %w? (icnT#)™ is the absorption coefficient.
Recognizing that the active volume V subtended in the
medium by the excitation pulses is in fact an elongated
cylinder (a is the radius and ! the length, a/l < 1), we
shall use in (12) a scalar approximation, and consider
the radiation near the cylinder axis (the cylinder axis z
coincides with the direction of k;). Using also the in-
equalities w > [9/6t] and wT} > 1, we obtain

al<,

—AE,—k*E,="/.ipo0*AN sin 6, (1—cos 0:) -exp [ — (t—21)%/T,"?]
xexp {—i[ (2ko—k,)r+2q.—¢;]},

where kZ = w?n?/c% Hence

_ o ANy (t—271)*
Ee=i 60 exp{— T }jdr

, exp{—ik|r—r'|}

fr—r’|
(V)

xsin 0, (1—cos 6) exp {—i[ (2k,—k,)r"+2¢,—,]}.

Using the condition (13) and neglecting the contribution
of ¢, to the dispersion we find that in the observation
zone (Jr| > |r’|) the echo signal constitutes a spherical
wave with unevenly distributed intensity

<) —i k 2 22— 1
exp{—i( |l'||+|2(p @)} sin 8, (1—cos 8,)

' (14)
xexp{— (t—27)*/T."} j exp{—i(2k,—k,—kn)r’} dr’,

vy

Ee=A

where
A=ip,@*ANy/167, n=r/|r|,

and 6, and 6, are the areas of the exciting pulses at the
entry into the medium. Integrating in (14), we have

Ie=|E|*=16n’a’A* sin®0, (1—cos 8,)*-

15)

|r]?
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| 2(t-20)* sin* (YalAky) 12 (aAk,)
x”[ T," ] (Ak)*  (Ak® "

where

Aky=|2k.—k,| cos ps—kcosp., Ak,=|(2k.—k,), —kn,[; (16)

¥, is the angle between the z axis and the vector 2k, —k;;
¥ is the angle between the z axis and the vector n: J;(x)
is a Bessel function of first order.

In contrast to the customarily employed expressions
derived with the aid of the plane-wave method, [} form-
ula (15) provides a complete picture of the spatial and
temporal distribution of the PE signal intensity. We note
in particular, the following important circumstance. The
sharp maximum of the PE intensity at k, Il k is realized
in the direction of the z axis, which in this case coincides
with the direction of 2k, — k;. At the same time, if the
exciting pulses are not parallel (it is customary to use,
for the observation of the PE in condensed media, an
experimental setup in which the excitation pulses can be
spatially separated from the PE), the condition kn = 2k,
—k, cannot be satisfied, since the vectors contained in
this condition are of equal length. However, even in this
case it is concluded on the basis of the plane-wave me-
thod (see[?J and all the subsequent papers) that the
maximum of the intensity coincides with the direction of
2k, —k;. An investigation of (15) with Ak, and Ak, rela-
ted by formulas (16) shows that this is not so. The in-
tensity I can have two maxima. One is always directed
along the z axis, i.e., along k;. The second maximum
likewise does not coincide with the direction of 2k, —k;,
and its value depends very strongly on the real geometry
of the volume V (on the parameters a and /). Moreover,
as shown by a numerical analysis, this maximum ap-
pears far from always. Thus, the strong sensitivity of I
to changes in the geometry of the volume is indeed the
cause of the difficulty of observing the PE.

An analogous procedure is used to calculate the in-
tensity of the induction signals observed at the instants
0 and 7 and having sharp maxima in the directions k;,
and k., respectively.

As a second example we consider the case when the
polarization is probed by a scattering pulse of amplitude
Ep, frequency wp and wave vector kp According to (3),

(5), and (11), the polarization at the Stokes frequency
Wg = wp ~ wo i equal to

P*="[ihctNy sin 0, (1 —cos 0:) Epexp (— (¢—27)%/T,"2]
xexp [i(o.t— (kp—2k.+ky)r) ],

where A, . is the scattering matrix element, and 9, and
6. are the characteristics of the exciting pulses (the ex-
citation method is not spelled out here concretely).
Under the same assumptions as before, in the given-
pump-field (E,,) approximation we have for the intensity
of the Stokes wave

I,= ]—rBr_,sin2 8, (1—cos B,) exp [_2 ( t;fr )2]

sin®*(Akyl/2) J?*(aAk,)
(Aky)? (AkL)?

where

B={("\apo A’ NvEp)?,  kil=w/n.}/c,

Ak and Ak are the lengths of the projections of the
vector ak =k — 2k, + k, — nkg on the z axis (n =r/|r| is
the observation direction) and on the plane perpendicular
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to it. In this case the vectors 2k, —k;, k., and kgn have

different lengths. Therefore the coherent Stokes-scat-
tering echo signal will have one sharp maximum in the
direction defined by the relation kgn,, = kp — (2kz: — k).
The intensity of this signal

B
I, = —— g%%sin? _ 2 t—21\?
L a*1*sin* B, (1—cos 85) exp[—2( T ) ]

greatly exceeds the level of the spontaneous Raman
noise scattering (comparative numerical data can be ob-
tained by using the results of [**7), 1t is also easy to
establish that an intense anti-Stokes scattering echo sig-
nal will be observed in the direction kygn,, = kp
+ (2kz — k), where ki = 07 (wo + wp)z/cz. We note also
that the induction signals at the instants 0 and 7 will be
directed at angles satisfying the conditions kgn,, = kp

—k, and kgn, = kp — k. for the Stokes scattering and the

conditions kygn,, = kp +kyand kygng, = kp +k, for the
anti-Stokes scattering. Thus, in contrast to the linear
echo, a spatial separation of the induction signals from
the excitation signals is possible here. The method of
photon inductions and photon echo in Raman scattering
can serve by the same token as a supplement to the me-
thod of active Raman scattering spectroscopy, which has
been developed recently. [*¥12]

It is easy to continue the list of examples of echoes
in nonlinear processes. We shall indicate the main re-
quirements that must be satisfied in the experiment. It
follows from the inequalities (1) that the active medium
must be chosen such that the homogeneous broadening
be much smaller than the inhomogeneous broadening. At
the present time there are no sufficiently well systema-
tized data on the nature of the line broadening, particu-
larly in condensed media. We can point out as examples,
however, the media already used to obtain the ordinary
echo effect, namely Cr®" impurities in ruby and in Al:Os,
Nd*" impurities in CaWOQ,, the gases SFs, BCls;, and COs,
and Cs vapor. It is also possible to use media activated
in Raman scattering and satisfying the condition T} < T,
i.e., fused quarts, Shpol’ skii systems, rare-earth im-
purities in glasses, gases of simple molecules (Ha, Oz,
N2, I.) at sufficiently low pressures, etc. (see**) and
the literature cited there). We note that from the point
of view of the experiment, the most convenient scheme
seems to be one in which two short powerful excitation
pulses are applied against the background of a stationary
"pilot' probing pulse. In contrast to the linear induction
and echo effects, it is possible to have here frequency
and spatial separation of the induction and echo signals
from the excitation pulses, the spatial separation being
weakly dependent on the geometry of the active volume.
We note in concluding that the use of echo phenomena in
nonlinear processes makes it possible not only to meas-
ure the nonlinear polarizabilities of the medium and its
relaxation characteristics, but also to extend greatly the
possibilities of other applications of phonon echo, t2
which have been restricted so far only to resonant ab-
sorption processes.

DIn this sense, the usual PE effect, which corresponds to processes of
resonant absorption and is described by perturbation theory of first
order in the field, will be called by us the linear PE although this
phenomenon itself is, of course, described by nonlinear electrodynam-
ic equations.

ANt is appropriate to note that among echo phenomena that are apparent-
ly not connected with definite resonant transitions are the effects of
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radio-frequency spontaneous echo in ferroelectrics, [*] in type-II
superconductors, [¢] and in ferromagnets. [”1 In contrast to the non-
linear-optical processes considered by us, the nature of these effects

is connected with the phasing of the electric or magnetic dipoles of
the medium, and can be described within the framework of the theory
of cyclotron echo. [* °]
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